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Preface 


My objective in this book is to present an elementary introduction to the theory of 
the Hilbert transform and a selection of applications where this transform is applied. 
The treatment is directed primarily at mathematically well prepared upper division 
undergraduates in physics and related sciences, as well as engineering, and first-year 
graduate students in these areas. Undergraduate students with a major in applied 
mathematics will find material of interest in this work. 

I have attempted to make the treatment self-contained. To that end, I have collected 
a number of topics for review in Chapter 2. A reader with a good undergraduate 
mathematics background could possibly skip over much of this chapter. For others, 
it might serve as a highly condensed review of material used later in the text. The 
principal background mathematics assumed of the reader is a solid foundation in basic 
calculus, including introductory differential equations, a course in linear and abstract 
algebra, some exposure to operator theory basics, and an introductory knowledge of 
complex variables. Readers with a few deficiencies in these areas will find a number of 
recommendations for further reading at the end of Chapter 2. Some of the applications 
discussed require the reader to be familiar with basic electrodynamics. 

A focus of the book is on problem solving rather than on proving theorems. The- 
orems are, for the most part, not stated or proved in the most general form possible. 
The end-notes will typically provide additional reference sources of more detailed 
discussions about the various theorems presented. I have not attempted to sketch the 
proof of every theorem stated, but for the key results connected to the Hilbert trans- 
form, at minimum an outline of the essential elements is usually presented. Consistent 
with the problem-solving emphasis is that all the different techniques that I know for 
evaluating Hilbert transforms are displayed in the book. 

I take the opportunity to introduce special functions in a number of settings. I do 
this for two reasons. Special functions occur widely in problems of great importance 
in many areas of physics and engineering, and, accordingly, it is essential that students 
gain exposure to this important area of mathematics. Since many Hilbert transforms 
evaluate to special functions, it is imperative that the reader know when to stop doing 
algebraic manipulations. I have incorporated several mathematical topics for which 
few or no applications are known to the writer. The selection process was governed 
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in part by the potential that I thought a particular area might have in problem solving, 
and I have done this with the full knowledge that crystal-ball reading is an art rather 
than a science! 

The exercises are intended as a means for the reader to test his/her comprehension 
of the material in each chapter. The vast majority of the problems are by design routine 
applications of ideas discussed in the text. A small percentage of the problems are 
likely to be fairly challenging for an undergraduate reader, and a few problems could 
be labeled rather difficult. Most readers will have no trouble deciding when they have 
encountered an example of this latter group. 

I have compiled an extensive table of Hilbert transforms of common mathematical 
functions. I hope this table will be useful in three ways. First, it serves as the answer 
key for a number of exercises that are placed throughout the text. Since many addi- 
tional Hilbert transform pairs can be established by differentiation, or by appropriate 
multiplicative operations, etc., this table can be used to generate a great number of 
exercises, much to the delight of the reader. Second, I hope it will provide a useful 
reference source for those looking for the Hilbert transform of a particular function. 
Finally, for those searching for a particular Hilbert transform not present in the table, 
finding related transforms may give an idea on how to approach the evaluation, and 
give some clues as to whether a closed form expression in terms of standard functions 
is likely to be possible. In several sections the table includes a few specific cases fol- 
lowed by the general formula. This has been done to allow the reader to access the 
Hilbert transform of some of the simpler special cases as quickly as possible, rather 
than reducing a more complicated general formula. 

The mini atlas of functions and the associated Hilbert transforms given in 
Appendix 2 is intended to provide a visual representation for a selection of Hilbert 
transform pairs. I hope this will be valuable for students in the applied sciences and 
engineering. 

The reference list is rather extensive, but is not intended to be exhaustive. There 
are far too many published articles on Hilbert transforms to provide a complete set of 
references. I have attempted to give a generous number of references to applications. 
Many citations are given to the classical mathematical papers on the topics of the 
book, and for the serious student these works can be read with great profit. The Notes 
section at the end of each chapter gives a guide as to where to start reading for further 
information on topics discussed in the chapter. Elaborations and further details on 
the proofs of different theorems will often be located in the references cited in the 
end-notes. 

My final task is to thank those who have helped. Logan Ausman, Dr. Matt 
Feldmann, Geir Helleloid, Dr. Kai-Erik Peiponen, Dr. Ignacio Porras, Dr. Jarkko 
Saarinen, and Corey Schuster read various chapters and made a number of useful 
suggestions to improve the presentation. Dr. Walter Reid and Dr. Jim Walker gave 
me some helpful comments on a preliminary draft of the first three chapters. Julia 
Boryskina and Hristina Ninova assisted with the translation of a number of technical 
papers. Several other students did translations and I offer a collective thanks to them. 
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Julia also provided assistance in the construction of the atlas of Hilbert transforms and 
with a number of the figures. Ali Elgindi did some numerical checking on the table 
of Hilbert transforms and Julia also did a few preliminary tests. Thanks are extended 
to Irene Pizzie for her efforts to improve the presentation. 

The author would greatly appreciate if readers would bring to his attention any 
errors that escaped detection. The URL http://www.chem.uwec.edu/king/ is the web 
address where corrections will be posted. It is the author’s intention to maintain this 
site actively. 


Symbols 


The first occurrence or a definition is indicated by a section reference or an equa- 
tion number. HT is an abbreviation for the tables of Hilbert transforms given in the 
Appendixes (Table 1.1). 


sum of the components of the multi-index a; §15.5 
argument of a complex number; Eq. (2.69) 
the A, condition for 1 < p < ov; Eq. (7.377), §7.12 


boundary of a bounded domain Q; §3.1 

Boas transform operator; §16.4 

generalization of the Boas transform operator; Eq. (16.84) 
magnetic induction; §17.9 

generalization of the Boas transform operator; Eq. (16.80) 

beta function (Euler’s integral of the first kind); Eq. (5.112), HT-01 
class of functions that have bounded variation on the interval 

La, b]; §4.25 


designation for a contour (usually closed); §2.8.1. 

a positive (often unspecified) constant; in derivations such a constant 
need not be the same at each occurrence, even though the same symbol 
is employed. 

SI unit for charge, the coulomb, §19.1 

the set of complex numbers; §2.10 

symmetry operation such that rotation by 27/n leaves the system 
invariant; §21.3 

infinitely differentiable function for all points of R; §2.15.2 

class of functions that are infinitely differentiable with compact 
support; §2.15.2 

class of functions that are continuously differentiable up to 

order k; §2.15.2 
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Cf 

C@) 
chirp(x) 
Ci(x) 
ci(x) 
cie(a, B) 
Cie(q, B) 
Cly (x) 
Ch x) 


Symbols 


class of functions that are continuously differentiable up to order & and 
have compact support; §2.15.2. 

positive constant depending on the parameter p; often not the same at 
each occurrence in the sequence of steps of a proof 

Hartley cas function; Eq. (5.59) 

Cauchy transform of the function f; Eq. (3.19) 

Fresnel cosine integral; Eq. (14.171), HT-01 

chirp function, Exercise 18.13 

cosine integral; Eq. (8.78), HT-01 

cosine integral; HT-01 

cosine-exponential integral; HT-01 

cosine-exponential integral; HT-01 

Clausen function; HT-01 

Gegenbauer polynomials (ultraspherical polynomials); §9.1, 

Eq. (11.298), HT-01 


electric displacement; §19.1 

space of all C™ functions with compact support; §2.15.2, §10.2 
space of all distributions on D; §10.2 

space of distributions with support on the right of some point; §10.2 
space of test functions; §10.2 

space of distributions; §10.2 

space of distributions; Eq. (17.240) 

Dawson’s integral; Eq. (5.32) 

Dirichlet kernel; Eq. (6.56) 

ultraspherical function of the second kind; Eq. (11.299) 


electronic charge 

identity element; §2.10, Eq. (2.150) 

energy of a signal; Eq. (18.1) 

one-dimensional Euclidean space 

one-dimensional Euclidean space; §2.11.1 

n-dimensional Euclidean space; §2.11.1 

class of entire functions of exponential type; §2.8.7, §7.4 
space of all C® functions with arbitrary support on R; §10.2 
envelope function; Eq. (18.76) 

space of distributions having compact support; §10.2 
exponential integral; Eq. (5.98) 

eigenvalues of the unperturbed Hamiltonian; §22.4, Eq. (22.57) 
exponential integral; Eq. (14.200), HT-01 

electric field; §17.9 

incident electric field; Eq. (20.3) 

reflected electric field; Eq. (20.3) 


Fn(0) 
1F'1 (a; B; x) 
2F} (a, b; c;z) 


(n) 
Gop, lp (t1,t2,... 


Symbols XXVIl 


left circularly polarized electric wave; Eq. (21.16) 
right circularly polarized electric wave; Eq. (21.17) 
exponential integral function; Eq. (5.101), HT-01 
error function; Eq. (5.27), HT-01 

complementary error function; Eq. (5.141) 
Weber’s function; HT-01 


Lorentz force; Eq. (21.50). 

function (at no particular specified point); §1.2 

function f evaluated at the point x; §1.2 

oscillator strength; §19.2 

element of a discrete sequence; §13.2, §13.6 

discrete sequence; §13.6 

even function; Eq. (4.8) 

odd function; Eq. (4.9) 

limit approaching c from c + 0; Eq. (2.22) 

limit approaching c from c — 0; Eq. (2.23) 

fourier transform of the function f; §2.6, Eq. (2.46) 
n-dimensional Fourier transform of the function f/; §15.6 

inverse Fourier transform of the function f; §2.6, Eq. (2.47) 
Fourier cosine transform of the function /; Eq. (5.41) 

Fourier sine transform of the function f; Eq. (5.40) 

N-point DFT operator; §13.4 

fractional Fourier transform; §18.10, Eq. (18.147) 

discrete fractional Fourier transform; §18.13, Eq. (18.240) 
Fourier transform of the function f; §2.6 

conjugate series of f; Eq. (6.118); alternative notation for Hf; §6.1 
derivative of the function f 

function f evaluated at an interior point to a contour; Eq. (3.152) 
function f evaluated at an exterior point to a contour; Eq. (3.153) 
Fejér kernel; Eq. (6.63) 

Kummer’s confluent hypergeometric function; Eq. (5.30), HT-01 
hypergeometric function (or Gauss’ hypergeometric 

function); HT-01 

external force; §17.9 

radiative reaction force; §17.9 

scattering amplitude at 9 = 0; Eq. (19.309) 

scattering factor; §23.4 

the greatest integer < x 


Hilbert transform of the Gaussian function; §4.7. The abbreviation 
G(1,x) = G(x) is employed; §9.3 

oy tn) 

tensor components of the nth-order response function; §22.1 


XXVIII Symbols 


h Planck’s constant divided by 27 

el Hilbert transform operator on R; Eqs. (1.2) and (1.4) 
H Hilbert transform operator for the disc; Eq. (3.202) 
H magnetic field; Eq. (19.7) 

H, Hilbert transform operator for period 2t; Eq. (3.286) 


Hf Hilbert transform of the function /; §1.2 

(Af) (x) Hilbert transform of the function f on the real line evaluated 
at the point x; Eq. (1.2) 

ALf Hilbert transform of the even function f on R*; Eq. (4.11) 


Ay f Hilbert transform of the odd function f on Rt; Eq. (4.12) 

Mf one-sided Hilbert transform of the function f; Eq. (8.18) 

Af Hilbert’s integral of the function f; Eq. (7.33) 

Anf n-dimensional Hilbert transform of the function /; 
Eq. (15.26) 

Hy f general n-dimensional Hilbert transform of the function f in 
E”; Eq. (15.2) 

Fenef general n-dimensional truncated Hilbert transform of the 
function f in E”; Eq. (15.7) 

Hint Hilbert transform of the function f(x1,%2,...,X%,---,Xn) In 
the variable x;; Eq. (15.36) 

Ho! inverse Hilbert transform operator; Eq. (4.26) 

Ht adjoint of the Hilbert transform operator; Eq. (4.194) 

Ay fractional Hilbert transform operator; Eqs. (18.209) and 
(18.216) 

KH Hamiltonian for an electronic system; §22.4, Eq. (22.54) 

HO unperturbed Hamiltonian for an electronic system; §22.4, 
Eq. (22.57) 

KH space of test functions; §10.14 

w inner product space; §2.10.1 

# Hilbert space; §2.10 

Af n-dimensional Hilbert transform of the function /, for 


n > 2; Eq. (15.26) 
M(f,g)(x) _ bilinear Hilbert transform; §16.5 
H,(f,g)(x) _ bilinear singular integral operator; Eq. (16.85) 


Ai, (x) Hermite polynomials; §9.3, Eq. (9.39), HT-01 

H(x) Heaviside step function; Eqs. (10.54) and (18.116) 
H(@) response function for a linear system; Eq. (13.1), §18.2 
Hy (@) fractional Hilbert filter; §18.9, Eq. (18.142) 

H?(D) Hardy space for the unit disc; §2.10.2 

HP Hardy space for the upper half complex plane; §2.10.2 
H, response function at the frequency v; Eq. (13.3) 

A f truncated Hilbert transform; Eq. (3.3) 


Hef truncated Hilbert transform; Eq. (4.507) 


Hm, 
ANing 
Ar f 
Arf 
Haf 
H,! 
HS@), HE@) 


cU 


AY @) 
A? (2) 


hy (x) 
hy 


H,,(z) 

Ap{f [n}} 
{Asp f} (x) 
Ao{ fin} 


(@p,,x){a] 
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maximal Hilbert transform function; Eq. (7.280) 

maximal Hilbert transform function; Eq. (7.282) 
Hilbert—Stieltjes transform of the function F’; Eq. (4.551) 
Kober’s extension of the Hilbert transform operator; §16.3 
Redheffer’s extension of the Hilbert transform operator; §16.2 
vectorial Hilbert transform operator; Eq. (16.100) 

truncated directional Hilbert transform operator; Eq. (16.103) 
directional Hilbert transform operator; Eq. (16.104) 

helical Hilbert transform operator; Eq. (16.131) 

directional maximal Hilbert transform operator; Eq. (16.105) 
maximal helical Hilbert transform operator; Eq. (16.132) 
double maximal helical Hilbert transform operator; Eq. (16.136) 
Hilbert transform of f along the curve T°; Eq. (16.109) 
modified Hilbert transform of f along the curve I’; Eq. (16.113) 
Hartley transform of a function f; Eq. (5.58) 

inverse Hartley transform operator; Eq. (5.60) 


Bessel functions of the third kind (Hankel functions of the first 
kind and second kind, respectively); §9.9 

spherical Bessel functions of the third kind; Eq. (9.131) (spherical 
Hankel functions of the first kind) 

spherical Bessel functions of the third kind; Eq. (9.132) (spherical 
Hankel functions of the second kind) 

Hermite—Gaussian functions; Eq. (18.179) 

discrete Hermite—Gaussian vector functions; Eqs. (18.254) and 
(18.255) 

Struve’s function; Eq. (9.77), HT-01 

discrete Hilbert transform of the sequence {f[n]}; Eq. (13.127) 
semi-discrete Hilbert transform of the sequence { f[]}; 

Eq. (13.133) 

alternative definition of the discrete Hilbert transform; 

Eq. (13.158) 

discrete fractional Hilbert transform; Eq. (18.269) 


imaginary unit (engineers typically use /); §2.8 

identity operator; §4.4 

interval; §7.9 

length of an interval; §7.9 

modified Bessel function of the first kind; HT-01 

input (time-dependent in general) to a system; §17.1-17.2 
if and only if 

imaginary part of a complex function 

infimum, the greatest lower bound of a set; §2.8 


Symbols 
index of a function; Eq. (11.179) 


SI unit of energy, the joule; §19.1 

Bessel function of the first kind; §9.6, HT-01 

Anger’s function; §9.12, HT-01 

spherical Bessel function of the first kind; Eq. (9.115) 


wave number; Eq. (19.87) 

wave vector; §20.7 

Kernel function; §1.2, Eq. (1.3) 
Calderén—Zygmund kernel function; §15.1 
modified Bessel function of the third kind; HT-01 


length of an interval J; §2.11.1 

Laplace transform of the function f; Eq. (5.91) 

bilateral (or two-sided) Laplace transform of the function f; Eq. (5.92) 
class of functions that are Lebesgue integrable on a given interval; §2.11.1 
class of functions that are Lebesgue integrable on the interval 

(a, b); 2.11.1 

class of functions that are Lebesgue integrable on every subinterval of a 
given interval; Eq. (4.121) 

class of functions that are Lebesgue square integrable on a given 
interval; §2.11.1 

class of functions f such that | f|? is Lebesgue integrable on a given 
interval; §2.11.1 

class of functions f such that | f|? is Lebesgue integrable on the real 
line; §2.11.1 

§13.11 

§13.11 

class of essentially bounded functions; §2.11.1 

class of periodic functions f such that | f|? is Lebesgue integrable on the 
interval (0, 277). Tye has a similar meaning for periodic functions with 
period 2r. 

class of functions f such that |x|“| f(x)|? is Lebesgue integrable on a 
particular interval; Eq. (7.186) 

class of jz-measurable functions; §7.12 

Laguerre polynomials; §9.4, Eq. (9.60) 

modified Struve function; HT-01 

polylogarithm function; HT-01 

dilogarithm function; HT-01 

Lipschitz condition of order m; §2.3 

logarithm to the base e; the alternative notation In is also common usage 
maximum of {log| /|, 0}; Eq. (7.74) 


Symbols XXX1 


M magnetization; Eq. (20.111) 

mod z modulus of a complex number; Eq. (2.68) 
m(E) measure of the set £; §2.11.1 

Mf Hardy—Littlewood maximal function; §7.9 
Mf Mellin transform of f; Eq. (5.102) 

M! inverse Mellin transform operator; Eq. (5.107) 
m SI unit for length, the meter; §19.1 


m{g(A)} distribution function of g; §4.25, §7.2, Eqs. (4.556), (7.55) 
my,y(@) — relative multiplier connecting X (w) and Y(w); Eq. (18.60) 


N set of positive integers; 1,2,3,... 

N complex refractive index; Eq. (19.90) 

NE nonlinear complex refractive index; §22.13 

N number of molecules per unit volume; §19.2 

n(@) angular frequency-dependent refractive index; Eq. (19.91) 

nX“(w,E) nonlinear refractive index; §22.13, Eq. (22.238) 

N+(@) complex refractive indices for circularly polarized modes; §21.3, 
Eq. (21.47) 


n+(@) real parts of Ni (w); Eqs. (21.79) and (21.80) 


0 linear operator on a vector space; §2.10 

oT adjoint operator to 0; §2.10 

oo! inverse of an operator 0; §2.10 

O() Bachmann order notation, of the order of; Eq. (2.1) 

o() Landau order notation, of the order of; Eq. (2.6) 

Oo space of distributions that decrease rapidly at infinity; §10.2 
Pe Cauchy principal value; §2.4, Eq. (2.18) 


P(r,@) Poisson kernel for the disc; Eq. (3.49) 
P(x,y) Poisson kernel for the half plane; Eq. (3.31) 


P; Poisson operator; §7.10, Eq. (7.290) 

Py projection operator; Eq. (4.352) 

P_ projection operator; Eq. (4.353) 

Pf(x~!)  pseudofunction; §10.1 

P(x) electric polarization of a medium; Eq. (19.1) 

P,(x) one of the orthogonal polynomials; §9.1 

Pix) Legendre polynomials; §9.2, Eqs. (9.10) and (9.27) 
P(x) associated Legendre function of the first kind; HT-01 
pio (x) Jacobi polynomials; §9.1 

Pr space of periodic testing functions of period tT; §10.2 
Pe space of periodic distributions of period 7; §10.2 


1 
p.v.- distribution; §10.1 


rect(x) 
Res{g(Z)}z=zy 


Sf 
Sa 
sen 
gr-l 
S(z) 
S(E) 
S(@) 


s(t) 
Shi(z) 
Si(x) 


Symbols 
distribution; §10.1 


conjugate Poisson kernel for the disc; Eq. (3.50) 
conjugate Poisson kernel for the half plane; Eq. (3.32) 
conjugate Poisson operator; §7.10, Eq. (7.291) 
Legendre function of the second kind; Eq. (11.263) 
associated Legendre function of the second kind; HT-01 
Jacobi function of the second kind; HT-01 


reflection operator; Eq. (4.73) 

radius for a semicircular contour 

Radon transform; §5.10, Eqs. (5.152) and (5.155) 
residue corresponding to the pole at z = z;; §2.8.5 
Riesz transform of the function f; §15.12 

real line; the set of real numbers 

positive real axis interval; §3.4 

Euclidean plane 

n-dimensional Euclidean space; §2.15.2 

simply connected region; §2.8.1 

radius for a semicircular contour 

Riesz constant; §4.20, Eqs. (4.382) and (4.384) 
generalized or complex reflectivity; Eq. (20.1) 
generalized reflectivity for circularly polarized modes; Eq. (21.132) 
reflectivity amplitude; Eq. (20.1) 

response (time-dependent) from a system; §17.1, §17.2 
rotational strength; Eq. (21.233) 

reflectivity; Eq. (20.2) 

polar form of the complex number z 

real part of a complex number 

reactangular pulse function; §18.7.3 

residue at the pole z = zo of the function g; §2.8.5, Eq. (2.93) 


Stieltjes transform of the function f; Eqs. (5.77), and (8.6) 
dilation operator (homothetic operator); Eqs. (4.70) and (15.68) 
signum function (sign function); Eqs. (1.14) and (18.120) 
locus of points x € R” for which |x| = 1; §16.6 

Fresnel sine integral; Eq. (14.172), HT-01 

S-function (S-matrix); §17.12 

Fourier transform of a signal s(¢) in the frequency domain; 
§18.1, Eq. (18.2) 

signal in the time domain; §18.1 

hyperbolic sine integral function; Eq. (14.201), HT-01 
sine integral; Eq. (8.79), HT-01 


Symbols XXXII 


si(x) integral; Eq. (9.170), HT-01 
sie (a, 6) sine-exponential integral; HT-01 
sinc x sinc function; Eq. (4.260), HT-01 


sup supremum, the least upper bound 

supp support of the function; §2.15.2 

T finite Hilbert transform operator; chap. 11, Eq. (11.2) 

T used to denote a distribution; §2.15.2 

Tab finite Hilbert transform operator on the interval (a, b); Eq. (12.98) 
T(x) Chebyshev polynomials of the first kind; §9.1, HT-01 

T circle group; §3.10 

Tr trace; §22.4, Eq. (22.63) 


U, (x) Chebyshev polynomials of the second kind; §9.1, HT-01 


u[n] unit step sequence; Eq. (13.91) 

V total variation of a function; Eq. (4.554) 

Vv SI unit for potential, the volt; §19.1 

w(x) weight function; §9.1 

W (x) weight function; §14.4 

Wi weight points in a quadrature scheme; Eq. (14.15) 

wm Sobolev space; §10.2 

Xj any value in the interval [x;—1,x;]; §2.11 

Xj sampling points in a quadrature scheme; Eq. (14.15) 

|x| norm of x in £”; §15.1 

x vector cross product 

x direct product; §10.6. Also used for Cartesian product of Euclidean 
spaces; §15.13 

x(t) time-dependent particle displacement; §17.2, §17.9 

X (Zz) Z transform (one-sided or two-sided); Eqs. (13.38) and (13.39) 

Yy(z) Bessel function of the second kind (Weber’s function, Neumann’s 
function); §9.6, 9.8, HT-01 

Vy (Zz) spherical Bessel function of the second kind; Eq. (9.116) 

Z complex variable, z = x + iy; Eq. (2.67) 

Z complex conjugate of z 

z* complex conjugate of z 

Z] inverse point (or image point) of z; Eq. (3.35) 

Z, set of integers 0,+1,+2,... 

Zt set of non-negative integers 0,1,2,... 


Z{xn} Z transform of the sequence {x,}; §13.6, Eq. (13.38) 


XXXIV Symbols 

LZ space of test functions whose Fourier transforms belong to D; §10.2 
Ze space of ultradistributions; § 10.2 

Zi space of Fourier transforms of test functions belonging to .“; 


§10.14 
Z;(@) surface impedance function; Eq. (20.129) 


Greek letters 

a polarizability § 19.1, Eq. (19.6) 

a(w) absorption coefficient of a medium; Eq. (19.92) 

BQ) Catalan’s constant (0.915 965 594 177219015 1...); HT-01 

y Euler’s constant (0.577 215 6649...) 

r contour in the complex plane (frequently used to signify a non-closed 
contour) 

T(z) gamma function; Eq. (4.118), HT-01 

I'(a, z) incomplete gamma function; Eq. (8.38), HT-01 

Dinan damping constant for a transition between the levels m and n; §22.4, 
Eq. (22.71) 

d(x) Dirac delta distribution; §2.15, §10.3, Eq. (10.1) 

6[n] unit sample sequence; Eq. (13.92) 

57 (x) Heisenberg delta function; Eq. (10.9) 

5 (x) Heisenberg delta function; Eq. (10.10) 

Snm Kronecker delta; Eq. (2.38). When one of the subscript indices appears 
with a negative sign, the notation 6,» is employed 

A difference operator; Eq. (2.305) 

A Laplacian operator; Eq. (15.161) 

Ay Dirac comb distribution; Eq. (10.212) 

AR(w) magnetoreflection; Eq. (21.125) 
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integral over the real line; §2.11.1 

integral over the xy-plane; Eq. (2.213) 

integral over a 27 period 

integral along the closed contour C taken in a 
specified orientation; §2.8.1 

Lebesgue integral of f on E; Eq. (2.198) 
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subset of, as in A C B, A is a (proper) subset 

of B; §2.10 
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intersection of sets, as in A M B; §2.10 
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relative complement of a set, that is, the relative 
complement of B with respect to A (the difference of 
A and B) is denoted by A\B; §2.10 

double factorial; Eqs. (4.119) and (4.120) 

floor function, the greatest integer less than or equal 
to m; Eq. (9.28) 
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SHG second-harmonic generation; §22.2 

THG third-harmonic generation; §22.2 
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Introduction 


1.1 Some common integral transforms 


Transform techniques have become familiar to recent generations of undergraduates 
in various areas of mathematics, science, and engineering. The principal integral 
transform that is perhaps best known is the Fourier transform. The jump from the 
time domain to the frequency domain is a characteristic feature of a number of impor- 
tant instrumental methods that are routinely employed in many university science 
departments and industrial laboratories. Fourier transform nuclear magnetic reso- 
nance spectroscopy (acronym FTNMR) and Fourier transform infrared spectroscopy 
(FTIR) are two extremely significant techniques where the Fourier transform method- 
ology finds important application. Two transforms derived from the Fourier transform, 
the Fourier sine and Fourier cosine transforms, also find wide application. The Laplace 
transform is often encountered fairly early in the undergraduate mathematics cur- 
riculum, because of its utility in aiding the solution of certain types of elementary 
differential equations. The transforms that bear the names of Abel, Cauchy, Mellin, 
Hankel, Hartley, Hilbert, Radon, Stieltjes, and some more modern inventions, such 
as the wavelet transform, are much less well known, tending to be the working tools 
of specialists in various areas. The focus of this work is about the Hilbert transform. 
In the course of discussing the Hilbert transform, connections with some of the other 
transforms will be encountered, including the Fourier transform, the Fourier sine 
and Fourier cosine offspring, and the Hartley, Laplace, Stieltjes, Mellin, and Cauchy 
transforms. The Z-transform is studied as a prelude to a discussion of the discrete 
Hilbert transform. 

In this chapter the principal objective is to provide a non-rigorous introduction to 
the Hilbert transform, and to establish the idea of the Hilbert transform operator. Some 
brief historical comments are presented on the emergence of the Hilbert transform. 
Finally, some areas are given where the Hilbert transform finds application. 


1.2 Definition of the Hilbert transform 


Many of the common integral transforms can be written in the following form: 


b 
sO= / ke yf ay, (1.1) 
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where k(x, y) is called the kernel function, or just the kernel of the equation. Equa- 
tion (1.1) can also be thought of as an example of an integral equation, if one 
desires to determine the function f in terms of g. More specifically, it is termed 
a Fredholm equation of the first kind. The limits on the integral can be finite or 
infinite. When the kernel function has a singularity in the integration range, it is 
possible in a number of cases to extend the definition of the integral in Eq. (1.1) 
to accommodate these cases. Such equations are referred to as singular integral 


equations. 
The Hilbert transform on R, the real line, is defined by 
1 ve d 
neat [IOP torxerR (1.2) 
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The kernel function in this definition is given by 
1 
k(x,y) = ——.,, (1.3) 
m(x — y) 


which is singular when y = x. The symbol P { denotes an extension of the normal 
definition of the integral called the Cauchy principal value. This is discussed in detail 
in Chapter 2. The integral becomes well behaved for many common functions if an 
infinitesimally small section of the integration interval centered at the singularity 
y =x is deleted, as part of the definition of the integral. This is the essential effect of 
evaluating the integral as a principal value integral. 

A word on notation may be useful at this juncture. Commonly, f is used to denote 
a function of a single variable and f(x) is the value of the function evaluated at the 
point x. It is prevalent in the sciences to use the notation f(x) to denote the function 
and also the value of the function evaluated at the point x. Usually the context makes 
it clear which of the two meanings is intended, although the use of f or f( ) for 
the function, and f(x) for the value of the function evaluated at the point x, makes 
the meaning much clearer. The interpretation of Eq. (1.2) is that Hf signifies a new 
function and Hf (x) is the value of this function evaluated at the point x. The notation 
Hf is used when there is no need to specify the point at which the transform is 
evaluated, which is convenient in a number of cases, particularly where additional 
operators such as the Fourier or inverse Fourier transform operator are also being 
applied to the function f. Occasionally the notation H[ ] or H { } is employed; this 
is expedient when the Hilbert transform of a product of functions is taken, but the 
notation is not used exclusively for this purpose. In this book the notation H[ f (x)] 
or H{ f (x)} is employed with some frequency as a shorthand for H[ f(t)](x). In the 
latter form, ¢ is the dummy integration variable for the Hilbert transform, and the 
function Hf is evaluated at the point x. Occasionally the notation H[f,x] is used 
in the literature to denote the Hilbert transform of the function f evaluated at the 
point x. Sometimes, mostly by mathematicians, the Hilbert transform of the function 
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f is denoted by /. In the literature, the symbol 7 is also employed to denote the 
Hilbert transform. In this book, T is used to denote the finite Hilbert transform. 
When no confusion is likely, operator identities involving H are written with no 
function specified, and it is assumed that functions can be found for which the operator 
equality holds. 

Historically, Eq. (1.2) was not the definition given by David Hilbert. Working in 
the area of integral equations, he arrived at a pair of integral equations connecting 
the real and imaginary parts of a function analytic in the unit disc, leading to the 
definition of the Hilbert transform for the circle (Hilbert, 1904, 1912). The transform 
appearing in Eq. (1.2) seems to have been first discussed with some level of rigor by 
the cricket loving English mathematician G. H. Hardy (1902, 1908), and named by 
him in 1924 the Hilbert transform, in honor of Hilbert’s contribution. It is perhaps 
interesting to speculate how this transform might have been named by later workers 
had Hardy not graciously named the transform as he did. In a sense, Alfred Tauber’s 
contribution (Tauber, 1891) appears to have been overlooked. In hindsight, perhaps 
the transform should bear the names of the three aforementioned authors. Most of the 
early developments on the Hilbert transform were not performed by David Hilbert, 
but by Hardy (1924a, 1924b, 1932) and Titchmarsh (1925a, 1929, 1930a, 1930b). 
A related form was given by Young (1912). Variants of the Hilbert transform on R 
are presented in later chapters; these include the Hilbert transform for the circle, the 
finite Hilbert transform, the multi-dimensional Hilbert transform, the discrete Hilbert 
transform, and others. 

The reader is alerted to the existence of an alternative definition of the Hilbert 
transform for the real line, one where the kernel k(x, y) = {2 (y—x)}7! is employed. 
Unfortunately, a consensus agreement on the definition has not been reached, and 
both forms occur rather commonly in the literature, though the definition given in 
Eq. (1.2) appears to be increasingly favored. For a number of purposes this difference 
in sign is not important, but obviously is significant for the evaluation of the Hilbert 
transform of a particular function, which means that the reader needs to be alert to the 
sign choice when pulling entries from tables of Hilbert transforms. Occasionally the 
Hilbert transform is defined with the factor 7~! omitted. Employing the definition 
given in Eq. (1.2) does have the advantage that factors of 2 that would frequently 
appear are incorporated into the definition of the Hilbert transform. A few authors 
define the Hilbert transform with the imaginary unit factor included, that is, 7~! is 
replaced by (i)~!. 

Note that nothing has been said about what conditions must be specified for the 
function f in order that the integral in Eq. (1.2) exists. Different levels of rigor can be 
brought to bear on this question. For almost all applications in the physical sciences, 
the existence of the Riemann integral of the function | f over the interval (—oo, 00) is 
all that is required to guarantee that the Hilbert transform of f is bounded. The Hilbert 
transform can be defined for a wider class of functions than the aforementioned, and 
this is addressed in Chapter 3. 


4 Introduction 


1.3 The Hilbert transform as an operator 
The key idea in the application of any of the simple integral transforms is that the 
function f is acted on by an “integral operator,” to yield a new function, g, which 
is referred to as the “name” transform of f. In the case of the Hilbert transform, the 
integral operation is given by 


Hap [- = (1.4) 
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where the identity of the function and the point at which the Hilbert transform is 
evaluated are left unspecified. The Hilbert transform of f can be thought of as the 
application of the integral operator in Eq. (1.4) on the function f( ), to yield 


[o,@) 
mo=—P fro, (5) 
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and the left-hand side of Eq. (1.5) is frequently denoted by the function g(). Clearly, 
the function g depends on the entire shape of f. In other words, g at some point 
x, g(x), is not determined simply by the value of the function f evaluated at the 
same point. That is, g has a non-local dependence on f. The situation where g(x) 
is determined directly by the value f(x) arises when there is a simple functional 
connection between f and g; for example, suppose g(x) = sin[ f(x)], then the value 
of g at the point x depends only on the value of f evaluated at x. This notion has 
important consequences. A function f could be zero over a large region of the real 
axis and finite for a small region, but its Hilbert transform could be everywhere 
non-zero. Applications will be encountered later that reflect this type of behavior. 
To visualize the changes that take place when the Hilbert transform of a function 
is evaluated, consider the following choice: 


a 
ae + x2” 


f@)= (1.6) 
where a is a real positive constant. This functional form appears in several diverse 
applications, and is sometimes referred to as a Cauchy pulse, and in other applications 
is closely related to the Lorentzian profile. The Hilbert transform of this function is 
given by 


g(x) = f(x) = (1.7) 


Figure 1.1 shows a plot of f(x) and its Hilbert transform for the value a = 1. 
The particular methods that are most effective for evaluating this relatively straight- 
forward Hilbert transform are discussed in Chapter 2 and illustrated with examples 
in Chapters 3 and 4. 
The function f of the preceding example can be recovered from g using the 
expression f (x) = —Hg(x). In fact, this is a rather general result. The two formulas 
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Figure 1.1. Plot of the Cauchy pulse and its Hilbert transform. 


g(x) = Af (x) and f(x) = —Hg(x) constitute a Hilbert transform pair. This Hilbert 
transform pair is explored in detail in later chapters, and it is shown that there is a very 
close connection with the theory of analytic functions. Pairs of functions that satisfy 
this type of skew-reciprocal character have been known for a considerable time. For 
example, the results (for a > 0) 


1 °° sinasd 
Pf SE es cos ax (1.8) 
uw Jio X-S 
and 
1 °° cosas ds : 
—P ——— = sinax (1.9) 
wT Joo X—-S 


were given well over one hundred years ago (Schlémilch, 1848 p. 153; Bierens de 
Haan, 1867). The sine and cosine functions thus form a Hilbert transform pair. 

Hardy (1908, 1924a, 1924b, 1928a, 1932) was one of those who pioneered the 
study of the mathematical foundations of the Hilbert transform. Prior to Hilbert’s 
publications, Hardy (1902) had investigated the properties of Cauchy principal value 
integrals, and, in particular, he derived the preceding two formulas. Let /(x, a) denote 
the following integral: 


1 ¢® si 
Tx,a) = =P | sms (1.10) 
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where a is a constant. From the preceding formula, Hardy obtained the following 
differential equation: 
dy 


qi tel=0. (1.11) 
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The topic of differentiation of the Hilbert transform is discussed in detail later. The 
solution of Eq. (1.11) is 


I(x,a) =acosax + 6 sin ax, (1.12) 


where a and £ are arbitrary constants. Setting x = 0 and using the result 


1 (si d. 
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where 
1, a>0O 
sgna=j 0, a=0 (1.14) 
-1, a<0 
gives a = —sgna. It is straightforward to show that /(x,a) = —I(—x,—a), from 


which it follows that 6 = 0, and hence 
I(x, a) = —sgnacosax. (1.15) 


Hardy (1902) gave this result for the case a > 0, and he also gave a result equivalent 
to Eq. (1.9). 


1.4 Diversity of applications of the Hilbert transform 


Historically, work on Hilbert transforms developed on three main fronts. Mathemati- 
cians made the seminal developments in the first quarter of the twentieth century by 
putting the Hilbert transform into various useful forms, and established a number 
of key theorems that turned out to be of critical importance for future developments 
in the physical sciences. Hilbert transforms arose first in potential theory. Around 
the time of the dawn of modern quantum theory, Kramers (1926, 1927) and, working 
independently, Kronig (1926) obtained the reciprocal relations between the frequency 
dependent refractive index and the absorption coefficient of a medium. The result- 
ing equations involved principal value integrals over the frequency interval [0, 00), 
which can be recast as a pair of standard Hilbert transforms. These equations became 
known in the physics and chemistry literature as the Kramers—Kronig relations. 
In parallel with this development, electrical engineers applied the same and some 
closely related mathematical ideas in circuit analysis (Carson, 1926). The real and 
imaginary parts of the general complex impedance were found to be connected 
to each other by Hilbert transforms. These relations are sometimes referred to as 
the Bode relations (Bode, 1945). In branches of engineering the Hilbert trans- 
forms are sometimes referred to as Wiener—Lee transforms (Papoulis, 1962, p. 192). 
In modern signal processing the terms 90° phase shift filter or quadrature filter are 


1.4 Diversity of applications 7 


also employed to describe a Hilbert transform. The former of these two designations 
comes from the fact that the Hilbert transform of a sine function yields a cosine 
function, and this can be recast as a sine function with a shift of the argument by 
90°. Somewhat later, with activity rising significantly in the early 1960s, Hilbert 
transforms found important applications in the study of various scattering processes 
in elementary particle physics and some other branches of physics. The key equa- 
tions developed to describe the scattering processes are called dispersion relations, 
which are, in many cases, Hilbert transform relations or relatively minor extensions of 
the Hilbert transform concept. The Hilbert transform technique has clearly acquired 
multiple names as it has been employed in different applications. This multiplicity 
of names makes it more difficult to assess the true impact of Hilbert’s contribu- 
tion to transform calculus in the physical sciences. In addition to Hilbert, perhaps 
it is not inappropriate to give due credit to the nineteenth century mathematicians 
Poisson and, in particular, Cauchy, whose contributions laid the foundations for the 
work of Hilbert and others on the transform that finds such a diverse number of 
applications. 

The question of why one should be interested in studying the theory of Hilbert 
transforms can be best answered in the following manner. There are numerous prac- 
tical applications of Hilbert transforms, such as those mentioned in the preceding 
paragraph. To that list of applications can be added problems in aerofoil theory, 
crack formation in materials, aspects of the theory of elasticity, applications in wave 
propagation theory, problems in potential theory, and the study of dispersion forces. 
Further applications arise in certain areas in digital signal processing, and problems 
in the reconstruction of images. Readers with an interest in the stock market might 
be fascinated to see how a discrete version of the Hilbert transform has been used 
as a modeling tool (Ehlers, 2001). For some of these topics, the Hilbert transform 
or some variant of the standard form occurs as part of an integral equation or of an 
integro-differential equation. An example that is discussed later is the study of soli- 
tary waves. Because of the rich and diverse array of applications, the study of Hilbert 
transform theory can be a rewarding exercise. 

Hilbert transform theory of course finds a number of applications in pure mathe- 
matics. The theory of the conventional Hilbert transform can be viewed as a paradigm 
for the mathematical investigation of singular integrals in general. This opens up a 
whole area of study in singular integral equations. Hilbert transform theory has served 
as a springboard to the study of singular integrals in n-dimensional Euclidean space. 
The Hilbert transform has played an important role in addressing some fundamental 
questions in the theory of Fourier series. This transform has a very close connection 
to some areas of complex analysis, and it plays an essential role in the theory of 
Fourier transforms of causal functions. The Hilbert transform is the key ingredient 
in characterizing operators that commute with the translation and dilation operators. 
Parts of all of the aforementioned topics are discussed in an introductory fashion in 
the following chapters. 


8 Introduction 
Notes 


The end-notes for each chapter provide sources, both books and journal articles, where 
additional reading on various topics may be pursued. The books that are recommended 
on standard topics reflect in large part the contents of the author’s personal library. On 
many standard topics, particularly the background material covered in Chapter 2, the 
reader should be able to find a large number of additional reference texts beyond the 
ones cited. For a delightful account of the life and times of David Hilbert, intended 
for a general audience, see Reid (1996). 


§1.1 For further reading on integral equations, consult Gakhov (1966), Hochstadt 
(1973), Tricomi (1985), Mikhlin and Préssdorf (1986), Pipkin (1991), Muskhel- 
ishvili (1992), and Kress (1999). Good sources on integral transforms with an applied 
emphasis include Sneddon (1972) and Davies (1978). The books by Zayed (1996) 
and Debnath and Bhatta (2007), and the individual accounts in Poularikas (1996a), 
are highly recommended reading. 

§1.2 Hardy’s work referenced in this book can be found in the seven volumes of 
his collected papers, Hardy (1966). 

§1.3. Additional Hilbert transform pairs can be found in the nineteenth century lit- 
erature; see, for example, Schlémilch (1848) or Bierens de Haan (1867). For some 
more recent collections of Hilbert transforms, see the following: Erdélyi et al. (1954, 
Vol. II), MacDonald and Brachman (1956), Smith and Lyness (1969), Alavi-Sereshki 
and Prabhakar (1972), and Hahn (1996a, 1996b). Hilbert transform relations of 
the type given in Eqs. (1.8) and (1.9) are due to the great French mathematician 
Augustin-Louis Cauchy. 

§1.4 Some further reading on various applications of the Hilbert transform can be 
found in: Tricomi (1985, p. 173) and Zayed (1996, p. 287) for aerofoil theory; Wright 
and Hutchinson (1999) for the determination of oscillator phases for atomic motions; 
Ferry (1970), Booij and Thoone (1982), Madych (1990), and Herdman and Turi 
(1991), for elasticity theory; Aki and Richards (1980, p. 852) for crack propagation; 
Hinojosa and Mickus (2002) for the study of gravity gradient profiles; Cerveny and 
Zahradnik (1975) for a review of geophysical applications; Weaver and Pao (1981), 
Beltzer (1983), and Bampi and Zordan (1992), for wave propagation theory; Duffin 
(1972), Nabighian (1984), and Sugiyama (1992), for aspects of potential theory; 
Sakai and Vanasse (1966) for an application in Fourier spectroscopy; Karl (1989), 
Hahn (1996a, 1996b), Oppenheim, Schafer, and Buck, (1999), for signal processing; 
and Lowenthal and Belvaux (1967), Herman (1980), Kohlmann (1996), Arnison 
et al. (2000), Davis, McNamara, and Cottrell (2000), and Shaik and Iftekharuddin 
(2003), for image reconstruction theory. A study of dispersion forces using dispersion 
theoretic techniques can be found in Feinberg, Sucher, and Au (1989). A number 
of applications have been made in Raman spectroscopy; see Chinsky ef al. (1982), 
Stallard e¢ al. (1983), Patapoff, Turpin, and Peticolis (1986), and Lee and Yeo (1994). 
For the development of a dispersion-type relation for the ground-state energy of two- 
electron atomic systems as a function of nuclear charge, see Ivanov and Dubau (1998). 
For further general reading on matters mathematical, see Butzer and Trebels (1968), 
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Butzer and Nessel (1971), and Pandey (1996). A concise introductory account on the 
Hilbert transform can be found in Peters (1995). 


Exercises 


The table of Hilbert transforms in Appendix 1 should prove to be of value to you, 
both for checking the answers to a number of exercises throughout the book, and for 
solving some of the exercises. 


1.1 


1.2 


1.3 
1.4 


1.5 


1.6 
1.7 
1.8 
1.9 
1.10 
1.11 
1.12 


Given 


1 lee) 
te= =P | cos as ay 
an 


o XS 


where ais aconstant, set up a differential equation by differentiation with respect 
to x, and hence determine the value for /(x, a). Justify the differentiation step. 
Given 


Pf sivas = lim |  F6s)ds + [- rox} ; 
—0o E> 0+ —0o x+e 
show for 
f(s) =(@—-s)7! that Pf fis) =0. 
What is the value of f°. ds/(x — s)? 


Show that Hf (x) equals —a/ (x? +a’) for f(s) = s/(a +7), where a is a 
positive constant. Hint: The identity 


S _ 1 x a. xs a 
(s2?+a@)x—s) xr+a|x—-s sta s24+a2 


leads to a straightforward calculation. 
Show that Hf (x) equals x/a(x? + a”) for f(s) = 1/a* +s”, where a is a posi- 
tive constant. Hint: The identity 


1 4 ee ee 
(2?+@)x—s) x+a|s24+a0 ° x—-s) st4+a? 


simplifies the calculation. 

If c is a constant, evaluate H[c]. 

Evaluate H[sin(ax + b)], where a and b are real constants. 

Evaluate H[cos(ax + b)], where a and b are real constants. 
Evaluate H[sin*(ax)], where a is a real constant. 

If w is a real constant, does H[x~! sin(ax)] converge? 

For @ a real constant, determine whether H[x7~! cos(ax)] converges. 
Prove Eq. (1.13). 
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1.13 For f(x) = x(x? +a7)~! with a a real constant greater than zero, how does Hf 
behave as a > 0+? 
1.14 If 
x < 


0, 0 : 
f@M= ee £0 witha > 0, 


evaluate Hf (x). 


0, |x| > 1 
1.15 Iff@ = Fi # <1? 


1.16 Fora > 0, is the statement H[x* (a? +x?)~!] = —ax (a? +x7)7!, true or false? 


evaluate Hf (x). 
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Review of some background mathematics 


2.1 Introduction 


The principal objective of this chapter is to present some of the essential basic math- 
ematical background that is employed in later sections. A good deal of this material 
should be straightforward for a well trained undergraduate mathematics or physics 
major; however, there are a few slightly more advanced topics that are treated con- 
cisely. For these topics, collateral reading in a standard text is highly recommended. 
Some suggestions of where to start additional reading are provided in the end-notes. 
The mathematically talented reader could bypass most of this chapter and skip to the 
derivations in Chapter 3. 

Almost all the mathematical notation employed can be found in the List of symbols; 
please consult that list for the definition or for the first use of a particular symbol. 
Some common notational devices are reviewed first, and this is followed by a con- 
cise description of some of the more important mathematical tools, such as Fourier 
analysis, complex variable theory, and the basics of integration theory, 1.e. topics that 
are central to later developments. Further extensions of some of these tools are given 
later as needed. 


2.2 Order symbols O() and o() 


There are a number of situations in later sections where it is necessary to address 
the asymptotic behavior of f(x), for x approaching some limit, which may be finite 
or infinite. In a number of circumstances, f(x) may be so complicated that it may 
be an advantage to replace f(x) by a simpler choice, g(x), as x approaches the limit 
under consideration. Three different notations are employed to express the asymptotic 
behavior of f(x). 

If the value of the ratio f(x)/g(x) is bounded by a constant as x — a, then f(x) 
is at most of the order of magnitude of g(x) as x + a. Symbolically this is written 
using the Bachmann order notation: 


f(a) = O(g(a)). (2.1) 


11 
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Commonly, this notation is also used to imply, for a positive constant C, that | f(x)| 
< C|g(x)| as x approaches some given limit. Some examples of the use of this 
notation are as follows. If P;, (x) denotes a polynomial of degree k, then 


Py (x) = OC"), as x > 00. (2.2) 
A second example is 
sinx = O(x), asx — 0. (2.3) 
If f(x) is bounded for all x as x > some limit, then 
f@) =O), as x > some limit. (2.4) 
For example, 
exp(—|x|) = O(1), asx —> o. (2.5) 


If f(x)/g(x) > 1 asx —> some limit, then f(x) has the same order as g(x), which 
is expressed symbolically as f(x) ~ g(x) as x tends to its limit. This is clearly a more 
restrictive condition than Eq. (2.1). 

Iff(x)/g(x) > 0as x tends to its limit, then f(x) has a smaller order of magnitude 
than g(x), which is denoted symbolically by 


f(x) = 0(g@)). (2.6) 
Some examples are as follows: 
x" =o(e), asx—>oo, form>0; (2.7) 
x™=o(1), asx—>oo, form>0; (2.8) 
P(x) = o(c**!), as x > ©; (2.9) 
and 
cosx—l=o(x), asx— 0. (2.10) 


If f(x) = o(g(x)) as x tends to its limit, this implies f (x) = O(g(x)). 


2.3 Lipschitz and Holder conditions 


A function f satisfies the Lipschitz condition at a point xo if there exists a positive 
constant C such that 


If) —fo)| < Clx — xol, (2.11) 


for all values of x in some neighborhood of xo. 
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A function f satisfies the Hélder condition at a point xo if 


If) —f@o)| <= Clx — x0l”, (2.12) 


for all values of x in some neighborhood of xo, and C and m are positive constants. 
The parameter C is called the Hélder constant, and m is termed the order of the 
Holder condition. The designations index and exponent are also employed in place 
of order. Equation (2.12) is also referred to as a Lipschitz condition of order m. This 
is written as 


f €Lipm. (2.13) 
A function f satisfies a Hélder condition on an interval [a, 6] if 


If 2) —f G1) < Clx2 — x11", (2.14) 


for all x; and x2 on [a, 6]. A function satisfying a Hélder condition on an interval is 
continuous on that interval. The reader is reminded that square brackets, as in [@, 6], 
denote the closed interval w < x < f, and that parentheses (, ) as in (a, 6) designate 
the open interval a <x < B. 


2.4 Cauchy principal value 


Consider an integral with a singularity present in the integration interval. As an 
example, suppose 


Bo dx 
ro= f Gan’ (2.15) 


where ¢ lies in the interval (a, 6). If the evaluation of this integral is approached as 
an improper Riemann integral, then 


i; t-e€ dx r B dx 
t) = lim + lim ——— 
es) eC tim (¢— x) 


= — lim {log |¢ — xl}-® — lim {loglx — 11}, 
é>0 p—0 


t-—ap 


= lim lim log 
B-te 


é>0p->0 


(2.16) 


In this book the notation log always refers to a logarithm to the base e. The result in 
Eq. (2.16) can take on any value, depending on the value of the ratio o/e. Since the 
integral in Eq. (2.15) is ill defined as it stands, a simple modification of the approach 
indicated in Eq. (2.16), first utilized by Cauchy in 1822 (Smithies, 1997), leads to the 
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following: 


; t-e dx B dx 
aes: if (=x) a = 


O17) 


which is clearly well defined for t # a and t # £. The limiting operation given 
in Eq. (2.17) is called the principal value of the integral, or, more appropriately, the 
Cauchy principal value of the integral. The common notations employed to symbolize 
the limiting process displayed in Eq. (2.17) are 


P 7 fxdx, PV / f(xdx, VP i fade, i Pome f rood, 


and f (x) has a singularity in the interval over which the integral is evaluated. That is, 


B t-€ B 
P / f(xdx = Tim / fe)dx + fear| (2.18) 
a aa a tte 


where f(x) has a singularity at x = ¢t. The third of the five notational devices given, 
VP, (valeur principale) is seen in European writings. In a number of works, the 
standard integral sign is used to denote a principal value integral, with an explicit 
statement given to the reader that a principal value integral is under discussion. In the 
remainder of this work, the first of the five symbols just listed is employed. 

It is not difficult to find examples of functions with singularities such that the limit 
in Eq. (2.18) is not finite. For the case f(x) = (x — t)~? with t € (a, B), the Cauchy 
principal value integral in Eq. (2.18) diverges. 


2.5 Fourier series 
Some of the basics of Fourier series that find application in other chapters are reviewed 
in this section. It is possible in a number of cases to represent various experimental 
data sets by a Fourier series, from which important information can be extracted on 
taking the Hilbert transform. Fourier series arise in a natural way when the Hilbert 
transforms of periodic functions are considered. 


2.5.1 Periodic property 
Let the function f satisfy 


f(x + P) =f (x), (2.19) 
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> 


Ps 


kK — P— 


Figure 2.1. Two examples of periodic functions. The period for each example is P. 


for all values of x, and P > 0. If Eq. (2.19) holds, f is called a periodic function, 
and the smallest P for which the equation holds is termed the period of f. Figure 2.1 
illustrates two examples. 

Some elementary examples of periodic functions are cos x and sin x, since 


cos x = cos(x + 27) = cos(x + 477) = cos(x + 67) =-:--, (2.20) 


sinx = sin(x + 27) = sin(x + 47) = sin(v +67) =-:-:-. (2.21) 


The period in both examples is 27. For the functions cos(nmx/L) and sin(nmx/L) 
with n a positive integer, the period is 2L. 


2.5.2 Piecewise continuous functions 


A function f is piecewise continuous in an interval (a, b) if it satisfies the following 
requirements: the interval (a, b) can be dissected into a finite number of subintervals 
in which f is continuous, and that the limits as x approaches the endpoints of each 
subinterval are finite. The term jump discontinuity 1s employed in the following way. 
If the limits 


fil) =f(e+0) = lim fix) (2.22) 
and 


Ile = fe= 0) = lim 10) (2.23) 
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Figure 2.2. The discontinuities in the function occur at x = a, x = b, and x = c. The 
discontinuities are non-infinite. 


exist, but are different, then the function has a jump discontinuity at the point c. 
A piecewise continuous function in an interval has a finite number of jump disconti- 
nuities in that interval. An example of a piecewise continuous function is shown in 
Figure 2.2. 


2.5.3 Definition of Fourier series 


Suppose that the function f is defined on an interval (—L, L) and is periodic out- 
side the interval with period 2L, that is f(x) = f(x + 2Z), then the Fourier series 
expansion of f is defined by 


f0) = 2+ (ay 00s (™) + bysin(™)). 228 


n= 


ro 


The coefficients a, and b, are called the Fourier coefficients. The coefficients can be 
determined in the following manner. Multiply both sides of Eq. (2.24) by cos (mmx/L) 
and integrate over the interval (—Z, L) to obtain 


1 fe nx 
=; ip (fe cos (“= )atr. (2.25) 


Multiplying both sides of Eq. (2.24) by sin(mmx/L) and integrating over the 
interval (—L, L) yields 


1 fe _ (MIX 
bn = 5 i Fe) sin (ax. (2.26) 


To obtain these expressions, the following elementary integrals are employed: 


iB sin (=) sin (—)ax = ie cos (=) cos (—)ax = fae a 
(2.27) 
iB cos (=) sin (—)ax =0, 0.28) 


where m and n take on integer values. 
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The conditions that are necessary for f to be expanded in the form of a Fourier 
series are examined next. If the following requirements (due to Dirichlet) hold: 


(1) f is defined and single-valued on the interval (—L, L), with the possible exception 
of a finite number of points; 

(2) f is periodic with period 2L; 

(3) f and its derivative are piecewise continuous in (—L; L), 


then it is possible to write the following: 


fr 0) + fe 0) = + (aq c0s (= ~) +b, sin(=*)). (2.29) 


n=1 


If x is not a point of discontinuity, then 


1 
f@)= i + 0) +f (x — 0)}. (2.30) 


Two examples of well known Fourier series expansions are: 


[o@) 
x=2) (-)"! sinnx, for —m7 <x <a, (2.31) 
n=1 
and 
log {2cos (5 )}= He 1)"*! cosnx, for —m <x <7. (2.32) 
n=1 


The three conditions on f are known to be sufficient conditions to guarantee conver- 
gence. The conditions are not necessary; that is, if the three conditions as stated are 
not satisfied, then the series in Eq. (2.29) may or may not converge. From a practical 
standpoint, with a view to the type of applications to be discussed later, the Dirichlet 
conditions will almost always be satisfied. 

An alternative Fourier series expansion is employed in later sections. With the same 
conditions stated previously, it is possible to write the Fourier series for f in complex 
form: 


LG SS, Gee. (2.33) 


n=—-CW 


The coefficients c, can be determined by multiplying both sides of Eq. (2.33) by 
e'”*/L and integrating over the interval (—L, L), to obtain 


1 st 
=a [ : pee ae (2.34) 
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If f is not continuous at the point x, then 1/2{f(« + 0) + f(@ — 0)} replaces f(x) in 
Eq. (2.33). 

In later chapters it will be necessary to expand a function in terms of a complete set 
of orthonormal functions on a particular interval [a, b]. A set of real-valued functions 
on(x),n = 0,1,2,..., is orthogonal on the interval [a, b] if 


b 
ih Gn(x)bm(x)dx = 0, forn Am. (2.35) 


The preceding formula can be generalized to include a weight function w(x) in the 
integrand, for which case the ¢,(x) are termed orthogonal on the interval [a, b] with 
weight w(x). The set of functions is termed orthonormal if Eq. (2.35) 1s satisfied and 


b 
/ Ga (x)dx = 1 (2.36) 
a 
holds for all n. The last two results are often combined into the following single result: 
b 
/ Pn(x)bm(x)dx = Sam. (2.37) 
a 
The symbol 5, is called the Kronecker delta, and is defined by 
1, forn=m ; 
= ° th Z 2. 

Oni {0 fora om with n,m € Z, (2.38) 


where Z denotes the set of integers, 0,+1,+2,.... On the interval [0, 7], the set of 
functions {(,/(2/7)) sin nx}°° , forms a complete orthonormal set. If a function f 
and its derivative f’ are piecewise continuous in an interval [a, b], then the function 
can be expanded in terms of a complete orthonormal set: 


CO 


£0) = endn@), fora<x<b, (2.39) 


n=1 


where the c, are termed generalized Fourier coefficients. The partial sum of the first 
N terms of the series is defined as follows: 


N 
Sy (x) = > endn(x). (2.40) 
n=1 
The set of functions @, is termed complete if 


b 
fim / {f (x) — Sy(x)}° dx = 0. (2.41) 


The generalized Fourier series for f converges in the mean square sense, also called 
converges in norm, if Eq. (2.41) holds. 
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2.5.4 Bessel’s inequality 


If {¢,} form an orthonormal set on the interval [a,b], then the coefficients in the 
expansion in Eq. (2.39) can be determined from 


b 
a i Posecnde (2.42) 


By a straightforward calculation, it follows that 
b b b b 
if {f (x) — Sy @}? dx -| f?(x)dx — 2 | Foosynar + f Sy (x)dx 


b 00 N b 
=f Pepdr— 22 er Yom f dntsrbmcas 


n=0 m=0 


N N b 
+) en >) cm if n(X)Pm (x)dx 
n=0 m=0 g 


b N 
-| F?(x)dx — Do ch. (2.43) 

a n=0 
It follows on taking the limit NV — oo that 

oo b 

Das f Peds, (2.44) 

n=0 @ 
which is Bessel’s inequality. 


2.6 Fourier transforms 


In this section a few properties of Fourier transforms that are employed later are 
concisely reviewed. Ideas developed from Fourier analysis provide one route to the 
derivation of the conjugate function relationships, and these ideas have an important 
bearing on issues connected with the numerical evaluation of Hilbert transforms. They 
also play a central role in the connection of causal arguments with analytic behavior, 
and hence to the Hilbert transform relations. 


2.6.1 Definition of the Fourier transform 
Suppose f is an absolutely integrable function on R, that is 


ic [f(x)|dx < 00; (2.45) 
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then the Fourier transform of f, denoted by Ff, is defined by 
oo . 
Ff (x) = / fisye"™ ds. (2.46) 
—cC 


The notation f is also widely used in the mathematics literature to denote Ff, and this 
is employed occasionally in this book when the use of ¥ would make the expression 
rather cluttered. In the engineering disciplines, the notation f is sometimes used to 
denote the Hilbert transform, a convention not employed in this book. Condition 
(2.45) is sufficient, but not necessary, for the existence of the Fourier transform. 
There are functions which do not satisfy Eq. (2.45), but still have a well defined 
Fourier transform. An example is the function x~! sin. x. Weaker conditions on f can 
be given to ensure that ¥f is defined (Titchmarsh, 1948, chap. 3; Champeney, 1987, 
p. 47; Papoulis, 1962, p. 9). 

Let g(x) = Ff (x), then the inverse transform, written symbolically as F~! g(x), 
is given by 


1, f? 
{O=F 26) = =| g(xje™ dx. (2.47) 


—oo 


The Fourier transform is also commonly defined in the following ways: 


Ff (x) = ba a fie?" ds,  FIfG) = a 7 f(sye?™* ds, (2.48) 
F(x) = FES se fie ds, FY) = Tem Be F(s)e* ds, (2.49) 
Ff (x) = [ f(sye** ds, FY) = ik f(sje™ ds. (2.50) 


The alternative definitions given in Eqs. (2.48) and (2.49) reflect that the placement 
of the 27 factor is arbitrary. Equations (2.48) and (2.49) have a more symmetric 
appearance than the pair given by Eqs. (2.46) and (2.47). The definitions of the Fourier 
transform given in Eqs. (2.46) and (2.50) differ only in the sign of the exponent term. 
In formulas involving both the Fourier and Hilbert transforms, this difference in 
sign can lead to some formulas differing by a minus sign. This occurs widely in the 
scientific and engineering literature. Since the Hilbert transform can also be defined 
with one of two possible sign choices, the reader needs to be alert when reading 
literature sources, where unexpected signs may be traceable either to the choice of 
definition of the Hilbert transform or the Fourier transform employed. An important 
formula where this sign issue arises is given in Section 5.2 (see Eq. (5.3)). 
Using the definition given in Eq. (2.46), two examples are as follows: 


f(@@) =e”, witha>0, Ff) = J (Fer. (2.51) 
a 
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For 


1 
f@®= a witha>0, Ff(x)=na be", (2.52) 


2.6.2 Convolution theorem 


The convolution of two functions f and g defined on R is given by the following 
definition: 


Veta or / FORE =U, (2.53) 


provided the integral exists. The notation f(x) * g(x) is also commonly employed in 
place of {f * g}(x). A result that will turn out to be extremely useful at a later juncture 
is the convolution theorem for Fourier transforms. This result states that the Fourier 
transform of the convolution of f and g is the product of the Fourier transforms of 
f and g; thus, 


Ff * g} = F{S}F {g}. (2.54) 


The convolution operation defined in Eq. (2.53) obeys the commutative and distribu- 
tive laws. The associative property is obeyed for functions in certain classes; see, for 
example, Howell (2001, p. 376). 


2.6.3 The Parseval and Plancherel formulas 


If the functions f and g € L?(R) and fi and g denote the corresponding Fourier 
transforms, then 


co). 2 ie) 
[ \feofer=f ireora (2.55) 
and 
/ fe (dx = / fg" dx. (2.56) 


The notation L denotes the class of Lebesgue integrable functions, a topic that is 
discussed in some detail in Section 2.11, and the superscript *« denotes the complex 
conjugate. Mathematicians call the first of these two relations Parseval’s formula 
(sometimes the Parseval—Plancherel formula), and physicists associate the formula 
with Rayleigh. The second equation is designated as Plancherel’s formula, although 
a number of authors refer to both equations as Parseval’s formula. These results have 
a number of practical applications, and there are analogs of these formulas involving 
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the Hilbert transform. Each formula can be obtained rather quickly from the other. 
Equation (2.56) can be established as follows: 


oO | oO | 1 ee) , 
/ f (x)g*(x) dx = SQ) (5 / (ye ay) 
—0o —00 J (21) —0o 
ee) 1 oO | : 
1 1X 
= (sam [feet ax)ay 
< PONT Omy us 
[o,@) 
=f efor. 2.57) 
—C 
The symmetric distribution of the 27 term has been used to avoid these factors in 
the final formula. If the definition in Eq. (2.46) is employed, then the right-hand 
side of Eq. (2.57) must be multiplied by a factor of 277. The interchange of order of 


integration can be justified using Fubini’s theorem (see Section 2.12). Setting g = f 
in Eq. (2.57) recovers Eq. (2.55). 


2.7 The Fourier integral 
Combining Eqs. (2.24), (2.25), and (2.26) leads to 


f@= a fis) ds +7 H(f, f(s) c0s ( “= ) cos os (“= ds 
+ [sos oD sin“) as) 
=x f fisds +> 5 [. f(s) cos [= Jas), (2.58) 


where the trigonometric identity 
cos(A — B) = sin A sinB+ cos AcosB (2.59) 


has been used. If the substitution n2/L = t, is employed, and 6t = t)41 — ty, then 


f@me= ae f(s)ds +2 H(f, f(s) cos[ty(s — wylds (2.60) 


If f is integrable on R, then in the limit as L — oo the first term on the right-hand 
side of Eq. (2.60) vanishes, and the sum in Eq. (2.60) can be replaced by an integral, 
so that 


f= -{- dt i f(s) cos[t(s — x) ]ds (2.61) 
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which can be rewritten as follows: 
1 ee oo : 
bd ade / dt / f(s)XO™ ds, (2.62) 
—0o —0o 


Both of the preceding two results are referred to as the Fourier integral formula. 
Equation (2.61) is occasionally useful for the situation where f(x) has particular 
symmetry properties. The reader is reminded of the following definitions of even and 
odd functions. An even function satisfies the condition f(—x) = f(x), and an odd 
function satisfies f(—x) = —f (x). An immediate consequence is 


Pere = 2 [ sendr, for f (x) even, (2.63) 
—a 0 
and 


[too =0, for f(x) odd. (2.64) 


—a 


For f(x) even, Eq. (2.61) simplifies, with the aid of Eq. (2.59), to 


f@me= a i cos xt arf cos ts f (s)ds; (2.65) 
T JO 0 


and for f(x) an odd function, 


f@me= Z ee sin xt af" sin ts f (s)ds. (2.66) 
wu JO 0 


Equations (2.65) and (2.66) are the Fourier cosine and Fourier sine integral formulas, 
respectively. 


2.8 Some basic results from complex variable theory 


In this section, some of the essential basic ideas on functions of a single complex 
variable are summarized. More involved results are developed elsewhere as required. 
The theory of analytic functions plays a central role in several developments in Hilbert 
transform theory. This branch of mathematics is the key link between the experimental 
notion of causality and the reciprocal relations that bear the names of Kramers, Kronig, 
and Bode, and also dispersion theoretic methods. On the mathematical side, analytic 
function theory provides a connecting link between conjugate functions expressed as 
Fourier series, Fourier integrals, or as Hilbert transforms. Analytic function theory 
represents a powerful set of techniques for solving problems in many branches of 
pure and applied mathematics. 
A complex variable z is defined by 


z=x+Iy, (2.67) 


24 Review of background mathematics 
any 


z=rei? 


Figure 2.3. Argand diagram displaying the point z in terms of the polar variables r and 0. 


where i is the imaginary unit, with the property that i? = —1, and x and y are real 
numbers. Parenthetically it is noted that the symbol j is used in various branches 
of engineering in place of i. Since z is determined by an ordered pair (x, y), it can 
be conveniently represented diagrammatically by points in the xy-plane, called the 
complex plane, or, as it is also termed, an Argand diagram. In many applications, 
a polar representation of a complex number is of considerable value. The point z in 
Figure 2.3 can be characterized by (x, y) or by (7,0), where r, the modulus, and 6, 
the argument, are respectively given by 


mod z = |z| = |x +iy| =r = JQ? +5”) (2.68) 


and 


argz = 6 =tan ! (=) ; (2.69) 
y 


An idea that will find later use is the ability to express z in a polar representation 
about some point zo, which is not the origin of the x—y coordinates. In this case, 


z=29 + Re’, (2.70) 


where the circle on which z lies has a radius R and origin zg, and the angle 6 is 
measured from the new origin. 

A function f is continuous at a point zg if, for a given ¢ > 0, there exists a number 
6 such that 


If (@) —f@o)| <¢, (2.71) 


for all points z in a domain satisfying the condition |z—zo| < 6. If f is a single-valued 
function in a domain of the complex plane, then f is differentiable at a point zo of 
that domain, if 


f@) —f Go) 


zZ—Z 
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tends to a unique limit as z — zo, and this limit is denoted f’(zo), that is 


_ df) 
~ dz 


f' (Zo) (2.72) 


Z=Z0 


If a function f is single-valued and differentiable at every point z in a domain of 
the complex plane, then the function is called analytic in that domain. The terms 
holomorphic and regular are often used synonymously with analytic. If a function 
f is differentiable in a domain, except for a finite number of points, those points are 
called the singular points (or singularities) of the function. 

There are several types of singular points that will be encountered later. The key 
types are as follows. A singular point zo 1s termed isolated if there is aneighborhood of 
sufficiently small radius ¢ surrounding the point containing no other singular points. 
If the following condition holds for positive integer m, 


lim (z — z0)" f(z) =a 4 0, (2.73) 
Z—>2Z0 


then the point zo of f(z) is termed a pole of order m. The case where m = | is called 
a simple pole. If a function f can be defined at a singular point zo, that is a meaning 
can be attached to lim,_,.,. f(z), then the singularity is called a removable singularity. 
A singularity that is neither an isolated singularity nor a pole, is termed an essential 
singularity. The latter is defined more rigorously later in Section 2.8.5. The preceding 
discussion of singularities can be recast in terms of the Laurent series expansion for 
an analytic function, and that topic is also treated in Section 2.8.5. Here are some 
examples of the types of singularities that have just been discussed. The function 
f@ = (z2 — a*)—! has simple poles at z = a and z = —a, while the function 
f@=€- B)~4 has a pole of order four at z = 8; in both cases, the singularities 
are isolated. A function with a removable singularity is f(z) = z~?(1 — cosz), which 
is finite in the limit z > 0. The function f(z) = sinz~! has an essential singularity 
atz = 0. 
Let f(z) be written in the form 


f(Z) = ux, y) + iv, y), (2.74) 


where u(x, y) and u(x, y) are real-valued functions. Then the necessary and sufficient 
conditions for f to be analytic in a domain of the complex plane is that the four 
partial derivatives du/dx, du/dy, dv/dx, and dv/dy exist and satisfy in that domain 
the following: 


ee es (2.75) 


These are called the Cauchy—Riemann equations. 
Functions that are not single-valued will be encountered in later chapters. Consider 
the case f(z) = z!/" with n = 2,3,4,.... This is an example of a multiple-valued 
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function. The case n = 2 is examined in the sequel in some detail. If z is expressed 
in polar notation, that is z = re, then 


f@=VOe 2, (2.76) 


where 6 denotes the angle shown in Figure 2.4. If one complete cycle around the 
contour labeled I is made, starting and returning to the point P, then 9 — 6 + 27, 
and 


$Qa Orel he See (2.77) 


which results in a different value for the function. By making another complete circuit 
of the contour, the original value is obtained. A point in the complex plane is called a 
branch point if the value of a function is altered when one complete cycle around the 
point is completed. The point z = 0 is a branch point of the function ./z. The function 
{(@) = z can be converted to a single-valued function by agreeing to restrict 0, 


so that 
fO=JV) 9, for 0< 6 < 2x, 
(2.78 
fO=VNH IOP? for 0< 6 < 2x. 


The function f can be regarded as being defined on two separate sheets, the collection 
of which is called the Riemann surface for the function, as in Figure 2.5. 


I 


x 
branch cut 


Figure 2.4. Branch cut and polar notation for the function f(z) = ./z. 


a= f@=V 
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f p= e'9? 
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Figure 2.5. Riemann surfaces for the function /z. 
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To achieve a connection between the two sheets a branch line (or branch cut) is made 
from z = 0 to z = ov, often taken along the positive real axis, although it can be 
set at any angle from the real axis, and all points that lie on this line are removed 
from the definition of the function. The outcome is that, on each sheet, the function 
is single-valued and continuous. 


2.8.1 Integration of analytic functions 


To carry out an integration of a function of a complex variable, it is necessary to 
specify the path of integration. Consider the curve shown in Figure 2.6. If the integral 
from (Zz, Z2) is to be evaluated, it is necessary to specify the path of the contour, that is 


/ "P Ose i: fOee (2.79) 
Z) C 


where the notation /, c symbolizes not only the endpoints, but also the pathway 
between them. A contour, or piecewise smooth arc, is said to be closed if the starting 
and ending points are the same. A contour described parametrically by z(t) is called 
smooth if z(t) has a continuous derivative along the entire contour; it is called piece- 
wise smooth if the contour can be represented by a finite sum of smooth arcs. Figure 
2.7 indicates a simple closed contour and Figure 2.8 illustrates a non-simple closed 
contour. 

An integral taken around a closed contour C is often indicated by f,. . The sense 
of direction for the integral needs to be specified. Unless stated to the contrary, all 
contour integrals will assume a counter-clockwise sense. This is sometimes indicated 
with an arrow pointing in the counter-clockwise sense on the circle for the integral 
symbol just given. 

In the following discussion, and for the rest of this book, the focus is on regions 
(designated 2) that are simply connected. A simply connected region & is one where 


Vv 


Figure 2.6. Contour showing the path between z) and z2. 
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Figure 2.7. Simple closed contour. 
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y. 


Figure 2.8. Non-simple closed contour. 
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Figure 2.9. (a) A simply connected region. (b) A region that is not simply connected. 


ny 


Figure 2.10. A multiply connected region. 


any closed contour in & contains only points belonging to &. Figure 2.9(a) shows 
a simply connected region, and Figure 2.9(b) illustrates a region that is not simply 
connected, that is, it is disconnected. 

The dashed portion of the curve C in Figure 2.9(b) does not lie entirely in &. 
Figure 2.10 illustrates a multiply connected region. In this case, it is possible to 
connect points within & by different contours which cannot be continuously deformed 
into one another without passing through points not in the region 2. 
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Figure 2.11. C, is the contour from z; to Zz) in the clockwise sense and C) is the contour from z, to 
zz in the counter-clockwise sense. C denotes the entire contour. 


2.8.2 Cauchy integral theorem 


One of the two results that will prove to be central in later developments is the 
Cauchy integral theorem (the other is the Cauchy integral formula, which is discussed 
in Section 2.8.3). The key result of this section is also referred to as the Cauchy— 
Goursat theorem. If f(z) is analytic and if f’(z) is continuous at each point of a 
domain, including the boundary C, then 


§ f (z)dz = 0. (2.80) 
C 


As a simple example, consider the choice f(z) = z”, with the contour C taken to be a 
circle of radius r and center at the origin, then it is straightforward calculation (using 
z = re’) to show that Eq. (2.80) holds true. There are a number of proofs of this 
theorem available (see the end-notes), with different starting assumptions. Equation 
(2.80) with the conditions specified is due to Cauchy. The hypothesis requiring f’(z) 
to be continuous was discovered by Goursat to be unnecessary. That leads to the 
statement of the Cauchy—Goursat theorem as: let f(z) be analytic in a domain and on 
its boundary C. Then Eq. (2.80) holds. 

Aresult that has considerable practical value is based on the type of closed contour 
shown in Figure 2.11. For f(z) analytic in the region 2%, it follows that 


[rows | fede + [ f(@)dz =0 (2.81) 
Cc -C} C2 
and hence 
/ f(@)dz = ¢ f(@)dz. (2.82) 
Ci C2 


In writing Eq. (2.81), it is assumed that the contour is traversed in the counter- 
clockwise orientation, which is taken to be the positive sense along the curve. In 
later sections, a number of contours are examined that include segments that, in 
some appropriate limit, have the same form as in Eq. (2.81). When this occurs, the 
evaluation of the overall contour integral is simplified. Equation (2.80) has a number 
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of important practical applications in applied fields, and in particular to topics to be 
discussed later. 

There is a converse theorem due to Morera. Let f(z) be continuous throughout a 
region & if 


§ f(z)dz = 0 (2.83) 
C 


for every contour C in &, then f(z) is analytic throughout 2. 


2.8.3 Cauchy integral formula 


The Cauchy integral formula is one of the most powerful results in analytic function 
theory. The formula finds extensive application in the discussion of Hilbert trans- 
forms. Let f(z) be analytic within and on a closed contour C, then, if zo is an interior 
point of C, 


1 
fo) = aH £@ 
JU1 


dz. (2.84) 

czZ—2Z0 

This is a rather remarkable mathematical result: the value of f(z) at an interior point 

Zo is determined by the values taken by the function on a prescribed contour encircling 

the point. There is no analog of this result in the theory of functions of a real variable. 
As an elementary example, consider the integral 


1 f@ 


d 
ilyer=2. 


where C is a circular contour of radius R centered at z = 2 and f(z) = z*. Thena 
straightforward calculation, on writing z — 2 = Re'®, yields the following: 


1 f@ JG 1 f z 
Cc 


Wisoz—-2 °  2niJoz—2 
1 i (2 + Re'?)iRe'® do 
~ Ini Jo Re’é 


1 2 ; 
=f (2 + Re’)? do 


= 4. (2.85) 


2.8.4 Jordan’s lemma 


A function that is analytic everywhere in the finite part of the complex plane, except 
at a finite number of poles, is said to be meromorphic. Jordan’s lemma is as follows. 
If C denotes a semicircular contour with radius R and center the origin, and f(z) is 
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my 


Figure 2.12. Semicircular contour in the upper half plane. 


meromorphic in the upper half plane and satisfies the condition [f (z)| — 0 uniformly 
as |z| > oo for 0 < argz < z, then, for m > 0, 


lim / el” f(z)dz = 0. (2.86) 
Row Jo 


The first part of the stated condition means that there exists a radius Rg chosen 
sufficiently large to enclose all the singularities of f(z). The uniformity constraint 
implies that a constant e > 0 can be selected so that, for some radius R > Ro, and for 
zon C it follows that 


If@l<e. (2.87) 


The contour being employed is shown in Figure 2.12. Semicircular contours of this 
type find routine application in many problems of scientific interest. They are most 
frequently converted into closed semicircular contours by incorporating a segment of 
the real axis from —R to R. The conditions given in the statement of Jordan’s lemma 
for Eq. (2.86) to hold are sufficient. The result actually applies under weaker 
conditions. These conditions are encountered in later sections. 


2.8.5 The Laurent expansion 


Let f(z) be analytic within and on the boundary of a circle C, centered at the point 
z = Zo, then the value of the function f at any point within C can be represented by 
the power series given by 


f@ =) anle — 20)", (2.88) 
n=0 
where 
_ 1a’f@ ol f@dz 
Ci as Lane sf Cae (2.89) 
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nY 


Figure 2.13. The circular contours C, and C2 have a common origin at Zo. 


This is the generalization of the well known Taylor series expansion to cover analytic 
functions. Its proof, which starts with the Cauchy integral formula, is straightforward, 
and is left as an exercise for the reader. 

If the function f(z) is not analytic in C, then the following approach can be 
employed. Suppose f(z) is analytic in the annular region and on the concentric cir- 
cular contours C; and C2 (see Figure 2.13), then f(z) can be expanded in the power 
series 


f@= D> ale —20)", (2.90) 
where 
care: f(@)dz 
an = aif. ae (2.91) 


and I is any contour contained within the annular region and encircling the point 
zo. The contributions from the horizontal sections of the contour adjacent to the 
point z cancel as the radius of the semicircular arcs at this point shrink to zero. 
The directional orientation of these straight line segments is obviously important 
to obtain the cancellation. The proof of Eq. (2.90) follows directly upon integrat- 
ing (z’ — z)~'f(z’) (with respect to z’) around the contour shown in Figure 2.13 
and making appropriate expansions of the denominators for the contour integrals on 
C; and C2. The expansion in Eq. (2.90) is the Laurent series for an analytic func- 
tion. The contribution to the Laurent series from the terms with n > 0 is called the 
analytic part, and the remaining terms are called the principal part. 

The Laurent series facilitates the discussion of singular points. Suppose that f(z) 
has an isolated singularity at the point z = Zo and is analytic everywhere else within 
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and on the boundary ofa circle C centered at z = zo. Then the Laurent series converges 
for all points z in the circle C except at the point zo. If 


a_3 a_2 -l 
"C= O=B C=) 


+ an(z—29)* +a3(2—z)>+-°, (2.92) 


f@) = 


+ ag + a\(z — 20) 


then f(z) has a pole of order m(m > 0) atz = zo ifa, = 0 forn = —(m+1),-(m+ 
2),.... Ifthe principal part is non-terminating, that is there is no value m satisfying the 
aforementioned condition, then f(z) has an essential singularity at z = zo. When f (z) 
has a pole of order m, the coefficient a_; is called the residue of f(z) at z = zo. For 
a pole of order one, the residue, which is denoted by Res(zo) (the notation Ro(zg) is 
also sometimes seen in the literature), can be determined from the following formula: 


a_, = Res(Zo) = lim (z — zo) f(z). (2.93) 
Z—>Z0 


When the context does not make it clear that the function f is under consideration, 
then the notation Res{f(z)},—,, is employed to designate the residue at z = zo. Fora 
pole of order m, it is easy to show from the Laurent series that 


{(z — 20)" @)}. (2.94) 


dime 
as ia mt Eee 


2.8.6 The Cauchy residue theorem 


The Cauchy residue theorem, or, as it is frequently called, the residue theorem, plays 
a central role in a number of places in this book. It is an essential bit of mathematical 
machinery required for the evaluation of many Hilbert transforms. Suppose f(z) is 
analytic within and on a closed contour C except for the point z = zg, where the 
function has a pole of order m. With reference to Figure 2.14, application of the 


Figure 2.14. Standard modification of a contour to avoid a singularity. 
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Cauchy—Goursat theorem leads to 


dz = n(Z — z0)" d 
§ fede $ > ane zo)" dz 


n=—-m 


Me ang (z — z0)" dz 
G 


n=—-m 


Qn . 
oy An i, pit ithe; dé 
0 


n=—m 


(o,@) 
= 201 SY andn—1 


n=—-m 


= 2mia_1. (2.95) 


The preceding argument can be generalized in a straightforward fashion to include a 
finite number of poles. The residue theorem is stated thus: suppose f(z) is analytic 
within and on the boundary of a closed contour C, except for a finite number of poles, 
then 


§ f(2)dz = 2m)” Res(z)), (2.96) 
Cc = 


where the sum runs over the finite number of poles at the points z; located within C, 
and Res(z;) denotes the residue corresponding to the pole atz = z;. Cauchy’s theorem 
(Eq. (2.80)) obviously corresponds to the special case of Eq. (2.96) when there are 
no poles in the region enclosed by C. 


2.8.7 Entire functions 


A function analytic everywhere in the finite complex plane is called an entire function. 
The synonym sometimes employed is integral function. Two examples of entire 
functions are sinz and e*. Note that the point at infinity, where the function may 
have an isolated singularity, is excluded from the definition of an entire function. If 
an entire function is bounded at infinity, then it can be shown that the function is a 
constant in the whole complex plane (Liouville’s theorem). 

Let f(z) be a meromorphic function with poles, assumed for simplicity to be 
simple, atz,,4 = 1,...,n, and arranged in order of increasing absolute value. Denote 
by 7;,k = 1,...,n, the residues of the poles at z,. Let C be a circular contour of 
radius R centered at the origin, passing through no singularity of f(z) and enclosing 
n poles. Suppose that f(z) is bounded above by the constant / assumed independent 
of n, | f (z)| < M, then, in the limit R — oo, a short calculation using the residue 
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theorem leads to 


: 1 1 
S(@) =f) + a + |. (2.97) 
k=1 


Z—Z, Zk 


This is referred to as the Mittag—Leffler expansion of f(z). 
Suppose g(z) is a meromorphic function whose poles are all simple (of order one) 


and are located at a, a@2,a@3,..., then an entire function f(z) can be constructed from 
a. we 
f@=8@)- >), —., (2.98) 
AZ — On 


where a, is the residue of g(z) at z = ay. If it is assumed that g(z) is bounded at 
infinity, then so is f(z), and hence f(z) is a constant. Therefore from Eq. (2.98) it 
follows that 


gz) = 800) +> | + =| (2.99) 
n=1 


Z—QAn An 


This result is a particular case of the Mittag—Leffler expansion of a meromorphic 
function. 

Suppose that f(z) is entire and has first-order zeros at 61, Bo, 63,..., none of 
which are located at the origin, then from this function the following meromorphic 
function can be constructed, which has simple poles at 61, B2, 63,...: 


_ dlog f(z) 1 df(z) 
~ dz ~ f(z) dz ~ 


gz) (2.100) 


The logarithm of a complex number being understood in the sense that if z = e”, 
then w = logz. The function logz is multi-valued. If g(z) satisfies the conditions 
necessary to carry out a Mittag—Leffler expansion, then 


a 1 1 
— 2.101 
+> \—5+5I ( ) 


n=1 


dlog f(z) _ dlog f(z) 
dz ~ dz 


z=0 


From Eq. (2.101) it follows that 


ee FOS sh [ [oss f(7) 
0 0 


= 1 1 
—' dz’; (2.102 
dz’ dz’ ea a ( ) 


n=1 


that is, 


dlog f@) ~ Bn—-2Z\ , 2 
log f(z) = log f(0) +2[ EF + s oe ( ) + at (2.103) 
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which can be rewritten as follows: 


dlog f(z) = Zz \ p-2 
f(z) =f (0) exp {z | —=2— [](1-=)}e* *. (2.104) 
dz z=0 n=1 Bn 
Iff (z) is an even function, the summation limits in Eq. (2.101) extend from —0oo to oo 
with n = 0 omitted, and the condition 6_, = —£, applies, so, with the appropriate 
change to the lower summation limit, Eq. (2.103) simplifies to 
ze Zz 24 ia 2 
f@=f) [] (: = = et -=/f0)]] (: z= =). (2.105) 
n=—0oO Bn n=1 Br 
(n#0) 


Equations (2.104) and (2.105) are particular cases of the Weierstrass factorization 
formula. A simple example is f(z) = z~! sinz, for which the zeros are located at 


Bn = —B—n = nz, for n € Z, and hence 
[o,@) 72 
inz = 1- —— }. 2.106 
sinz IT =) ( ) 


The rate of growth of an entire function is characterized by its order. An entire 
function f is of order p if, for 0; <6 < 62, 


log| f (re!) | _ 


ae 0, (2.107) 


lim sup 
roo 
for each ¢ > 0, and uniformly for 6 in the given range. The reader is reminded of the 
following set theory notation. A set S that is bounded above has a least upper bound 
that is called the supremum, denoted sup S, and if the set S' is bounded below it has 
a greatest lower bound, called the infimum, which is denoted inf S. Equation (2.107) 
is frequently stated in terms of the maximum modulus, denoted M(r), 


M(r) = max” rcre®)| (2.108) 


so that 


log log M(r) 


logr 


p= lim sup (2.109) 
r>oo 

By convention, the order of a constant is zero. Another factor used in the character- 

ization of entire functions is the type. An entire function f(z) of order p has type o 

given by 


log M(r) (2.110) 
rP : , 


o = lim sup 
r>oo 
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with 0 < o < o.A function f(z) of order one and type o (a0 < oo) is said to be a 
function of exponential type o. If 


f@ =O"), z—> 0, (2.111) 


where a is a positive constant, then o is the lower bound of a. 


2.9 Conformal mapping 


Conformal mapping is a powerful problem-solving technique that finds widespread 
use in complex analysis. A few of the key aspects of conformal mapping that are used 
in later applications are summarized in this section. 

The equations 


u=u(x,y) and v=v(x,y) (2.112) 


set up a correspondence between a domain in the xy-plane and a domain of the wv- 
plane. If each point in the xy-plane corresponds to only one point in the wv-plane, 
and conversely, then this is called a one-to-one transformation or mapping. It can be 
shown that the transformation is one-to-one if u and v are continuously differentiable 
in a domain D and if the Jacobian of the transformation, 0(u, v)/d(x,y), where 


d(u, Vv) = dudv  dudvu 
d(x,y) Ox dy Ay Ax’ 


(2.113) 


does not vanish in D. If a mapping preserves the sense and the magnitude of angles, 
as in Figure 2.15, then the transformation is called conformal. If only the angles are 
preserved, the transformation is called isogonal. 

Suppose C denotes a simple closed curve enclosing the region & in the complex 
z-plane, as in Figure 2.16, then the Riemann mapping theorem states that there exists 
a function w = f(z) that is analytic in @ (which is not the entire complex plane), 
which maps each point of 2 one-to-one into a corresponding point in the unit disc. 


nY 


(Xo. Yo) 


Figure 2.15. Preservation of the angle 6 on mapping from the xy-plane to the uv-plane. 
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Figure 2.16. Mapping a region © in the xy-plane to the unit disc in the wv-plane. 


Some of the simple and useful transformations are as follows: 


w=z+a_ (translation); (2.114) 
w=az (contraction for 0 < a < 1, stretching for a > 1); (2.115) 
w = ze? (rotation by 9); (2.116) 
w=z! (inversion). (2.117) 


The /Jinear transformation takes the form 
w=az+ B, (2.118) 


where a and # are complex constants. The bilinear transformation is given by 


_az+ B 
~ yz +8’ 


for ad — By £0. (2.119) 


In later sections, there will be interest in mapping the upper half complex z-plane 
into the interior of the unit circle in the w-plane. This allows a connection to be 
made between functions analytic in the upper half plane and conjugate series. The 
conversion is accomplished using the Cayley transformation, 

z—-1 


= 2.120 
w Por: ( ) 


and is illustrated in Figure 2.17. 

It is possible to give a generalization of the bilinear transformation given in 
Eq. (2.119) (see, for example, Miller, 1970, p. 218 and Nehari, 1975, p. 164). Tables 
of various conformal transformations can be found in a number of sources (see, for 
example, Kober (1957) or Krantz (1999b)). 

A number of more intricate issues involving analytic functions that build off the 
theorems and definitions given in Sections 2.8 and 2.9 are discussed in subsequent 
chapters. It will quickly become apparent to the reader that analytic function theory is 
one of the principal underlying mathematical structures of much of the original work 
in the area of Hilbert transform theory. 
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Figure 2.17. Mapping of the upper half of the xy-plane into the unit disc in the wv-plane. 


2.10 Some functional analysis basics 


The standard notation from set theory that is employed throughout is as follows. The 
elements x of a set having a property P are written {x : P} or as {x|P}, for example, 
A={x:a<-x < b}is read as: A is the set of x for which the condition a < x < b 
holds. The empty set containing no members is written as @. If w is an element of A, 
this is written as a € A, and if @ is not an element of A, this is denoted by a ¢ A. If 
the set A is a subset of the set B, then A C BorBD A. IfA C BandA #B then A 
is termed a proper subset of B, and the symbol C is often used to indicate a proper 
subset. If the set A is a subset of the set B with the possibility that A = B, then A C B. 
The intersection of sets is written as A  B, which is the set of members belonging 
to both A and B, or AN B = {x : x € A and x € B}. The union of sets is written as 
AUB, which is the set of members belonging to either A or B, thatis AUB = {x: x € 
A or x € B}. The difference (or complement) of two sets, A — B, is denoted by A\B, 
and A\B = {x :x € A and x ¢ B}. If every point in a set S has a neighborhood lying 
in the set, then S is called an open set. An open interval (a, b) is an example of an 
open set. A set S is called a closed set if its complement is open. The closed interval 
[a, b] is a closed set. The complement of [a, b] is (—00, a) U (b, 00), which is an open 
set. If a set S' of real numbers x is such that for all members of the set there exists 
numbers M and m such that m < x < M, then the set is called a bounded set. The set 
is bounded above by the upper bound M and bounded below by the lower bound m. 

Let S C R.A point p is a limit point (also termed an accumulation point) of a set 
of points S iff every neighborhood of p contains at least one point of S' distinct from 
p. The abbreviation iff stands for ifand only if. That is, if A is an open set containing 
p, SM (A\{p}) # @. Let S C R, then the closure of the set S denoted by S is the set 
S together with all the limits points of S. 

A few definitions from elementary linear algebra that are employed in later chapters 
are recounted. The set of complex numbers is denoted by C. Consider the set (desig- 
nated V,,) of elements ¢1, $2, ¢3,..-, On (={;}) for which the following operations 
hold: 

addition, 


di = Oj + Ok; (2.121) 
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multiplication by a scalar a, 


See (2.122) 


Suppose that the following conditions apply: 


(i) if ¢ € Vn andd; € Vn, then (6; + oj) € Vn; (2.123) 
(ii) if @; € V, and @ is a (complex) constant, then ag; € Vy; (2.124) 
(iii) 4 a null element 0, such that ¢; + 0 = ¢;, for any $; € Vj; (2.125) 
(iv) for any $; € Vn,d ao) € Vn, such that ¢; + ¢; = 0; (2.126) 
(v) 1-¢;=4@j, forall 6; € Vy. (2.127) 


Suppose also that the commutative and associative laws of addition apply: 


(vi) $i + 6 = & + Gi: (2.128) 

(vii) (bj + bj) + be = bi + (Gj + Ox); (2.129) 

and that fora, B € C: 

(viii) associative law of multiplication, a(8¢;) = (wB)¢;; (2.130) 
(ix) distributive law, (a + 8)¢; = ad; + Bd;; (2.131) 
(x) distributive law, a(¢; + ¢;) = ag; + adj. (2.132) 


Then the set {¢;} having the properties (i)-(x) is called a linear vector space and 
gj are called vectors. 

A group is a set of elements with a binary (usually multiplication) operation such 
that the following apply. (i) Ifa and b are elements of the group, then so is ab. (ii) For 
all a, b, and c in the group, then a(bc) = (ab)c. (iii) The group contains an identity 
element e such that ae = ea = a for each element a of the group. (iv) For each 
element a of the group there is a unique inverse element a~! in the group satisfying 
aa! = a~'a = e. With the additional condition ab = ba for elements a and b 
in the group, it is called a commutative or Abelian group. A set of elements for 
which a binary multiplication operation is defined that is associative, and in which 
the domain of the set includes all ordered pairs of the set, is termed a semigroup. 
There is no requirement for an identity or inverse element in a semigroup. A field is 
a set of elements for which the operations of addition and multiplication are defined 
and the following conditions hold. With addition as the group operation, the set is a 
commutative group. With multiplication as the group operation, with 0 omitted, the 
set is a group, with multiplication commutative. The distributive property holds for 
all elements in the set. 

Two linear vector spaces X and Y over the same field are isomorphic if there 
exists a one-to-one mapping of the vectors of X onto the vectors of Y such that if 
T :X — Y,then, forx,y € X andascalarc, (i) T(x«+y) = Tx+ Dy; (11) T (cx) = cTx. 

The inner product of two vectors is denoted by (¢;, ¢;). The inner product (¢;, ¢;) 
for continuous functions on a suitable space is given by f ; (t)¢;()dt, where the 
integral is over the domain for which ¢,(t) is defined. A notational device that is 
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widely used, particularly in the physics community, is the so-called bra—ket symbol- 
ism of Dirac. In this convention, a vector is represented by the ket symbol |@) and the 
bra is (f|. The inner product is written in Dirac notation as (¢;|@;). The inner product 
has the following properties: 


($i, )) = (0. 1)"; (2.133) 
(ad; + BO;, bx) = (Gi, Ox) + Bj, Px); (2.134) 

and 
(gi, Gi) = 9, and (¢;,¢:) =0, iff o; = 0. (2.135) 


In Eq. (2.133) the « denotes complex conjugation. The norm (length) of a vector ¢ is 
written as follows: 


Igll = /(,¢). (2.136) 


The norm ||@|| satisfies the following three properties: 


Pll = 0, and ||d|| = 0, iffd = 0, (2.137) 
lap || = lal ell, (2.138) 

and 
| + || < lldill + | o]. (2.139) 


Equation (2.139) is termed the triangle inequality. A space equipped with a norm is 
termed a normed space. 

A linear operator 0 on a vector space V,, is a procedure for determining, for each 
$; € Vy, a unique ¢;, also in V;,, that is 


oj = Obi. (2.140) 


For a scalar a, and linear operators 0; and 02, then the following must hold: 


01 (gi + $) = 019; + O19), (2.141) 
(0; + 02)¢; = 016; + 0293, (2.142) 
(0102); = 0 (624i), (2.143) 


and 


O\ag; = 00) gj. (2.144) 
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In general, the operators 0; and 62 do not commute, that is 
01029; F 020193. (2.145) 
The commutator of two operators 0; and 02 is defined by 
[01,02] = 01062 — 6201. (2.146) 


This is a useful notational device for representing the difference in the order of 
application of a product of operators on some element of a vector space. 
A particularly important class of operator equations is of the form 


06; = a9, (2.147) 


which are termed eigenvalue problems. The function ¢; in Eq. (2.147) is called an 
eigenfunction (or, less commonly, a characteristic function), and the constant a; is 
termed the eigenvalue (less frequently, the characteristic value). 

The adjoint operator of 0 is denoted by 6+ (the notation 6* is also widely 
employed), and is defined by the requirement that 


(i, 0° 6) = (¢;,06i)", for any $,¢; € Vn. (2.148) 


The inverse of an operator is denoted by 0~', and is defined by the following 
relationship: 


0 '6=00 '=E, (2.149) 
where E is the identity element defined by 
Ed; = ¢;, for any ¢; € Vy. (2.150) 


Note that the symbol £ is also employed to designate the one-dimensional Euclidean 
space; however, the context should make it completely clear to the reader which 
meaning is intended. An operator that is self-adjoint satisfies the following condition: 


OT =0. (2.151) 


Such an operator is called Hermitian. This group of operators plays a central role in 
quantum theory. 


2.10.1 Hilbert space 
An inner product on a linear vector space V assigns to every pair f and g in V 
a number (in general complex) denoted by (f, g). A space having an inner product 
defined on it is termed an inner product space, and is denoted by ¥. A Cauchy sequence 


2.10 Functional analysis basics 43 


in ¥, {bn}, is defined by the following property: for every ¢ > 0, there exists an N(e) 
such that 


dn — Omll < €, for n,m > N(e). (2.152) 


The sequence {¢,} is convergent if there exists an element @¢€# such that 
limy—+oo llén — ¢|| = 0. A vector space is complete if each Cauchy sequence 
contained therein converges to an element contained in the space: 


m_ [lon — $m| = 9. (2.153) 


li 
n,m—> Oo 
An inner product space for which every Cauchy sequence converges to an element of 
that space is called a Hilbert space. 
An operator 6 acting on a Hilbert space # is called isometric if 
|Od|| = |||, for each ¢ € #. (2.154) 
If in addition to Eq. (2.154) the operator satisfies on ¥ the condition 


ot =o}, (2.155) 


it is called a unitary operator. 


2.10.2 The Hardy space H? 


Analytic functions will prove to be particularly important in the developments of the 
next chapter. The Hardy spaces deal with these functions and the two cases that arise 
are the unit disc |z| < 1 and the upper half plane Imz > 0. Let f be analytic on the 
unit disc D and let 0 < p < ow, then f € H?(D) if 


oe ie ia |? P 
sup | <— fre | dé ) = If lige < ©. (2.156) 
0<r<l 20 0 
If p = oo, then 
If llizco = sup| f(z)|. (2.157) 
zeD 


For the upper half plane, f €¢ H? if f(z) is analytic in the upper half plane complex 
plane and 


is If (x + iy)|P dx < 00, (2.158) 


for all y > 0. 
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2.10.3 Topological space 


Topological notions enter into several aspects of an introductory account of the theory 
of Hilbert transforms. Some of the basic ideas are given in this subsection. Let XY 
denote a nonempty set and let 7 be a collection of subsets of X. The collection 7 is 
called a topology on X iff the following three axioms hold: 


(i) @ and X belong to 7; 
(ii) the union of any number of sets in 7 belongs to 7; 
(iii) The intersection of any two sets in 7 belongs to 7. 


Consider the example where X is given by 
X = {a,b,c,d,e}, (2.159) 
and let 
TFT ={2,X, {a}, {c,d}, {a, c,d}, {b, c, d, e}}, (2.160) 
then the conditions (i)—(iii) hold, and .7 is a topology on X. However if 
TF ={@,X, {a}, {c,d}, {a,c, d}, {a, b, d, e}}, (2.161) 


then 7 is a not a topology on_X, since {a,c,d}/M {a,b,d,e} = {a,d} ¢€ J, and so 
axiom (iii) fails in this example. 

If X is anonempty set and 7 is a topology on X, then the pair (X, 7) is called a 
topological space. The sets .% contained in 7 are called open sets. 

Let (¥, 4%) and (Y, A) denote two topological spaces. The topological space 
(X, %) is a subspace of (Y, A), written (X, A) C (Y, A), or, more simply, A Cc 
Fy, when X C Y and the open sets of .% equal the intersections of X with the open 
sets of A. 

Given two topological spaces (XY, 4) and (X, %), then A C FH if all the open 
sets of Y are in A%. The topology % is called a weaker topology of X than A% 
and .Y is termed a stronger topology of X than %. Retaining the same X as in the 
preceding example, let 


FH, ={S,X, {a}, {b}, fa, by}; (2.162) 
and 
Ty = {@,X, {a}, {b}, {a, b}{a, b,c}, {a, b,c, d}}, (2.163) 


then clearly % C % and % isa stronger topology on X than %. 

Two topological spaces (X, .“) and (Y, “) are termed topologically equivalent, 
or homeomorphic, iff there exists a map f : X — Y such that f is bijective and both 
f and f—! are continuous. A bijective function is injective (one-to-one) and surjective 
(onto). The function f is called a homeomorphism. A functionf : X — Y is invertible 
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iff it is bijective. A continuous linear bijection f : X — Y is an isomorphism if the 
inverse f—! is a continuous linear mapping f~'! : Y > X.If X = Y, then f is 
called an automorphism on_X. 


2.10.4. Compact operators 


The notion of a compact set is considered first. A set S is called a compact set if every 
infinite sequence of elements in S, {X,,} say, has a subsequence that converges to an 
element of S. Compact sets are bounded. Every closed and bounded interval [a, b] on 
the real line is an example of a compact set. 

Let 6 denote an operator mapping the normed space X into the normed space Y. 
The operator 0 is called a compact operator if it maps every bounded set in X into a 
set in Y whose closure is compact. If 0; and 02 are two compact operators on ¥, then 
0, + 62 is a compact operator, and for a scalar a the operator 0, is also compact. 
Compact operators have important applications in the theory of integral equations. 
As an example, suppose the kernel function K(x,y) is continuous on the square 
0 <x, y < 1, then the operator defined by 


1 
Ki (x) = [ Kay dy, (2.164) 


is a compact operator on the space of square integrable functions on [0, 1]. 


2.11 Lebesgue measure and integration 


For most of the applications of the Hilbert transform technique that have been made in 
the physical sciences the functions of interest represent physically realizable systems 
and are invariably Hélder continuous over the domain of study. When this is not the 
case, the function can usually be modified in a straightforward manner so that this 
condition is true. In such cases, the standard Riemann interpretation of the integral is 
sufficient. However, it is extremely useful to generalize beyond Riemann integration. 
The first and obvious reason is that the Hilbert transform can be defined for a wider 
class of functions. In addition, the jump to reading original papers becomes a lot 
easier if the reader has had an exposure to Lebesgue integration. This is a vast topic, 
and only a few of the essential elements of the theory are outlined in this section. 

It will help if the reader first recalls the notion of the Riemann integral. Let f 
be a continuous function defined on the interval [a, b]. Suppose the interval [a, 5] is 
divided into a set of subintervals by choosing partition points x; such that 


a=Xxo < xX] <X2 <X35++ <Xm_1 < Xm =), (2.165) 


as shown in Figure 2.18. 
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AY 


Figure 2.18. Riemann sum used to evaluate an integral. 


The length of the jth subinterval is defined by 
Ax; = Xj — Xj-15 (2.166) 


and x; is used to denote any value in the subinterval [x;_1, x;]. Let ||p|| designate 
the longest subinterval, that is 


|p || = max{Ax1, Axo,..., Axim}. (2.167) 


The Riemann integral of f over the interval [a, b] is given by 
b 
x)dx = lim x; )Ax;, 2.168 
[ f(x) pio Lal i) Ax; (2.168) 


assuming the limit exists. If f is positive in the interval [a, b], a useful interpretation 
is that the integral corresponds to the area under the graph of f from a to b. 

Before proceeding, a bit of terminology on types of convergence is reviewed. 
If the series 5°, |a,| converges, then so does the series }°,,a,, and the series is 
said to be absolutely convergent or the series converges absolutely. The converse of 
the preceding statement is, of course, not true in general. The terminology square 
summable is used for a series that satisfies )*, |ay|? < oo. For integrals, f(x) is 
absolutely integrable on (a,b) if f i | f (x)|dx converges. If this integral converges 
then the integral of f(x) on (a,b) is called absolutely convergent. If fe Lf (x) |dx 
is divergent but p J (x)dx converges, then the latter integral is termed conditionally 
convergent. The convergence of f : J (x)dx does not, of course, imply that ite Lf (x) |dx 
is convergent. 

A sequence of functions f| (x) + fo(x) + a(x) +--+ converges to a sum S(x) if, for 
a given € > 0, there exists a number N (which in general will depend on both ¢ and 
x) such that |S(x) — Sp(x)| < ¢ forn > N, where S,(x) = )-i_1 fe(x) denotes the 
nth partial sum. If there exists an NV independent of x and depending only on e, the 
sequence of functions converges uniformly to S(x). In other words, for sufficiently 
large n the graph of S,(x) can be bounded above by S(x) + € and bounded below 
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by S(x) — e. If the f(x) are continuous in an interval x € [a,b] and if >, f(x) 
converges uniformly to S(x) for x € [a,b], then S(x) is continuous for x € [a,b]. 
Consider the example fj (x) = x7/(1 +x)", k = 1,2,..., for —1/2 < x < 1/2. Then 


1 
S = | —- —_— 2.1 
n(X) a 4x2)" ( 69) 
and hence, in the limit 1 — oo, 
0,x=0 
S(x) = | Teen: (2.170) 


Since S(x) is not continuous in the interval —1/2 < x < 1/2, the sequence is not 
uniformly convergent for the stated range of x. 

A useful test for determining uniform convergence is the Weierstrass M-test. If 
\fe(x)| < My fork = 1,2,...,x € (a,b), and >°, M;, converges, then >>, fe (x) 
converges uniformly for x € (a,b). For example, the sequence x,x*,x°,... for x in 
the interval x € (0,1/2) converges uniformly, since each term is bounded by 1/2, 
and the sum )-?°, 1/2* converges. 

Aresult that will find considerable application is the fact that a uniformly convergent 
series of continuous functions can be integrated term-by-term, that is 


b & 0 Ab 
i So fix)dx = py fi(xdx. (2.171) 
a k=1 k=1°% 


Note that uniform convergence of a series is not a necessary condition for the term- 
by-term integration of the series. If the sequence {f,(x)}, & = 1,2,..., is uniformly 
convergent in the interval [a, b], then 


b b 
Jim / fiex)dx = / Jim fede. (2.172) 


For an unbounded interval, for example R, uniform convergence of the sequence 
{fi (x)} 1s not sufficient to establish the interchange in Eq. (2.178). If the sequence 
{f;(x)},k = 1,2,..., is continuous and the f(x) have continuous first derivatives in 
[a, b], and if pee hi (x) 1s uniformly convergent in the interval [a, b], then 


d [o.@) [o,@) 
Za fe@) a AO: (2.173) 
k=1 k=1 


The integral g(x) = de — f (t,x)dt is said to be uniformly convergent for x € [a, b] 
if, for each ¢ > 0, anumber N can be found depending on ¢ > 0 but not on x such 
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that 


B 
eo / I (t,x)dt) < e, (2.174) 


for all 8 > N and all x € [a,b]. The Weierstrass M-test can be used to determine 
uniform convergence of integrals. If a function M(t) > 0 can be found such that 
If(t,x)| < M(d) for x € [a,b], t > a, and f° M(a)dt converges, then [°° f(t,x)dt 
is uniformly convergent forx € [a, b]. Iff (t,x) is continuous fort > a,x € [a,b], and 
ge = if is f (t,x)dt is uniformly convergent for x € [a,b], then g(x) is continuous 
in the stated interval. For a point xo, 


lee) lee) 
lim | f(t,x)dt = / lim f(t,x)d¢. (2.175) 
a xx 


x>X0 Jy 


Also, 


[ { [ re.narfar = f° | [reese (2.176) 


More care is needed if the function g(x) is also integrated over an infinite interval, 
even when the convergence of g(x) is uniform. Further discussion on interchanging 
integration order is given in Section 2.12. Ifthe previously stated conditions on f(t, x) 
apply, and if df (t,x)/dx is continuous for t > a,x € [a,b], and yh af (t,x) /ox dt 
converges uniformly in [a, b], then, assuming a@ is independent of x, it follows that 


a A) dt = a [see (2.177) 
y Ox Ox Ja 


2.11.1 The notion of measure 


To proceed further, the notion of the measure of a set is introduced. This is a gen- 
eralization of the notion of length in one dimension, of area in two dimensions, and 
so on. Consider the set E of points {x : a < x < 5}, then the following geometric 
interpretation of measure for the one-dimensional case can be given. The measure of 
the subset £; satisfies the following conditions: 


(i) m(E;) = 0, for E; C E; (2.178) 
(ii) if £; C £;, then m(E;) < m(&); (2.179) 
(iii) for an empty set 9, m(@) = 0; (2.180) 


(iv) the measure of sets is additive. For two disjoint sets E; and Ej, 
m(E; + Ej) = m(E;) + m&), with £0 Ej = S. (2.181) 


If E; denotes the set of points in the interval [a, a] and £; denotes the set of points 
in the interval [6, b], then the measure of these two sets if they are disjoint is the sum 
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Figure 2.19. Disjoint intervals. 
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Figure 2.20. Overlapping intervals. 


of the two line segments shown in Figure 2.19. If the sets £; and £; are not disjoint, 
as in Figure 2.20, then 


m(E; + Ej) = m(E;) + m(Ej) — m(E; 1 E). (2.182) 


In this manner the interval (@, 8) is counted only once. The preceding appeals to 
the intuitive notion of the measure of a one-dimensional interval as the length of the 
interval. In a similar manner, an interpretation of the measure of sets in the Euclidean 
plane R x R can be given as the area of the associated domain over which the set is 
defined. The notation E! is used to denote the one-dimensional Euclidean space and 
E” designates the n-dimensional Euclidean space. 

Two sets A and B are termed equivalent if there is a one-to-one mapping from the 
set A onto B. A set S that is finite or equivalent to the set of all positive integers is 
called countable. A set S' of real numbers is termed open if each point of S is at the 
center of an open interval totally contained in S. An open cover of the set A is the 
collection of open sets {Sy} such that A C J Sy. 

The Lebesgue outer measure of a set A, denoted f1o(A), is defined by 


[o(A) = inf {Dm} , with 4c |e, (2.183) 
k 


k 


where the inf is taken over the class of all countable open coverings of A. Some 
properties of j1o are as follows: 


Ho(®) = 0; (2.184) 
0 < poll) < 00; (2.185) 
Mo) = 10), (2.186) 
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Figure 2.21. Riemann sum in terms of the measure of the intervals. 


where /(/) denotes the length of the interval J; and 


[o({a}) = 0, (2.187) 


where {a} denotes a particular point. This last result reflects the fact that points have 
zero length, that is, points are dimensionless. 

The result for the Riemann integral given in Eq. (2.168) can be recast in terms of 
measure theoretic language. In Figure 2.21 the continuous function f is shown on 
the interval [a, b], which is represented by the set of points £, and the interval [a, b] 
is partitioned such that 


m 
E=)°E;, withE; Ej =0, — forany i, j pair, (2.188) 


i=1 


where the measure of a subdivision £; is denoted by m(E;). If x; is any point 
belonging to the set £;, then the sum baer Ff (&i)m(E;) can be formed. By increasing 
the number of subsets indefinitely, so that for any £;, m(E;) > 0, then 


b 
/ fede = tim | Dif Gm) (2.189) 


provided the limit exists and is independent of the subdivision process. The connection 
with the definition of the Riemann integral given previously should be apparent. 

For what follows, it is useful to introduce the idea of a step function, defined on 
the interval [a, b] by 


wiye {‘ forge af HM Zoca5gT (2.190) 


dj, forx =x;, 7 =0,1,2,...,n. 
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Figure 2.22. Step function on the interval [xo, xn]. 


Given a set S, the characteristic function associated with this set is defined by 


l,xeS 


ee (2.191) 


Xs) = 


so that, for a constant c, the function cx,,,,,,] 18 zero everywhere except on the 
interval [x1,x2], where it takes the value c. Using the characteristic function allows 
Eq. (2.190) to be written in the form 


n n 
HO) = D> GXe-1.x) + > FX)» (2.192) 
y=! j=0 


where x serves to designate the subinterval lengths or the endpoint locations of the 
subintervals. An example of a step function is shown in Figure 2.22. The Riemann 
integral of w(x) on the interval [a, b] is given by 


n 


b 
/ Wadx = D> oj(xj — x)-1). (2.193) 


j=l 


Note that the values at the endpoints of the subintervals do not enter this result. For a 
continuous function f defined on an interval [a, b], the function can be bounded above 
and below by step functions. If the integrals of these two step functions are equal in 
the limit of an infinite sequence of partitions, the function is Riemann integrable 
on [a, b]. If the function has a finite number of discontinuities, a similar bounding 
process can be carried out in terms of step functions. 

Using the notion of the characteristic function just defined, the idea of Lebesgue 
measurability can be introduced. If S is a subset of R, then the set S is said to 
be Lebesgue measurable if and only if x, is a measurable function, and, if x, is 
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integrable, then the measure of the set is written as follows: 


m(S) = [xseoae. (2.194) 


An essential distinction between the Riemann definition of an integral and Lebesgue’s 
approach, which is now considered, is that, in the former, the domain of the function 
is partitioned, whereas Lebesgue partitions the range of values taken by the func- 
tion. Figure 2.23 will help clarify the situation. In this figure, a continuous bounded 
function is displayed on the interval [a, 5]. The function f takes values in the inter- 
val y;-1 to y; for the five ranges shown on the x-axis. The measure of these five 
intervals are collectively designated m(E;). If x; denotes any point in £;, the sum 
> f &)m(E;) can be formed. The sets E; = {x:x € [a,b], vi-1 < f(x) < yi} 
are taken to be Lebesgue measurable, and, when this is so, the function is termed 
Lebesgue measurable. By construction, the sum just formed satisfies the following: 


Yi vi-im(Ed < Df &dm(E) < Yo yim). (2.195) 
i=1 


i=1 i=1 


In the limit that the partitions dy; = yj — yi-1 — 0, then 
b 
/ Forde = Lim DPE. (2.196) 


If this limit exists, then it is the Lebesgue integral of /. The reader can contrast this 
result with Eq. (2.189) and interpret the difference in meaning of the two similar 
looking results. The class of Lebesgue integrable functions includes the class of 
Riemann integrable functions, but the reverse is not true. 

A function which can be written as 


f@) =o Gx2,@), (2.197) 
j=l 


where the domain of f is the measurable set EF, is called a simple function or 
a generalized step function. The E; are disjoint measurable subsets of £, and 
E= U; F- The Lebesgue integral of f on E is given by 


i. fxdx = \° cjpj(E). (2.198) 
j=l 


Some general remarks about the functions that are encountered later in applica- 
tions are appropriate. The functions arising in practical applications are most often 
measurable. For measurable functions, sums, products, and limits of these func- 
tions are measurable. Functions that are equal everywhere, except on sets of measure 
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Figure 2.23. Partition of the values taken by the function y = f(x). 


zero, are termed equivalent functions for the domain under consideration. The often 
employed terminology is that the functions are equal almost everywhere. The com- 
monly employed abbreviation for the latter is the obvious a.e. If the function f has 
some particular property for all values of x except for values of x of a set of measure 
zero, then the property is said to be true for almost all x. 

The standard symbol employed to denote the class of Lebesgue integrable func- 
tions is L. A function f € L if 


/ Tore (2.199) 


where the integral is over a specified domain. The notation f €¢ L(R) is employed 
when the integral is to be taken over the interval (—oo, oo), and f € L(a,b) is 
used when the integral is taken over the interval (a, b). In this work the domain when 
left unspecified is taken to be R, so a statement f € LZ? for some specified p is 
shorthand for f € Z?(R). 

Some properties that find application later are now reviewed. If fi(x) € L and 
| fa(x)| < c | fi@)| for c some positive constant, then fo(x) € L. If | f(x) |? is Lebesgue 
integrable for p > 0, then f € L?;L! is often shortened to L. The term integrable 
is commonly used synonymously for functions f € L. The integration interval is 
usually self-evident when such statements are made. When it is not, it is appropriate 
to write f € L?(a,b), where a and b are specified; for example, f ¢ Z?(R). On a 
finite integration interval, the class L? includes ZL’, where q > p, that 1s, if f(x) € L, 
then also f(x) € L?. Additional care is needed for an infinite integration interval. 
On such an interval, f(x) may € L? for only one value of p. For example, consider 
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f@) = {(at [log x|)/x}7! for a > 0, then, on the interval (0, oo), the integral 


I Tariee 
0 {Cat |log xl) /x}? 


can be considered in two parts. At the upper limit, it follows, with the aid of the 
substitution x = e”, that 


= dx 0 @(l-P/2) dy 
/ Rae | Gipe’ (2.200) 


which converges for p > 2. In a similar fashion, the lower limit behaves as 


(p/2-Wy 
/ oe a dy (2.201) 
0 


(at llogx) Vx}? Ing (@F DID?” 


which converges for p < 2. The combination of these two results indicates that 
f € L7(0,00). 
The notation || || 1s used to designate the norm, so that 


0° 1/p 
isl = | f foo? dx} ; (2.202) 


where the integral will normally be understood in the sense of Lebesgue. If this needs 
to be made explicit, the notation || f||;»qa) is employed. For the particular case that 
p=, then 


If lao = ess sup{| f(x)|:x € R}, (2.203) 


where the abbreviation ess sup stands for the essential supremum, which signifies the 
least upper bound of | f(x)| except on sets of measure zero. Functions belonging to 
L@ are referred to as essentially bounded functions. 

To deal with products of functions the following result due to Hélder will prove to 
be useful. If f € L? for 1 < p < oo andg € L! for 1 < gq < ow, then fg € L’, where 
r—! = p~! + q7!. The particular case where f € L* and g € L’, leading to fg € L!, 
occurs frequently in applications. Recall from what has been discussed previously 
that f € L? does not imply f € L? for any other value 1 < g < oo. However, a 
useful result is the following: if f ¢ L? 1 L4 for 1 <p <q <o, then/f € L” with 
PSrs4q. 

Let {f,} denote a sequence of functions each of which belongs to the class L?. 
If the sequence converges to f(x) for each x € R, then the sequence is said to 
converge pointwise to f (x). If the sequence converges to f (x) for almost allx € R, the 
sequence is said to converge pointwise almost everywhere to f(x). Examples can be 
constructed for each of these two situations where the resulting function f ¢ L?. 
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Consider the case 


In(x) = 1X0, 1/n)- (2.204) 


Each term of the sequence {f,} is in L?, and the sequence converges pointwise 
to f(x) = 0. A sequence {f,} converges to a function f € L? if f e€ LP and 
limn—oo Ilfn —fllp = 9. For the example in Eq. (2.204), it follows for p > 1 
that limy— oo I fnllp 

A result that finds application in several areas in later chapters concerns the switch- 
ing of the order of limit and integral in various settings. Let the sequence of functions 
{fr} C L'(R) and limy+.o0 fy =f, a.e., and suppose there exists a function g € L!(R) 
such that for all (henceforth denoted by the symbol V ) 


> ©. 


Ifn(x)| < g(x), ae. on R, (2.205) 


then f € L'(R), and, using SR dx to denote the integral over R, 


[ rood = jim, f troode = [tim fone (2.206) 
R n—-> Ooo R Rw 


This is the Lebesgue dominated convergence theorem. 

This section concludes with some comments on the Borel measure. A Borel field 
& is defined as the collection of subsets that satisfy the following: if B; €¢ B then 
the finite unions Uji B; and the countable union Ur) B; belong to B. If Be B 
then its complement, denoted by B°, satisfies B° € 8. The members B; of a Borel 
field are the Borel sets. The most commonly occurring sets that arise in analysis are 
frequently Borel sets. The sets of open intervals (a,b) fora < b on R, the set of 
closed intervals [a, b] on R, and the set of half-open intervals (a, b] or [a, b) on R, are 
examples. Every Borel set is measurable. A function f : R — R is Borel measurable 
if f—!(B) is a Borel set for each Borel set B in R. A Borel measurable set is Lebesgue 
measurable; however, examples can be found that make it clear that the converse of 
this statement is not true. 


2.12 Theorems due to Fubini and Tonelli 


In later sections multi-dimensional integrals are often encountered, and there will be a 
need to reverse the integration order of the variables involved. Doing this in a cavalier 
fashion invites courting disaster. A well known example will serve as an illustration. 
Consider the function 


2 


[OY = Ga ar (2.207) 
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Is it true that 


1 1 1 1 
/ ax [ f,y)dy = a [ f(x, y)dx? (2.208) 
0 0 0 0 


It is straightforward to show that the left-hand side of Eq. (2.208) equals 1/4 and that 
the right-hand side evaluates to —/4. This example is revisited shortly. 

The applications of interest where there is a need to switch integration order fall into 
two main categories. These are: (i) functions continuous on the integration ranges 
involved, and (ii) principal value integrals. This section treats the former, and the 
latter topic is discussed in Section 2.13. 

The following result is well known from introductory calculus. The integration of 
a function f(x,y) continuous in the closed rectangle a < x < b,c < y < d, canbe 
carried out by first integrating with respect to x, then y, or with respect to y, then x. 


That is 
d b b d 
/ wf fosyydx = f ax [ Sf (x, y)dy, (2.209) 


and the value of the integral is independent of the order of integration. When an 
improper integral is considered, then the following result holds: if the integral 


Fx) = / f(x,y)dy (2.210) 


converges uniformly for a < x < b, then 


lee) b b lee) 
/ a [ Fonyydx = f ax [ fQ,y)dy. (2.211) 


Convergence of Eq. (2.210) is not sufficient to make the interchange in Eq. (2.211). 
If f(x, y) is discontinuous on a finite number of curves in the y integration range, and 
f f (@,y)dy converges uniformly for a < x < b, then Eq. (2.211) holds. 

When both integration ranges are infinite, uniform convergence is not sufficient to 
guarantee the interchange of order on integration. If the integral ff f(x, y)dx dy taken 
over the entire first quadrant exists, then 


/ a [ St (x, y)dx = ax f f(x, y)dy. (2.212) 
0 0 0 0 


The modern statements indicating the conditions for the interchange of order of a 
double integral are the theorems of Fubini and Tonelli. Fubini’s theorem for R? is 
as follows: suppose f(x,y) is a real-valued measurable function on R x R, that is 
f(x,y) € L'(R?), then 


i fos i dx i ee i dy i fy)dx. (2.213) 
R2 R R R R 
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This means that a function F(x), defined by 
Fo) = [ foray, (2.214) 


exists for almost all x in R, and that IRF (x) dx exists. A related theorem of Tonelli 
is: if f(x,y) is measurable and one of the integrals 


[ dx / Lf y)Idy, [ dy [ Lf y)ldx, 
R R R R 


exists, then 


i. &x [ fo.ney = [ ay [ fo.yde. (2.215) 
R R R R 


For proofs of these results, consult, for example, Kestelman (1960, p. 206) or Weir 
(1973, p. 123). 

For the example considered in Eq. (2.207), f(x,y) is continuous and measurable 
in the integration interval 0 < x < 1,0 < y < 1, and Eq. (2.215) does not hold; 
therefore, 


1 1 1 1 1 1 
i i Pesyplaay, [ dx / If@y)idy, and i ay f Lex, y)ldx 
0 J0 0 0 0 0 


must diverge. Since 


dg(x,y) 


ay =f(x,y), with gay) =y@*+y)1, (2.216) 


it is straightforward to show that 


1 1 1 1 1 
[ef Feewldy = f (=- a) a=. (2.217) 


2.13 The Hardy—Poincaré—Bertrand formula 


Before proceeding to the key topic of this section, a few preliminary ideas are dis- 
cussed. The most important general inequality employed in this book is Hélder’s 
inequality, which, for the integration region Q, takes the following form: 


1/p 1/q 
ih flo <| a fra i er" 40 | (2.218) 


where p and g (termed conjugate exponents) are connected by 


1 
aera (2.219) 
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and the functions f and g satisfy f €¢ L?, with 1 < p < oo, and g é€ L’, with 
1 < q < o. Hélder’s inequality finds a number of applications in many proofs given 
in later chapters. The derivation of Eq. (2.218) is developed in a pair of exercises 
at the end of this chapter. The appearance of the condition given by Eq. (2.219) in 
any theorem is often linked to the application of Hélder’s inequality in the proof. 
An important special case of Eq. (2.218) occurs for the case p = gq = 2, and this is 
referred to as the Cauchy—Schwarz—Buniakowski inequality. 

On occasion, it is necessary to switch the order of integration in a multiple integral, 
when one or more of the integrals are defined only as a Cauchy principal value integral. 
This need arises for several properties of the Hilbert transform. The discussion given 
in the preceding section does not handle the general cases where principal value 
integrals arise. If the functions f and g belong to the classes L? and L’, respectively, 
and if Eq. (2.219) is satisfied, then 


[ feour [PO = f" sorayr [ . (2.220) 


That is, the order of integration where one principal value integral is involved may 
be interchanged with an ordinary integral. To see how Eq. (2.219) arises, set 


G(x) = Pl g()dy FY) = py ee (2.221) 
~o Vx -o Y-Xx 
and hence 
[ feoceas = J g(x)F(x)dx. (2.222) 


By Hélder’s inequality, both integrals in Eq. (2.222) are bounded if f(x) and g(x) 
belong to the classes L? and L’, respectively, and Eq. (2.219) holds. The preceding 
statement is not obvious. The reader should expect the additional requirements that 
G € L%andF é€ L?. However, these latter two conditions need not be explicitly stated, 
since, by an important theorem due to M. Riesz, if f € Z? for p > 1, then F é€ L?. 
The proof of Riesz’s theorem is relatively straightforward for particular values of p; 
however, a discussion and general proof of this result is postponed until Section 4.20. 
Since both integrals in Eq. (2.222) are bounded, applying the ideas of Section 2.12 
establishes the validity of Eq. (2.220). The argument presented makes it clear why 
the condition given in Eq. (2.219) is required. 

A similar result to Eq. (2.220) can be written when the integration interval is finite. 
When all four integration intervals are finite, the less stringent condition 

1 1 


ates eee (2.223) 
P 4 


replaces Eq. (2.219). For a finite interval, the class L? belongs to LP for p> PD, 
and hence in Eq. (2.219) p and q can be replaced by larger values, and Eq. (2.223) 
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follows. The English savant Hardy (1908) gave a detailed analysis of results related 
to Eq. (2.220), though the conditions he imposed on the functions f and g were less 
general than those specified in the preceding paragraph. 

If f and g are Hélder continuous on C, then, for t € C, the singular integral equation 


1 
are = (2.224) 
T1 Jo s—t 
has the solution 
1 d 
f®=—P / oe (2.225) 
1 c sat 


The details of this are explored later in this chapter. With the obvious change of 
integration variable, the two preceding equations yield 


Pf ds - f(s‘)ds’ 


x Jcos—-tn Jo s'—s” 


fO= 


(2.226) 


This result is sometimes referred to as the Poincaré—Bertrand formula (see, for 
example, Henrici (1986, p. 118) and Pandey (1996, p. 66). 

The next issue to be considered is the situation where an interchange of integration 
order is made in a two-dimensional integral and both integrals involve a Cauchy 
principal value. Suppose the functions ¢; and ¢2 belong to the classes L? and L’, 
respectively, and that Eq. (2.219) is satisfied, then 


tp f BO ao [ $2) ay 


a4 9 X—t ue —~o y-x 


ee a tf h@) 
=<P [ower [ dv— ilo. 2.227) 
a —00 te ~oo (x — ty — x) 
This result is most commonly referred to as the Poincaré—Bertrand formula. Note that 
it is rather different from the result given the same name in Eq. (2.226). The formula 
was discussed by Poincaré (1910), and somewhat later by Bertrand (1922, 1923a, 
1923b), but the result had already been published by Hardy (1908) under less general 
conditions than those given for Eq. (2.227). As a consequence of Hardy’s seminal 
contribution, Eq. (2.227) is called in this book the Hardy—Poincaré—Bertrand formula, 
which is a departure from common usage. This formula has practical applications for 
developing some identities for the Hilbert transform operator, as well as applica- 
tions in solving certain types of singular integral equations. A generalization of 
Eq. (2.227) involving contour integrals is discussed by Muskhelishvili (1992, p. 56). 
The following simplified argument can be provided to establish Eq. (2.227). Start 
with 
© Pi (x)G(x)dx 


1% 1% 1 
pip Mle [BOD yes 5P , (2.228) 
ue As MD a -~o V-éx ua —00 x—t 
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where 


—x 


Gy= f SPR yy, (2.229) 


To write the last line, the following result has been employed: 


lee) 
P| C2 (2.230) 


co YX 


This result is also employed in the following sequence of steps. From Eqs. (2.228) 
and (2.230), it follows that 


1, © o1(x) dep ~ d2(y) = - a {$1 (0) G(x) — d1 HGW}dx 
ue -~o X—t IU -~o Vx I~ Joo x—t 
ee ax [ [ew eelore 
ae —0o —0o (~— 1) —x) 
{g2(v) — ae | 
(x-H(y—-2) 
sy sf. d ie fee detest 
ee —0o .. —oo (~ — 1) —x) 
{¢2(y) Pee re (2.231) 
(x-H(y—-2) ‘ 


and the interchange of integration order in the last step is justified by Fubini—Tonelli, 
assuming the functions ¢; and ¢2 are Hélder continuous (with suitable exponent) and 
integrable on R. The structure of the factor in the square braces is such that there 
is no non-integrable singularity in the integration interval. Using a partial fraction 
expansion, 


Lp f° MO) gtp [P 2D a 
1 -o x-t oo V—x 
7 sf. d [ (62) = da} 108) — (20) = HOMO 4 
=a} wv]. =e 


as af ay f {$2(v) — $200) }b1@) dx 
T~ J—oo —0o y 


—x)\y—t) 
hee * $2) gl © G1@) & 
sa -~o Vt 4 -~o X—¢ 


1 1 me 
ie 92) Pp Pi®) oy 
T Jo Vb HT Jo Vx 


2.14 Riemann—Lebesgue lemma 61 


tp dy Das oS Pi@)G2%) 4 


I -o ¥—tT 65.0 (Pew 
=i si l bi (x) dx 
ee i dooney? G-nGan pi(o2(0), (2.232) 


where Eq. (2.226) has been employed to complete the last step. A more rigorous 
discussion of the Hardy—Poincaré—Bertrand formula, one making it clear how the con- 
dition given in Eq. (2.219) arises, requires some additional results. Further discussion 
of this topic is postponed to Section 4.23. 

The Hardy—Poincaré—Bertrand formula can also be written in a form involving 
contour integrals. If C denotes a smooth arc or closed contour, and the function 
v(x, yv) = $1 (x)¢2(y) is Hélder continuous on C, then 


NG | BOG / g2(y) dy i: Ot) — ax — 179 (0)G000. 
cx-t cy-x Cc c@- OY —x) 
(2.233) 


For an authoritative discussion of the Hardy—Poincaré—Bertrand formula along arcs, 
consult Muskhelishvili (1992), which is the standard reference. 


2.14 Riemann—Lebesgue lemma 


The following two integrals arise in several applications: 


/ f(x) cosaxdx and / Ff (x) sin Ax dx, 


and attention is focused on the limit 2 — oo. These integrals are dealt with by the 
Riemann—Lebesgue lemma. If f € L(R), then 


[o,@) 
lim / Jf (x) sin Ax dx = 0 (2.234) 
A> 00 Joo 
and 
[o,@) 
lim Ff (x) cos ax dx = 0. (2.235) 
A> 00 J_90 


The limit remains the same when the integration range is finite for each of the pre- 
ceding two integrals. The case of a finite integration range [a, b] is treated first. If 
f (x) is a constant c over the integration range, then 


b 
/ csin Ax dx = = (cos ar — cos bi}, (2.236) 
a 


and the right-hand side of this equation goes to zero as A > oo. Suppose a sequence 
of step functions {w,(x)} is considered, such that the interval (a, b) is subdivided into 
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a finite number of subintervals over which y,(x) is a constant. Then on each of the 
subintervals it follows that 


lim / Wn(x) sin Ax dx = 0, (2.237) 
A> 0O 
using the result given in Eq. (2.236). Hence, on the interval (a, b), 
b 
lim Wn(x) sin Ax dx = 0. (2.238) 
A>0oo Jaq 


If f € L, then an increasing sequence of step functions {y,} can be found such that, 
for a given e > 0, 


b 
i, If (x) — Wn) |dx < e. (2.239) 


Hence, 


b b b 
/ f(x) cos Ax dx — / Wn(x) cos ax dx| < / If (x) — Wa(x)idx, (2.240) 


which, together with Eq. (2.239), establishes the desired result. The argument for the 
integral involving sin Ax goes in a similar manner. For the infinite integration range 
the following approach can be employed. There exists an integer m and ane > 0 
such that 


0< i: ie) eee (2.241) 


and, for A > m, 


if Wm (x) cos Ax dx} < €. (2.242) 


The following inequality can be written: 


= 


| e0ycosinas 


We (f(x) — Wns) 008 dy + if Win (x) cos Ax dx} . 
(2.243) 


This result can be simplified on using Eq. (2.242), so that, for A > m, 


[| fesycosixas < i (f(x) — Wm (x) }dx + € 


<2. (2.244) 
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As an example of Eq. (2.234), consider the case f(x) = x(x* + a”)~? for a > 0, then 


lim 


A> CO 


——__ = lj = 0. 2.245 
Gta rs da ( ) 


is x sin Ax dx wie 
0 
2.15 Some elements of the theory of distributions 


It has long been recognized in the physical sciences that there is considerable value 
to having a “function” with the following properties: 


d(x) =0, for x £0, (2.246) 
with 
B 
/ 6(x)dx=0, for 0<a<f, ora<f8 <0, (2.247) 
(oe) 
/ d(x)dx = 1, (2.248) 
—0o 


and, assuming that f(x) is regular at x = 0, 
(oe) 
‘i f(x)5 (x)dx = f (0). (2.249) 
—0o 


The reader may recognize this “function” as the delta function or the Dirac delta 
function. In engineering it is frequently called the unit impulse. A number of books 
in physics supplement the two conditions given with the assignment 5(x) = oo for 
x = 0. Shortly, it will be observed that this need not always be true. If you think 
about the normal definition of a function, then the combination of Eqs. (2.246) and 
(2.248) do not fit the description. If a function vanishes almost everywhere, then its 
Riemann integral and its Lebesgue integral (see Section 2.11) taken over the real line 
would vanish, which is clearly in contradiction with Eq. (2.248). Functions of the 
type typified by the delta function are referred to as distributions or as generalized 
functions. At least some comfort can be taken in the fact that they were not called 
super functions! The terms distribution and generalized function are often used syn- 
onymously, though some writers attach slightly different conceptual meanings to the 
two terms. 
Consider the following function: 


E 


=a. (2.250) 


f (x) 
The factor of z is inserted so that 


[fox =1. (2.251) 
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n V=f() 


Figure 2.24. Plot of f(x) in Eq. (2.250) for e = 0.01, 0.1, and 1. 


Figure 2.24 shows a plot of f(x) for three values of ¢. It is clearly evident that as ¢ 
becomes smaller, the function becomes increasingly sharply peaked, and approaches 
zero everywhere except around x = 0. This suggests a possible definition of the delta 
distribution as follows: 


€ 
d(x) = lim ——,—-. 2.252 
@) pase (x2 + £2) ners) 


Alternative representations are possible for the delta distribution, for example 


5(x) = lim J(A/m) eo (2.253) 
A> co 
and 
in A 
Sj i (2.254) 
h>co TTX 


If you cannot visualize these two functions, plot them and examine the behavior as 4 
becomes progressively larger. Both these functions are normalized to unit area. 

Before preceding with more formal issues, a list is provided of some of the proper- 
ties of the delta distribution that find wide usage in a variety of physical applications, 
a number of which are encountered later in this book in various sections. If the delta 
distribution does not appear as part of an integrand, then the following equations 
are to be viewed as symbolic relationships. They become identities when applied to 
suitable test functions (which are described later in this section) and then integrated 
over R: 


S(x—a)=0, x#a; (2.255) 
5(—x) = 6(x); (2.256) 
xd (x) = 0; (2.257) 


2.15 Elements of the theory of distributions 
S(ax) = lal! d(x), a #0; 
b 
d(ax — b) = |a\~'5 (« =) ) , aX0; 

a 

8! (—x) = —8'(x); 

x6'(x) = —8(x); 

x78’ (x) = 0; 


_ 1 
~ 2Ial 


b 1 <b 
/ soar | ee 


a 0, c<a, orc > bwitha <b, 


5(x? — a’) 


{6a —-—a)+dat+a)}, a0; 


assuming f (x) is regular at x = 0; 
Sf (x)5"(x) =f (0)5"(x) — f'()5 (x), 
assuming f (x) is regular at x = a; 
f(x)8(x — a) = f (a)d(x — a); 
[feo — a)dx = f(a); 


co ds nm 
# inagee a 


and 


ie Gee 
5(x) = =| ee ds. 


—co 
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(2.258) 


(2.259) 


(2.260) 
(2.261) 
(2.262) 


(2.263) 


(2.264) 


(2.265) 


(2.266) 


(2.267) 


(2.268) 


(2.269) 


Equation (2.267) has considerable value in applications. It is called the sifting property 
of the delta function. Equation (2.269) has an important role in Fourier transform 
theory. The alert reader will note that no property has been specified for the square or 
higher powers of the Dirac delta function. There is no meaning attached to powers of 
the Dirac delta function. In general, it is a much more delicate issue to deal with the 
multiplication of distributions (that are a function of the same variable), and in many 


cases it is not possible to arrive at a definition. 


2.15.1 Generalized functions as sequences of functions 


One approach to the discussion of generalized functions, sometimes referred to as 
Temple’s theory, is to define them in terms of a sequence of functions. Consider the 


66 Review of background mathematics 


sequence of functions defined by 


sin nx 
fi) = AEE Ae: (2.270) 
UX 
These functions satisfy 
Pe 
i sm it dy = sgnn = 1, (2.271) 
66) TEX 


which can be established by contour integration. In order that the sequence in 
Eq. (2.270) might provide a representation for the delta distribution in the limit 
n — ov, it is necessary to establish that Eqs. (2.247)-(2.249) are satisfied. Tak- 
ing note of Eq. (2.271), it is straightforward to see that Eq. (2.248) is satisfied. To 
show that Eq. (2.247) holds requires the following result: 


[ lim sin nx foe! ies B sin nx dx 
q 2e~ TX NO Jy TTX 
ia "B sin t dt 
= — lim 
TT 270 Jn t 
= 0, (2.272) 


for0 <a < Bora < B < 0. Iffi, fo,..., are equivalent to summable functions 
and | f,| is bounded above almost everywhere by a summable function in the region 
of integration, then the interchange of limit and integration can be made, as was done 
in Eq. (2.272). The term summable function is here being used synonymously with 
integrable function, as is the common practice. It is necessary to show that in the limit 
n — o, Eq. (2.249) holds. Suppose g(x) is continuous and g’(x) is also continuous 
and bounded on R, then 


© sinnx 


g(x)dx 


tim, [ fronigtndax = lim 


NO J_o9 WX 


: © sin nx © sin nx 
lim {/ {g() — g(o)}drx + 200) | ar| 


noo UX UX 
lee) 


1 
g(0)+ lim =| sin 
n>oo yt J_ 


ee) 


(2.273) 


nx 8) = SO) 
xX 


Using the stated assumption on g, or by assuming {g(x) — g(0)}/x is in L(R), the 
Riemann—Lebesgue lemma (see Eq. (2.234)) allows the last integral in Eq. (2.273) to 
be set to zero, and so 


im / ~ Sn(x)g(x)dx = g(0), (2.274) 


which establishes Eq. (2.249). 
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A second sequence 1s as follows: 


—n, |x| < Qn)! 
iis & ae On ain (2.275) 


0, otherwise. 
First note that 
lim fi(X)|,-9 = —OO. (2.276) 
n—> Co 


Also, 
0° —n7! —(2n)7! (2n)~! no} 0° 
[ norra=y fo +f +f tf +f preoe 
aren oo —n-! —(2n)7! (2n)~! no} 
n7! 


—(2n)7! (2n)~! 
= / (2n)dx + i! (—n)dx + / Qn)ax 
- (2n)- 


n—- —(2n)-! 
=1. (2.277) 


If g(x) has the same properties as stated previously, and h(x) = g(x) — g(0), then 


jim, [echoed = gO) + tim, [ heayaooe 


—(2n)7! (2n)7! 
=20 +f emierar+ f Cmhooay 
n7! 
+f (2n)h(x)dx. (2.278) 
(2n)-1 


Now, the integrals in Eq. (2.278) can be simplified in the following manner. Given 
an ¢ > 0, pick an integer N such that, for n > N and |x| < N~!, |h(x)| < ¢. Thus 


—(2n)7! (2n)7! n7} 
‘| Qmhooax+ f mncorde + f (2n)h(x)dx 
—n7! —(2n)7! (2n)-! 
—(2n)7! (2n)7! nv! 
< 2n f incre +n f Incsyidx +20 f |h(x)|dx 
—n7! —(2n)7! (2n)7} 


—(2n)7! (2n)7! n7! 
<eé 2n f avtn | ax+2n [ dx 
—n-! —(2n)~! (2n)-} 
= 3e. (2.279) 


This establishes the sifting property. 
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Other sequence representations for the delta function can be found. Two generalized 
functions are equivalent if the sequence representations are equivalent. That is, for 
some generalized function represented by the sequences g,(x) and h,(x), and some 
suitable function f (x), it follows that 


im / i SnQOf dx = lim i ‘ hin (x)f (x) dx. (2.280) 


The important requirement is that all the equivalent sequences in the class defining 
the delta distribution must lead to the following property: 


(,f) = i, f(x)3(x)dx = f (0), (2.281) 


where f(x) is a sufficiently well behaved function. The notation (f,g) is used to 
define the integral over R of the scalar product for a pair of functions, including 
cases where one, but not both, are generalized functions. The notation (/, g) is also 
widely employed for the same purpose. The context, that is the appearance of two 
functions, will usually make it perfectly clear that an open interval, which uses the 
same symbolism, is not being discussed. The term test function is commonly used 
to denote the function f in Eq. (2.281). Test functions are frequently defined in a 
number of different ways. Test functions can be continuous, continuously differen- 
tiable to some finite degree, or infinitely differentiable. In addition to the smoothness 
condition, a more stringent specification of the asymptotic behavior for the function 
as the argument approaches infinity is usually provided. 


2.15.2 Schwartz distributions 


Some preliminary terminology is considered. The closure of the set of all points x for 
which f(x) 4 0 is called the support of the function f. The support of f is denoted 
by supp f. The function f is said to have compact support if supp f is a bounded 
set. For example, the square-pulse function of width 2a is defined by 


0, for —co<x<-—-a 
f@) = j1, for -a<x<a (2.282) 


0, fora<x<o. 


The support of the square-pulse function is (—a, a), and, since f is bounded in the 
interval (—a, a), the function has compact support. 

Recall the notion of the term function: a rule for going from some variable x to 
some value f(x). By analogy, the term functional is a rule for assigning to some 
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function a value. For example, for the integral 


b 
Itfl= | none (2.283) 


the value of the integral J is determined once the function f is specified. The square 
bracket notation is a commonly used designation for a functional dependence. In 
what immediately follows, interest will focus on functionals, where the rule is: the 
functional operation of T on f is (7, /f). A linear functional on a vector space satisfies 
the relationship 


(T,af + Bg) = a(T,f) + BT, g), (2.284) 


where a and £ are constants and f and g are elements of the vector space. 

If f is a suitable test function and T is a distribution that is locally integrable on 
R, that is the integral « y |T(x)| dx is finite for every interval (a,b), and if T is a 
continuous linear functional that can be represented by 


(Tf) = / T (x)f (x) dx, (2.285) 


T is called a regular distribution. Distributions that are not regular are called singular 
distributions. Equation (2.285) is also employed for singular distributions with a 
symbolic interpretation applied to the integral. An example of a singular distribution 
is the Dirac delta distribution, and another example is p.v. x~', which is interpreted 
as x-! when x # 0, and in a limiting sense as |x| — 0. The latter example cannot 
be expressed in the form of Eq. (2.285) for a general test function, but must be 
interpreted as a Cauchy principal value integral. This example is discussed in detail 
later in Chapter 10. 

Laurent Schwartz was one of the principal architects of the development of the 
mathematical theory of distributions. He defined test functions in the following 
manner. All functions that are infinitely differentiable and that vanish outside some 
bounded set K of R”, the n-dimensional Euclidean space, belong to the class D (R"). 
When the meaning is obvious, D (R”) is abbreviated to D. Functions that are infinitely 
differentiable for all points of R belong to the class C°°. The notation C>° is used to 
denote the class of functions that are infinitely differentiable with compact support. 
The set of functions that are continuously differentiable up to order k is denoted by 
C¥ and by ck if they are continuously differentiable up to order & and have compact 
support. The context should make it clear to the reader that the Ath power of C is not 
intended. The set K will in general be different for dissimilar functions. 

What type of functions belong to D? Elementary functions such as polynomials 
and trigonometric functions satisfy the differentiability requirement, but do not meet 
the restricted support condition. Furthermore, the elementary infinitely differentiable 
functions are analytic, and, consequently, if the function is zero on an interval, then it 
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is identically zero. This follows directly from Liouville’s theorem: if f(z) is analytic 
in the entire complex plane and |f(z)| is bounded, then f(z) must be a constant. 
To circumvent this difficulty, the function can be defined appropriately on multiple 
intervals, with the proviso that the derivatives vanish outside the region where the 
function has its support. As an example, consider for the one-dimensional Euclidean 
space the function ¢ given by 


$x) cel“I-)} for |x} <1 (2.286) 
x)= : 
0, for |x| > 1, 


where c is a constant. This function belongs to D. Clearly ¢ has compact support, and 
the function is infinitely differentiable everywhere. It is straightforward to generalize 
this test function to an n-dimensional Euclidean space. 

If @; and ¢2 are any two arbitrary functions belonging to D, then a continuous 
linear functional T satisfies Eq. (2.284) and, for the set {fy}, the relationship 


fim (7, n) = (7, lim on). (2.287) 


Distributions in the sense of Schwartz (some authors use Schwartz—Soboley, to reflect 
the early pioneering contributions of the Soviet mathematician S. L. Sobolev) are 
those functionals defined on D that are linear and continuous. 


2.16 Summation of series: convergence accelerator techniques 


A great many Hilbert transforms cannot be reduced to a simple closed form, but can be 
represented as an infinite series. In such cases, various summation techniques can be 
employed to accelerate the convergence of these series, thus providing a convenient 
route to numerical evaluation of the Hilbert transform. These techniques become 
increasingly important for series which converge very slowly. 

Consider the Riemann zeta function ¢(n), defined for integer argument by 


ee) 


1 
¢(n) = Dee for n =2,3,.... (2.288) 
k=1 


For n = 2 it is straightforward to show that 


cna | nm 
()=) aS (2.289) 
k=1 


If you were requested to evaluate this series to ten significant digits by direct term- 
wise addition of the individual contributions, the number of terms requiring evaluation 
is obviously enormous. The reader should make a rough estimation of the summation 
limit required to obtain ten significant digits. Clearly this type of brute force strategy is 
not a viable approach to evaluate this or other series with similar rates of convergence. 
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Two of the many approaches that are available to accelerate the convergence of slowly 
converging series are outlined in this section. These techniques can generate more 
than ten digits of precision for series converging like Eq. (2.288) using typically fewer 
than thirty terms in the sum. 


2.16.1 Richardson extrapolation 


Let S denote the series 
lee) 
Ss Ss aks (2.290) 
k=0 


and let the nth partial sum be denoted by 


n 
Anim Y° Op: (2.291) 
k=0 


Suppose that, for large n, A, has the following series representation: 


n 
b bn by 
LP OE GS ae ge as n> 00. (2.292) 


To obtain an accurate numerical estimate for the series in Eq. (2.290), it suffices to 
determine the lim n — oo in Eq. (2.292). Clearly, in this limit knowledge of the 
coefficients b;, i = 1,2,... , is not required; it is only necessary to evaluate bo. 
In a practical computation of the value of bg, the series expansion in Eq. (2.292) 
is truncated at some term, say the Nth, and it is assumed that all the 4; for k = 
0,1,...,N are known by direct numerical evaluation. The approach just sketched 
is termed the Richardson extrapolation (Richardson, 1927). The sequence of partial 
sums are expanded in a power series of inverse powers of n, that is 


by bp by 
A, = bo + x + Pa + + iN 
b b b 
Bs =p z a (2.293) 


coef wo SS es 
n+l eee (n+ 1) 


by bo by 


ey ee +4 ee se 
SS RN EN? (n+ NyN 
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The solution of this set of simultaneous equations for bo is obtained using Cramer’s 
tule, with the following result: 


An Anti An+2 ai AntNn 
ko ky kp +++ ky 
ky kG gy 
Ky RN wee OS 
ig 2.294 
et ee a ee ane | eae 
ko ky ky so ky 
ky ky 
ky ky kg ky 
where 
ee (2.295) 
OT at . 


The expression for bo can be significantly simplified by recognizing that the denom- 
inator is a Vandermonde determinant and that the numerator can be expressed in 
terms of Vandermonde determinants. A Vandermonde determinant can be written in 
a simple closed form: 


1 1 1 1 
nt a re 
2 2 2 2 
kp ky ge I] &-*#. (2.296) 
: l<i<j<n 
ie ae ae ates me 


If the numerator of Eq. (2.294) is expanded by the first row, then 


ee : 2.297 
° Tl Gi —km) ere) 


0<m</l<N 


N * 
 (-1)/ Arty [Kyy| 
0 


where |K1;| denotes the minor of the determinant of the numerator obtained by deleting 
the first row and the (j + 1)th column. Each of these minors can be expressed as a 
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Vandermonde determinant by factoring the term (Aoki A2 -- - ky )kj It follows that 


[Ki] = okika-kw ky! TJ in = ki). (2.298) 
O0<l<m<N 
(.m4j) 
Now, 
I] (kin i ky) 
T] Gm -i) === 5 (2.299) 
"ane I] @-) TL Gi -%) 
isj+l i=0 


and |Ky;| simplifies on using 


I ee © ce (2.300) 
1 at iti = DY 
N 
-INIW-/ilatj—D! 
ki —kj) = : 3 2.301 
HT OD = GDN IN + ny een) 
and 
= (n+j)(n— 1)! 
(koki ka +++ ky) k; Saar (2.302) 
to give 
(DN +i" 
|Ky| = = I] Gm-*, (2.303) 
V-py 0<l<m<N 
and a rather compact expression for bg is obtained: 
N 
cy (n+j)% 
=! ea (2.304) 
or Vj! 


Increasing the size of n and N leads to improved estimates for bo and hence of S. 
The success of this technique clearly hinges on how closely the partial sums can be 
represented by a series expansion of the form given in Eq. (2.292) and on the size 
of n and N selected. The obvious drawback to the use of Eq. (2.304) is the high 
likelihood of numerical instabilities arising from the alternating sign structure of the 
sum and the rapidly increasing size of individual contributions to the sum (try Exercise 
2.21). Issues associated with numerical instabilities can usually be circumvented by 
judicious selection of the values of and NV. Alternatively, working in higher precision 
arithmetic can delay the onset of numerical instability in the calculation, allowing the 
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sum to be evaluated to the required level of precision. In a practical application, a grid 
of values of bo is constructed for increasing values of n and N. The onset of erratic 
convergence signals the arrival of the numerical instability problem. 


2.16.2 The Levin sequence transformations 


Work on sequence transformations to accelerate the convergence of summation of 
series has a very long history, dating back to work of the mathematicians Stirling 
and Euler. A robust group of sequence transformations were introduced by Levin 
(1973), and these have been found to be particularly useful in many applications. 
Over the past quarter of a century a number of interesting refinements and extensions 
of Levin’s work have emerged. In this section, the basic approach is sketched. The 
original work of Levin was based on the properties of the Vandermonde determinant. 
A different approach is considered here, which is straightforward in application. Some 
preliminary results are required first. 
The difference operator A is defined by 


Af(n)=f(nt)—f(n), for ne Zt, (2.305) 


where Zt denotes the set of non-negative integers 0,1,2,.... The notation A is 
also employed to designate the Laplacian operator (defined later in Section 15.10); 
however, the reader should have no difficulty in determining the intended meaning of 
this symbol from the context of the discussion. Repeated application of the difference 
operator is given by 


AK f(n) = A{A*|f@}, for kK EN, (2.306) 
where N denotes the set of positive integers, 1,2,..., and with 
A°f(n) =f (n). (2.307) 


Equation (2.306) can be written in the form 
: k 
A‘f(n) = So (-1)* (‘) f(nt+f), (2.308) 
j=0 


where ( : ) denotes a binomial coefficient, defined by 


k k! 
0) = €=pyl ate 
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The standard binomial expansion for (1 — x)k , with k € Z*, is 


k 
a=» => C1 (‘) e. (2.310) 
j=0 


which, on repeated differentiation with respect to x, leads to 
k 


d=) == ae ij (;) (2.311) 


f=K 


k 
= k-2 _ A ee a k j 
ae ~ kk — an a yy (i). du! vii(S)s » (23312) 


and so on. Letting x = 1 in these expansions leads to 


: k 
y 5 (1 (‘) =0 (2.313) 
j=0 


and 


be vi (he =0, n=1,2,...,k-1. (2.314) 


A direct consequence of the preceding results is that the difference operator A* for 
k €N, acting on a function f which is a polynomial in n of degree k — 1, yields zero. 
That is, suppose 


f(n) = : ajn', (2.315) 
where the a; are constants, then 
k k e=1 
A*fa) = (14 (‘) Yo ain tj) 
j=8 i=0 


k-1 k /k 
= (-DE fai pai + D0 (DS ( } (nt jy! 
i=0 j=l 


k-1 . 
= Cy 24 n Le Wy 0) + (,)e-nr| 
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k-1 i . k k 
SCD ya (el Sey Ce 
i=0 m=1 1 


= 0. (2.316) 
Suppose the sum in Eq. (2.290) is written as follows: 
S=Ant+rn, (2.317) 


where r,, denotes a remainder term, which clearly has the form 7, = ys 41k: 
Levin derived acceleration transformations for sequences of the form 


An =Ty+Rm, for r<n<r+k, (2.318) 


where 7}, is an approximation to the limit n — oo of the sequence {A,,}; hence, it 
is assumed that S ~ 7j,. The term R;, incorporates the structure of the remainder 
terms, and the index k is used to denote the number of terms in an expansion of 
the remainder, that is it denotes an order parameter. For an assumed functional form 
for the remainder, a sequence of transformations can be determined, and the index r 
signifies the minimal index n employed to determine the partial sum. Levin considered 
a sequence satisfying 


k-1 
a Cj + 
SA; = Gta for k,n e€Z*, (2.319) 


where a and c; are constants, and w, denotes a remainder term depending on n. 
Multiply the preceding equation by (n + a)*—! to obtain 


—A, k-1 k-1 ; 
(S )(a + a) = Ss cj(n a erat: (2.320) 
On : 
j=0 


applying the difference operator A‘ and making use of Eq. (2.316) yields 


7 k-1 
as Sal EO) | =o (2.321) 


®n 


and hence 


(2.322) 
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Making use of Eq. (2.308) leads to 


ay Ooo kes 
__ j= J] \nt+tat+k On+j 
Fay (I) (ste) he 
j=0 J] \nt+at+k Ont 


The factor (n+a+k) ere , which is inserted into both the numerator and denominator, 
is incorporated to improve the numerical stability of the formula. If the remainder 
factor w, is taken to be 


a 


(2.323) 


Wn =n, for ne Zr", (2.324) 


then Eq. (2.323) can be written as follows: 


k Co oe 
Se ccuy (8) (easy ew 
f=0 JT] \nt+atk antj 
ae = : (2.325) 
& ay (4) (SS) 1 
= J n+tat+k ant; 
which is referred to as Levin’s ¢ transformation. If 
On =(n+ta)an, for ne Zt, (2.326) 
then 
.\ k-2 
Sccay (8) (met) aa 
j=0 J n+at+k an+j 
= (2.327) 


“3 ip \e2 1” 
& 0 () (Eee) 
j=0 J n+atk Anti 


which is Levin’s u transformation. Additional transformations can be obtained by an 
appropriate choice of w,. Further transformations can also be obtained by selecting 
different forms in place of Eq. (2.319). In the absence of any specific knowledge of 
a in Eq. (2.319), a common procedure is to start with the choice a = 0. 


Notes 


A collection of many key papers in classical analysis pertaining to a number of topics 
in this chapter can be found in Birkhoff (1973). The seminal papers were often not 
written in English, and a strength of the Birkhoff collection is that these papers have 
been translated into English. There are also some useful annotations on various papers 
in this work. There are a number of excellent books on mathematical physics where 
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many of the topics of this chapter are discussed in detail: see, for example, Hassani 
(1999) and McQuarrie (2003). 

§2.2 The earliest appearance of the order symbols O( ) and o( ) known to the author 
are Bachmann (1894) for the former and Landau (1909) for the latter. The names of 
these authors are not commonly attached to the order symbols. For additional discus- 
sion, see, for example, Whittaker and Watson (1927), Titchmarsh (1939), or Meyer 
(1979). 

§2.3 For further reading on Hélder continuous functions, see Gakhov (1966), Roos 
(1969, p. 220), Henrici (1986), and particularly Muskhelishvili (1992). 

§2.4 The latter four books are also useful references for additional reading on 
Cauchy principal value integrals. Davies and Davies (1989) present a concise 
discussion on higher-order singularities. 

§2.5 There are many sources on Fourier series. Walker (1988) is a good introduction 
to the topic; Bary (1964) and Edwards (1982) present more advanced discussions, and 
Zygmund (1968) is a masterly account of the subject. Katznelson (1976), Benedetto 
(1997), and Krantz (1999a) could be consulted for some background on harmonic 
analysis. 

§2.6 Titchmarsh (1948) presents an authoritative account on the Fourier transform. 
Howell (1996) provides a highly readable discussion with a view to applications. 
Wiener (1933) and Champeney (1987) provide concise presentations of the impor- 
tant Fourier theorems, Walker (1988) gives an easy to read account of the basics; 
and Bochner and Chandrasekharan (1949) present a more advanced discussion. Zyg- 
mund (1968) is also a very useful resource, as is the book by Campbell and Foster 
(1948). 

§2.7 For further reading on the Fourier integral, see Titchmarsh (1948) and Bochner 
(1959a). 

§2.8 For readers interested in the historical development of the subject, Mitri- 
novic and Keékié (1984, chap. 10) provide a concise biographical sketch of Cauchy, 
with a focus on his contributions to the development of the calculus of residues. 
Smithies (1997) gave a more extended discussion of Cauchy’s work, and this is 
highly recommended reading. For some well written accounts on the theory of func- 
tions of a complex variable, see Carrier, Krook, and Pearson (1983), Churchill and 
Brown (1984), Jeffrey (1992), Needham (1997), or Krantz (1999b), and, at the more 
advanced level, Greene and Krantz (1997). A good condensed account can be found 
in Morse and Feshbach (1953). 

§2.8.7 An elementary account of entire functions can be found in Markushevich 
(1966). A good introduction can be found in Holland (1973), and more advanced 
treatments are provided by Boas (1954) and Cartwright (1962). 

§2.10 For further reading on functional analysis, see Oden (1979) or Kantorovich 
and Akilov (1982). For additional discussion and proofs of the various results on 
compact operators, see Hochstadt (1973) or Hassani (1999). The books by Garnett 
(1981), Koosis (1998), and Duren (2000) can be consulted for additional information 
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on H? spaces. The bra-ket symbolism was introduced in quantum mechanics by 
Dirac (1939). 

§2.11 For further reading on topics connected with this section the following intro- 
ductory texts are highly recommended reading: Titchmarsh (1939), Weir (1973), 
Priestley (1997) and Burk (1998). For more advanced discussions, see Cohn (1980), 
Benedetto (1997), and Folland (1999). A good discussion of uniform convergence 
can be found in Titchmarsh (1939). This text also provides a very readable account 
of several other topics sketched in this chapter. For more details on the conditions for 
switching limits with integrals, see, for example, Kestelman (1960, p. 141). 

§2.12 For further introductory reading on interchanging the order in repeated 
integrals, the books by Weir (1973) and particularly Priestley (1997) are highly rec- 
ommended. Good discussions can be found in Courant (1936) and Titchmarsh (1939). 
For a more advanced treatment, see Folland (1999). 

§2.13 Hardy (1908) discusses the inversion of integration order for double inte- 
grals where one or both integrals are taken in the principal value sense, and both 
cases of finite and infinite integration limits are treated. For further general reading 
see Poincaré (1910), Bertrand (1922, 1923a, 1923b), Titchmarsh (1948), Gakhov 
(1966), Love (1977), Tricomi (1985), Henrici (1986), and Muskhelishvili (1992). 
For a discussion related to Eq. (2.220) see Hardy (1908), Kober (1943b) or the 
Tricomi, Love, and Titchmarsh references just cited. The papers by Davies, Davies, 
and White (1990), Davies, Glasser, and Davies (1992), and Davies et al. (1996) are 
useful resources for the Hardy—Poincaré—Bertrand theorem. A straightforward deriva- 
tion of the Hardy—Poincaré—Bertrand formula for Hélder continuous functions can 
be found in Baird, Sancaktar, and Zweifel (1977). For an extension to n dimensions, 
see Newell (1968). 

§2.15 A good introduction to some of the material of this section is in Lighthill 
(1970). Gel’fand and Shilov (1964, 1968), Bremermann (1965a), Schwartz (1966a, 
1966b), Roos (1969), and Kanwal (1998) can be consulted for additional information. 
For a concise account of some of the history of the Dirac delta function, including 
references to publications predating the seminal work of Paul Dirac, see Van Der Pol 
and Bremmer (1987, chap. 5). The key early paper by Dirac on the delta function is 
Dirac (1927). 

§2.16 Discussion of convergence accelerator techniques can be found in the books 
by Wimp (1981) and Brezinski and Redivo Zaglia (1991). Highly readable accounts 
directed towards individuals in the physical sciences can be found in Weniger (1989, 
1991, 1996). Smith and Ford (1979, 1982) and Fessler, Ford, and Smith (1983) are 
also useful reading. Some example applications to problems in atomic physics can 
be found in Porras and King (1994), Pelzl and King (1998), King (1999), and Pelzl, 
Smethells, and King (2002). 

§Exercises Inequalities such as the Hélder inequality (Hdlder, 1889; see also 
Rogers, 1888), Exercises 2.16 and 2.17, play an important role in the derivations 
in a number of places in this book. Some good sources on inequalities are: Hardy, 
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Littlewood, and Polya (1952), Mitrinovi¢ (1970), and Mitrinovi¢, Peéari¢, and Fink 
(1991). The review by Fink (2000) is also worth reading. A delightful introductory 
account can be found in Steele (2004). 


Exercises 

2.1 For the following functions, determine the O( ) and o( ) behavior as x — oo 

and x — 0. 

(i) x7! sinx, 

(ii) x-'(1 — cosx), 

(i) xe" (form > 0 anda > 0), 
pa px? 
aes bpx? 
(v) sech x. 


(iv) , (for m < nand ay, £ 0, by #0), 


2.2 Are the following functions Hélder continuous on the specified interval? Justify 
your answers: 
(i) ec for a > 0, with x € [—1, 1], 
... sind 
(ii) “9” 6 € [—7, 7], 
(ili) {(b _ x) a ae xE (a, b), 
(iv) @? +x —2)7!, x € [0,2]. 
2.3 Determine whether the following integrals are convergent or divergent, where 
a and Db are real constants. For the convergent cases, determine the value of the 
integral. 


: °° sin ax dx 
gf =e", 
7 °° sin ax dx 
(ii) [As: 
[oe 
dx 
ciiy f — ; for Im a > 0; 
| go X —a 
: otk 
(iv) [ope ree a 


OO (p—ax __ a—bx 
w | Ee ae bs b> 0. 
0 


x 

2.4 For the same integrals given in Exercise 2.3, which (if any) of the divergent 
integrals exist when the Cauchy principal value is employed. 

2.5 Starting from the Parseval formula, deduce the Plancherel formula, Eq. (2.56). 
[Hint: Start by trying the replacement f > f + g.] 

2.6 Determine whether the following functions have a simple pole (find the order), 
aremovable singularity, or an essential singularity: (i) (z—3)~*{1—cos(z—3)}; 
Gi) (2 —2)7! + (2 +2)7}}5 Git) €. 


2.7 


2.8 
2.9 


2.10 


2.12 
2.13 


2.14 


2.15 
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To verify that the endpoints of the subintervals are of no consequence when 
evaluating an integral involving step functions, determine the value of the 
integrals i fi(x)dx and ie f2(x)dx, where 


2,0<x<l 

2 OST Ses 
fi@)=%4-2,1<x<3 and fp)= ieee 

3, 33455 3,3.<x<5 
-l,x=5. 


Determine if the function x~! 


sin x is absolutely integrable on (0, 00). 

Does the series }°°° 9 (sin(2n + 1)6)/(2n + 1) converge uniformly on the 
interval —z <0 <2? 

For the following functions, determine the value(s) of p such that f ¢ Z? when 


the integration interval is (0, 00): 


i 
OsO=—=; 
+x 
(ii) f(x) = cope 
(ili) f(x) = — for m,n positive integers, 
. _ V(x) log x 
(iv) f(x) = (Lea 


For what values of p (if any) is f € L?, where 

(i) f(x) = (x{a + |log|x||})7!, with a > 0 andx € R, 
(ii) f(x) = (|xl{a + |log|x||?})~!, with a > 0 and x € R? 
If f(x) = ev , for what values of p is f € L?(0, 1)? 

If f(x,y) = & —y)(x + y)73, determine if 


i, | [ ‘Pessyiax}a -/[ | [ ‘Pessspav}a 


For the choice f(x,y) = {(y — ax)(y — Bx)}7!, fora 40,6 4 0,a F B, 
evaluate g(a, B) = rin dx Pf! f(x,y) dy — sas dyP Sf @y)dx, depend- 
ing on whether (i) 6 < 0 <a, (1i)a@ < 0 < B, or (iii) @ and B have the same 
sign. If the lower limits are replaced by zero, determine the value of g(a, 6) 
and specify the conditions on a and § in order that the repeated integrals are 
convergent. 

By first writing />° (sin x/x)dx = [o° x~!(d(1 — cosx)/dx)dx, use integration 
by parts, the identity x-? = i te“ dt, and a change of integration order to 
evaluate the integral in Eq. (2.271). Justify these steps. 
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2.16 


2.17 


2.18 


2.19 
2.20 


2.21 


2.22 


2.23 


Review of background mathematics 


This problem and the following one address the derivation of the Hélder 
inequality, which finds frequent application in analysis. For 0 < t < 1 and 
x > 0, show by elementary calculus that x7 < tx + (1 — T) and that equality 
occurs if and only if x = 1. Hence, or otherwise, show that, fora > 0 and 
B=0,aB'* <ta+(1—7)£. 

If f € LP andg € L4 with | < p < co and p~! +q7! = 1, show that 
fe € Land || fglli < Wf lipligiig. [Hint: Use Exercise 2.16 with t = p~!,a = 


(If @OI/IIF lp)? and B = (Ig09I/IIglly) I 

Iff € L? for 1 < p < co and g € L for 1 < gq < ~™ establish that fg € L’, 
where r~! = p7!+q7!. 

Iff ¢ LPL! for 1 <p <q < &, show that f € L’ withp <r <q. 

Derive the result 


k 
A*f(n) = D1 (‘re #3); 
j=0 


where A denotes the difference operator and k € Z*. 

Apply the Richardson extrapolation procedure, Eq. (2.304), to evaluate the 
series )-7° k~? to a precision of ten digits. Also demonstrate the instability 
issue that arises as the index / increases. 

Use the Levin w sequence transformation to evaluate )“7° , k~? to eight digits 
of precision. Determine the point at which the convergence of the calculation 
starts to become erratic for the working precision employed in the calculation. 
Show that }°?° k-2=2 aan Ge 1)*-'k-? and evaluate the latter sum using 
the Levin u sequence transformation. Compare the convergence behavior for 
this example with that found in Exercise 2.22. Explain any differences that are 
apparent. 


3 


Derivation of the Hilbert transform relations 


3.1 Hilbert transforms — basic forms 


The principal objective of this chapter is to introduce the basic forms for the Hilbert 
transform on the real line and on the circle. The important connections with the theory 
of functions of a complex variable are also established. The Hilbert transform on the 
real line is defined in this book by the principal value integral 


1 ~° f(t 
Af (x) = —P LO dt. (3.1) 
a wo xX —t 
This integral is often written in the following form: 
Hf (x)= lim HA, f(x), (3.2) 
e> 0+ 
where 
1 t 
A f (x) = -| LO dt. (3.3) 
TT S\x—-t|\>e X — t 


The function H, f is sometimes referred to as the truncated Hilbert transform of f. 
The designation “truncated” is also used to describe other variants of the standard 
Hilbert transform. Let 
1 ~° f(t 
g(x) = —P LO dt; (3.4) 
a 


ee ee: 
then the function f is connected to g by the following result: 
1 g(t 
FG) a= Pp / £O ay. (3.5) 
ue -o X—t 


Equations (3.4) and (3.5) constitute a Hilbert transform pair. The reader is alerted 
to the fact that, in some sources, the Hilbert transform is defined with a sign change 
for the kernel of the integrand in Eq. (3.1). The definition given in Eq. (3.1) follows 
that employed in recent major works devoted to the Hilbert transform (Henrici, 1986; 
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Hahn, 1996a, 1996b; Pandey, 1996). The required conditions on the functions f and g 
are addressed in detail in later Sections of this chapter. At this point it will be assumed 
that f and g are integrable in any finite interval, with | |? and |g|* integrable on the 
interval (—oo, 00). 

In the literature, the Hilbert transform pairs are presented in several different forms. 
They were given originally by Hilbert (1904) in the following manner: 


u(o) = a [ gu) loe(2 sin aes as, (3.6) 
a J_q ds 2 
vio) = ai lle (2 sin as, (3.7) 
a J_, ds 2 
and 
_ 1 fi! dv@) a: atbape yok 
u(é) = me ere loe(2 sin >") Jax = 5 | eoeot («=F Jas 
(3.8) 
1 fl duce) _ x-€ eee x—€ 
UD ion Par toe(2 sin S*))ax=—5 [uc oot (x Ja 
(3.9) 


In Egs. (3.6)—(3.9) the Cauchy principal value is understood. Equations (3.6) and 
(3.7) represent the Hilbert transform pair for a function defined on the unit circle. The 
derivation of this form will be discussed later in Section 3.9. Kellogg (1904) gave the 
results 


1 1 
u(s) = Pf u(x) cot m(s — x)dx + / u(x)dx (3.10) 
0 0 
and 
1 1 
v(s) = -P [ u(x) cot m(s — x)dx + i vu(x)dx, (3.11) 
0 0 


which he acknowledges as being due to Hilbert. Young (1912) gave the following 
results: 


Eee pe SEED ay (3.12) 
Tw Jo t 


f= ee dt, (3.13) 
wT Jo t 
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and 
cee / Uf +t) — fx — DN} cot(e/2)dr, (3.14) 
20 0 


f@) = a i {g@ + 1) — g(x — Dd} cot(t/2)dz, (3.15) 
20 0 


which were motivated by results from Fourier series. Young used the opposite sign 
convention in Eq. (3.12) to that employed in Eq. (3.1). Hardy (1924a) gave the 
transform pair as 


s= -<f[ fo log|1 —* lar (3.16) 
Ax Jo t 
and 
ld se x 
f=-Tz J sles 1 = “lar. (3.17) 


Equations (3.4) —(3.17) constitute the classical transform pairs. A number of exten- 
sions to the preceding results have been developed, and some of these will be touched 
upon elsewhere. Several of the forms just given are obviously interrelated, and these 
connections are explored in this chapter. 
In later sections the Cauchy integral will be encountered. In the complex plane this 
integral takes the form 
ror= of fo 


2ni Jo z-s ( ) 


where C is a closed contour. This obviously has a very close tie-in with the Hilbert 
transform when f is holomorphic in the region enclosed by the contour C. Closely 
related is the Cauchy transform, defined in the following manner. Let C® denote 
the space of complex-valued functions that are infinitely differentiable on R. If bQ 
denotes the boundary (the notation dQ is also commonly employed) of a bounded 
domain Q, and f is a C™ function defined on bQ, then the Cauchy transform, 
denoted (@f)(z), is given by 

ef=—$ LS 


2ni Ing S—Z- 


(3.19) 


This result is also connected to the Hilbert transform. 


3.2 The Poisson integral for the half plane 
One of the key mathematical ideas connected to the Hilbert transform is examined in 
this Section. The derivation of the Poisson integral formula for the upper half plane 
is considered, and from this result it will be shown how the Hilbert transform on R 
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rv 


Figure 3.1. Semicircular contour with center at the origin and linear section along the real axis. 


emerges. The Poisson integral formula allows the values of a function in the upper 
half plane to be determined from its values on the x-axis. Consider the contour C 
depicted in Figure 3.1. Let the point zo be inside the contour C; and denote the image 
point (the reflection across the x-axis) in the lower half plane by Zo, where the bar 
denotes complex conjugate. Let f(z) be analytic in the upper half plane, and suppose 
that f(z) — 0 as z — oo. From the Cauchy integral formula, 


Jayna See (3.20) 


201 Jo z—Z0 


and, from the Cauchy integral theorem, 


! f@) 


201 cz—Z 


dz =0. (3.21) 


Equation (3.21) follows since the point Zp is not enclosed by the contour C. On 
subtracting Eq. (3.21) from Eq. (3.20) it follows that 


1 1 1 
fen == $ r0)| - =a: 
tilde Z-Z z-Z% 
_ (0-20) a f (x)dx 7 (Zo — 20) f (dz 
— 2m1 —R (x 


— x9)? +y2 201i Cr (2 — Z0)(Z — Zo) 


(3.22) 


The second integral in Eq. (3.22) vanishes in the limit as R — oo. This is most 
easily seen by converting to polar coordinates, with z = Re. Suppose the maximum 
value of | f(Re!)| on Cr (the semicircular section of the contour C) is denoted by 
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Mp, then 
: f (2)dz , av f (Re!?)iRe!? 
lim —___#__| < lim : : - 
R00 | J Ce (Z — 20) (2 — Zo) Roo Jo | (Rel? — zo) (Rel? — Zo) 


Sin Sa (3.23) 


The last limit in Eq. (3.23) is obtained by virtue of the restriction placed on f(z). 
Therefore in the limit as R > ov, Eq. (3.22) simplifies to 


0 dx 
f@) = = i a (3.24) 


~co (x — x9)? +9 


Equation (3.24) is called the Poisson integral formula for the half plane. The function 
f can be written as 


f(@) = ux, y) + iv, y), (3.25) 


where u and v are real-valued harmonic functions. A real function u(x, y) with con- 
tinuous second partial derivatives, a C? function, is called harmonic if it satisfies 
Laplace’s equation, Vu = 0. If the region of interest is simply connected, and if w is 
harmonic in this region, then there exists a harmonic function v, called the harmonic 
conjugate of u, such that f = u + iv is analytic in the same region. Equation (3.24) 
can be separated into its real and imaginary parts to yield 


Sire fe u(x)dx 
i = 3.26 
u(xo yo) - Te (x = Xo)? +2 ( ) 
and 
yo [* u(x)dx 
, = ; 3.27 
u(x0, Yo) = ‘De Ga xii +9 ( ) 


where the notational abbreviations u(x,0) = u(x)and v(x,0) = v(x) have been 
adopted. Equations (3.26) and (3.27) are also referred to as Poisson integrals for the 
half plane. 
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If the preceding process is repeated, but in place of taking the difference of 
Egs. (3.20) and (3.21), the sum of these two equations is taken, then it follows that 


f (zo) = - i 7S Hoy (3.28) 


~co (x — x0)? +9" 


where the assumption required to obtain Eq. (3.28) is that Mp — Oasz > oo. If 
Eq. (3.25) is employed, then 


ae © (x — xo)u(x)dx 
u(x0,.Yo) = rs i ae ae (3.29) 
and 
a. %° (x — x9)u(x)dx 
vo, Yo) = 7 de Caan a (3.30) 


These results are called the conjugate Poisson formulas. The important feature of 
these formulas is that knowledge of the values of the real part of f(x) on the real 
axis (—0o, 00) determines the imaginary part of f(z) in the upper half plane, and 
knowledge of the imaginary part of f(x) on the real axis (—0o, co) determines the 
real part of f(z) in the upper half plane. 

The Poisson kernel for the half plane is defined by 


Il sy 
P(x, y) = ————.,, 3.31 
(xy) Sra (3.31) 
and the conjugate Poisson kernel for the half plane is given by 
Oxy) = — 3.32 
X,Y — 1 x2 + y? 4 ( r ) 


From the form of Eqs. (3.29) and (3.30), it should be clear that these kernels will play 
a central role in the limit as yy ~ 0+. The Poisson and conjugate Poisson kernels 
will be exploited in several sections later in the book, in particular in Section 7.10. 

The situation yy) — 0+ in Eqs. (3.29) and (3.30) is now considered, and the 
integrals that arise are interpreted as Cauchy principal value integrals (see Section 2.4), 
so that 


u(xo) = Pf ue (3.33) 
Tw Joo X09 —X 
and 
v(xo) = apf Ee (3.34) 
Uv —co X09 — xX 


Equations (3.33) and (3.34) represent a Hilbert transform pair. The important 
interpretation to give to these results is similar to that provided previously for the 
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conjugate Poisson integrals. Knowledge of the real part of f(x) on the interval 
(—oo, oo) determines the imaginary part of f(x), and knowledge of the imaginary 
part of f(x) on (—oo, co) determines the real part of f(x). The reader needs to keep 
in mind the restrictions placed on f(z) at the start of this section. These restrictions 
can be weakened considerably, and this is considered shortly. One immediate loose 
end not yet covered concerns the details of looking at the limit yp — 0+. What is 
the justification for interchanging the limit and the integral? Is there a singularity on 
the contour? Just how do the Cauchy principal value integrals arise? These issues are 
addressed later in this chapter. For additional discussion on the Poisson integral for 
the half plane, see the end of Section 4.22, and for some direct connections with the 
Hilbert transform, see Section 7.10. 


3.3. The Poisson integral for the disc 


The Poisson integral formula plays a key role in the development of the theory of 
Hilbert transforms. This section examines the Poisson integral for the disc. Suppose 
f (z) is analytic inside and on the boundary of a disc of radius r centered at the origin. 
Let zo be a point inside the disc, the inverse point (also referred to as the image point) 
of zo, denoted zy, is defined by the following relationship: 


Izollzil = 77, (3.35) 


and zy lies outside the disc, as shown in Figure 3.2. 
On the boundary of the disc f(z) can be written as follows: 


f(@) =f (r,0) = u(r) + ivr, 6), (3.36) 
where uw and v are real-valued functions. At the point zo the function f can be written 
as follows: 

1 dz 1 d 
f (2) = $f +a $e a (3.37) 
201 Jo Z—2Z0 201i Jo 7-2 
nv 
4 
> 
x 


Figure 3.2. Circular contour, center the origin, with zo interior and the image point z] exterior to 
the disc. 
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where the contour C is the perimeter of the disc in Figure 3.2 and a is a constant. The 
first part of Eq. (3.37) is the Cauchy integral theorem, and the second integral is zero 
(by the Cauchy—Goursat theorem), since the image point z; is outside the contour. 


Consider first the case that a = —1, and, on converting to polar coordinates, 
z=re® (3.38) 
and 
zo = roel: (3.39) 


then Eq. (3.37) can be written, using Eq. (3.35), as follows: 


2 
r —"o 


2n 2 
fro) = = fre’) Jee (3.40) 


1 
a Jo r+ te — 2rro cos(O9 — 0) 
which is Poisson’s formula for the circle. It provides a means to find the real and 


imaginary parts of the function inside the disc, in terms of values of the function on 
the boundary of the disc. If 7) = 0, then Eq. (3.40) simplifies to 


2n 
f= i f(re®)dd. (3.41) 
Qn 0 


Starting from Eq. (3.37) with the alternative choice a = 1, then 


. 1 20 ; 3 n(O, — 0 
free) = — f fre) 1+ si sin(60 — 9) 
2m Jo r? + 14 — 2rro cos(9 — 8) 


Je (3.42) 


Substituting Eq. (3.36) into Eq. (3.42) and separating into real and imaginary parts 
leads to 


MY pa an 6) sin(@) — 0)d6 
u(r, 0) = = i: u(r,a)dg — / ee (3.43) 
27 Jo m Jo 1? +16 —2rrocos(O — 8) 
and 
ia acid rro [77 u(r.) sin(@) — 0)dé 
,%) =— ,0)d0 + i} : . (3.44 
¥(70; 60) 2n i, u(r, 8) a Jo 12 +14 — 2rro cos(O — 0) Ae) 


If the point zo is selected on the boundary of the circle, then Eq. (3.43) simplifies, on 
taking the limit as 79 —> r, to yield 


6 — 


1 20 1 20 ra) 
u(r, 09) = = | u(r,0)d0 — al v(r, 0) cot ( Jao, (3.45) 
0 0 
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and Eq. (3.44) yields 


1 20 1 20 0 —~6 
v(r, 00) = = | v(r,0)d0 + =P | u(r, 0) cot ( 5 ) ao. (3.46) 


Equations (3.45) and (3.46) are the Hilbert transform relations for the disc (Hilbert, 
1904). Using Eq. (3.41) and the notational simplifications u(0,@) = u(0) and 
v(0,0) = v(0) yields 


1 2n 6) — 0 
u(r, 09) = u(0) — =P | v(r,@) cot (Tae, (3.47) 


and 


1 2n 0 —@ 
v(r, 09) = v(0) + —-P / u(r, 0) cot ( jaw (3.48) 
20 0 2 


The details of taking the limit ro — r in Eqs. (3.43) and (3.44) are addressed in 
Section 3.3.1. 


3.3.1 The Poisson kernel for the disc 


This subsection explores some key properties of the Poisson kernel that play an 
important role in the discussion of the Hilbert transform of periodic functions. The 
Poisson kernel for the unit disc is defined by 


1—r 
P(r,0) = —~—_,, for 0<r<l. 3.49 
©) 1 —2rcos@ + r2 - a aa 


The function O(r, 9) is termed the conjugate Poisson kernel, and is defined by 


Or, 6) anSih0 for O<r<1 (3.50) 
= ——_———_., for 0<r<l. : 

A 1—2rcos@ +r? 

These kernels have a direct tie-in with complex variable theory. For |z| < 1, the 

following expansion holds: 


+z a kik 
eg ee ee (3.51) 


The real part of this expansion is P(r, 0) and the imaginary part is O(r, 0). 
For 0 <r < 1, P(r, 9) satisfies the following three conditions: 


(1) = J Pepe, (3.52) 
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(2) P(r,@) > 0, (3.53) 
(3) foreveryé >0, max P(r,0) > 0, asr—> 1, (3.54) 
8<|0|<x 


or equivalently, for every ¢ > 0 and 6 > 0 then 
0<P(r,0) < «, ford < |0| <a asr— 1. (3.55) 


Employing the identification 


ure?) = u(r, 0) = = / f P(r, — bf (t)dt, (3.56) 


an important property of the Poisson kernel is that the radial limit 7 > 1 is given by 
lim u(r, 0) =f (8), (3.57) 
ia 


a result given by Poisson. Let the function f be periodic with period 27 and 
continuous at 09. Then as re” tends to e!, u(re™) tends to f (0). To establish this 
result, use the identity 


i pycg cay f(Odt = i; " P(r,t) f (6 — dt, (3.58) 


=I: = 


and select a 6 such that 0 < 6 < 7; then 


1 7” 1. OPE 
cal P(r,O — Hf (dt — f(0)} = pal P(r, OF (@ — t)dt — f (90) 
UT J—z 20 —0 


as 


If(@ — t) —f o)|P(r, Hdt 


Se 
~ 20 JL 


1 —5 
=e If (6 — t) —f (Oo0)|P(r, dt 
UT Jon 


1 r) 
ote =| If (0 — t) —f (O)|P(r, dt 
uw J—§ 


1 bi 
aN = | If (8 — t) —f Oo) |P(r, tdt, 
TSS 
(3.59) 


which, on using the notational abbreviation Si = jas + if and making use of 


the triangle inequality, 


t|>5 


If — 1) —f Go) < IFO — Dl + IF Go)I, (3.60) 
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yields 


1 1s 
= / P(r,6 — t)f (t)dt — f (0) 
UT Jinx 


< =| [f (6 — d|P(r, dt 
|t|>6 


~ 20 
1 
ge If o)|P(r, Hdt 
W SJ\t\>s 
1 
vee If(@ — t) —f (00) |P(r, dt. 
HS \t\|<d 


(3.61) 


For the third integral on the right-hand side of Eq. (3.61), a sufficiently small 6 can 
be selected so that an ¢ > 0 can be found such that 


If (6 — t) —f@o)| <e, (3.62) 
and the integral simplifies as follows: 


a. If (0 — 1) —f()|P(r, dt < — / P(r, t)dt 


20 Sit\<6 \t|<é 
= Cse, (3.63) 
where C; is a positive constant depending on 6. The first and second integrals on the 


right-hand side of Eq. (3.61) simplify using Eq. (3.55) and the periodicity of f to 
yield 


1 
If — IPO, Ndt + — / _ P@niPerpa 
t|> 


Qn |t\>6 wv 
E é 
sof e@-niar+ =f ireoniar 
2m SJ\nz5 2m Jinzs 
ee {f re-orars [" rene] 
8 —1 —1 
1 us 
=e ff + 5 / ronal. (3.64) 
WT Jon 


Therefore 


1 a 1 ae 
bal P(r,0 — tf (t)dt —f(o)| = € {< + |f(0)| + =| irooiar| 
HT Jon 20 Jen 
—> 0, ase—> 0, (3.65) 


and Eq. (3.57) is established. 
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In Eq. (3.40), setr = 1 and replace ro byr; then, by the preceding argument, Fatou’s 
theorem is obtained: let f be a bounded analytic function in the interior of a unit disc, 
then the radial limit (sometimes termed the non-tangential limit) lim,_, | f (re!) exists 
for almost all @ in [0,2zr). That is, as re!? — e' from within the sector of angle 
less than 2, which is assumed to be symmetric about the radius vector from the 
origin to the vertex point e!, f (re!) > f(e!%). The term sector is understood in the 
asymptotic sense for points approaching closely the vertex point e! on the boundary 
of the disc. 

The function O(r, 9) can be rewritten as follows: 


4r sin 0/2 cos 6/2 
bes eee. (3.66) 
(1 —r)? + 4rsin* 6/2 
and, in the limit r > 1, 
; 7 
lim O(r, 0) = cot =. (3.67) 
r>1 2 


This is the kernel of the Hilbert transform on the circle. 

The limiting process employed to obtain Eqs. (3.45) and (3.46) is now revisited. The 
following proof is based on Weiss (1965). The problem is simplified by considering 
the unit disc (putting r = 1 in Eqs. (3.43) and (3.44), and then replacing 7p by r). The 
integrand of the second integral in Eqs. (3.43) and (3.44) is directly proportional to 
the conjugate Poisson kernel O(r, 9) — @). Attention is now focused on the integral 
involving this kernel. Consider the function 


F(z) = 7 {¥P(7,0) + ug (7,00) (3.68) 


where up(r, 69) denotes the Poisson integral of u(r, 09) and ug(r, 69) designates the 
conjugate Poisson integral of u(r, 99). The function F' is bounded and analytic in the 
interior of the unit disc, and, by Fatou’s theorem, the radial limit as r > 1 exists 
a.e. The argument given in Eqs. (3.58)—(3.65) establishes that the radial limit for 
up(r, 09) exists a.e. It follows that the radial limit of wg (r, 69) exists a.e., which leads 
to the results given in Eqs. (3.45) and (3.46). 


3.4 Hilbert transform on the real line 


The development of the Hilbert transform from the point of view of complex analysis 
is addressed in this section. Let f be analytic in the upper half complex plane, and 
suppose f(z) — 0 as z — oo. Consider the contour shown in Figure 3.3. From the 
Cauchy integral theorem, 


1 f(@)dz _¢ 


271i Jo z— x0 


(3.69) 
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ty 


Figure 3.3. Semicircular contour in the upper half plane with half circle indentation at xo. 


Note that the singularity lies outside the closed contour and that the kernel is every- 
where analytic in the upper half plane. The contour integral in Eq. (3.69) can be 
simplified as follows: 


f@dz _ ee fede pf" fede ff (3.70) 


CcZ—X0 —R X — XO C, 4 — X0 xote ¥ — X0 Cr 27 0 


Attention is now directed to the evaluation of the right-hand side of Eq. (3.70) in the 
limits as R + oo and e — 0. The first and third integrals on the right-hand side of 
Eq. (3.70) simplify to the Cauchy principal value integral: 


xg—€ R le) 
lim lim {/ pee el | =p] ids (3.71) 


R>owe>0 [J_R x —X0 xote * — X0 —oo X — XO 


To deal with the second integral on the right-hand side of Eq. (3.70), involving 
integration over the contour C,, set z — x9 = eel? which leads to 


: f(@dz ° (xo + ce! )ee!?i do 
lim —— = lim - 
e>0 Gee Xo é>0 Jz eel? 


os . 
= —ilim i! f (xo + ee!) do 
é>0 Jo 


= ~inf (x9). (3.72) 


Note that the contour is traversed in the counter-clockwise direction. The last integral 
in Eq. (3.70), taken over the contour Ca, is simplified by setting z = Re; hence 


: f@dz_. ™ £(re!)iRe! do 
lim —— = lim ——— 
R>00 JCp Z — XO Roo Jo Rei? — xo 


—0, (3.73) 
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provided f(z) > 0 asz — oo. Therefore Eq. (3.69) simplifies to 


1 d mo dx 
af IME Sp / EONS a aes 6) (3.74) 
201 Jc Z—X0 co X — x9 
Now set f(x) = u(x) + iv(x), where u and v are real-valued functions; then 
Eq. (3.74) can be split into two conjugate relations: 
1 a dx 
u(xo) = ——P ik ue) (3.75) 
4 —co X0 — X 
and 
1 ee dx 
v(xo) = —P if we (3.76) 
uw Jo X—-X 


These two equations constitute the Hilbert transform pair for the real line. 
From Eggs. (3.75) and (3.76), it follows that 


u(xo) = +p ‘ FL / rue@)as (3.77) 
IU 


bY 
co xX—-xX) Jo XS 


which is Hilbert’s integral formula. Hardy (1928a) proved this formula to be true 
when uw belongs to L7(IR) and is continuous at x = xo. He also proved the result for 
functions u belonging to L? for p > 1, and continuous at x9. The analog of Eq. (3.77) 
on R™, the positive real axis, that is the interval [0, 00), has been known for well over 
one hundred years (Schlémilch, 1848, p. 158). 


3.4.1 Conditions on the function f 


This subsection elaborates on the conditions to be satisfied by the function f, in order 
that the Hilbert transform exists on R. First recall Hélder’s inequality, 


1/q 


b b lpr ap 
i rovers | f ea | toa . G78) 


where p and q satisfy 
sth Sel, (3.79) 


and the functions f and g belong to the following spaces: f € L?, for 1 <p < ~, 
and g € L7, for | < g < ow. Making use of the identification 


k(x, 0) = (3.80) 


a(x —t)’ 
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and employing the definition given in Eq. (3.3) yields 


Hef) =~ i; ae 


HT J \x-t\>e X — t 


dt 


= / k(x, Of (dt 
|x-t|>e 


< / LPOke, Dat 
|x-t|>e 


1/p 1/q 
< i; Lor a / k(x, pita . GB.81) 
lx—t|>€ |x-t|>e 


If a small e-sized neighborhood about the origin is excluded, the kernel function 
k(x, t) belongs to L? forg > 1. Assume f € L?, for 1 < p < o, then H; f(x) exists. 
The last issue is to examine the lime > 0+.Letf € L? for 1 < p < oo and suppose 
x € [-a,a] fora > 0. Set 


S@) =fi@) +f), (3.82) 


where 


Ai) = X[-20,20f (); (3.83) 


then 


Hf) = tim Hef(x) = lim OME 6. su | fat 
-_ lx—t|2e 


e>0+ |x—t|>e x—-t e>0+ x—-t 
(3.84) 
The second integral can be written as follows: 
t)dt t)dt 
lim UL es (3.85) 
e> 04 J x-t4ze % —F |t\>2a x — 


which is not a singular integral, and, by the condition on f, exists a.e. The first 
integral in Eq. (3.84) can be expressed as follows: 


x—-E€ 2a 
lita Fie gi | i AOd | noe. (3.86) 


€> 0+ Jix-yoe X—E é>0+ [J-2, x-t xte XT 


and since f, € L this integral exists a.e. Because a can be selected arbitrarily, this 
gives the required result. 
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An alternative approach is based on functions that are Hélder continuous. Let 


“LEP AION ay 


1 
Hef) = —— / (3.87) 


which is Young’s form for the integral. Suppose that f vanishes sufficiently rapidly 
as tf > -too so that the integrals [f° f(t)d¢ and [~ f(—d)dt do not diverge. When 
integrals are displayed with one limit, as in the preceding examples, the reader is 
requested to focus attention on the behavior of the integral in the vicinity of the given 
limit, and not on the behavior at the unstated other limit. If f satisfies a Hélder 
condition 


If) —f0)| < Clx —y|*, for0 < @ < land |x —y| <6, (3.88) 


for some 6 > 0 and C a positive constant, then, using the form given in Eq. (3.87) 
and taking lime — 0+, leads to 


6 = = oo = = 
aren = f Ifato — a+ [ fat = wy (3.89) 
0 5 


The second of these integrals is bounded using the asymptotic condition specified 
for f(x). The first integral is also bounded if f(x) satisfies the Hélder condition 
of Eq. (3.88). The functions likely to be encountered in practical applications are 
expected to satisfy a Hélder condition, or can be so modified in a straightforward 
manner so that this is the case. 

The result of the preceding paragraph can be formalized as the following theorem 
(Wood, 1929). Suppose f° t-!f(¢)dt and f° e-!f(—a)d¢ both exist. If f satisfies 
a Lipschitz condition of order a for 0 < a < 1, over any finite interval, then Hf € 
Lip a. Titchmarsh (1925a) gave the theorem in a slightly different form. Suppose / is 
square integrable over R and satisfies a uniform Lipschitz condition, f € Lipa for 
0 <a < 1, then Hf € Lipa. The reader can pursue the proof of these theorems in 
the given references. 

Attention is now focused on proving the existence of Hf for the case f € L(R). 
The following proof is based on that given in Titchmarsh (1948). First, a preliminary 
result: if f belongs to L(0, 1) and x—!f(x) € L(1, 00), then 


i {v1.0 1 i {ffx-—t) -—fat a a4 3.90) 
y> 0+ W Jy t 
where 
odo fre ay Ot 
v(x, y) = - i a (3.91) 
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Equation (3.90) is established as follows: 


Lf? FES) Hf Gt Olde 
u@,y) i: 
4 y t 


_ i (f (f@— —f@+oO}tde ae {f(x-d a Heese 
(Jo 2 + y2 = ip t(2 + y?) 


(x — ty) —f@ + y)}de 
t(? + 1) 


ae he Le 
=f ife-s9 —fetyniae- = fo 
20 0 WT Si 
(3.92) 
In the limit — 0+, both the preceding integrals vanish, and hence Eq. (3.90) follows. 


Now for the key result: if f € LCR), then Hf exists for almost all x. An argument 
attributed by Titchmarsh to Littlewood is employed. Let u(x, y) be defined by 


me t)dt 
wey =2f Or. (3.93) 


and suppose for simplicity that f(x) > 0; then, for y > 0, a function @ can be 
defined by 


i (°° f@dt 
(Z) = u(x, y) + tux, y) = ~ | a (3.94) 
HT Jo Z—-t 
Define the function y by 
W(z) = e 92) = a U@y)— ivy) | (3.95) 


The function y satisfies |w(z)| < 1 since u(x, y) > 0, and in the limit y > 0+, W(z) 
tends to a finite limit for almost all x since w(z) is bounded and analytic for y > 0. 
From this it follows that @(z) tends to a finite limit for almost all x as y > 0+. In 
the limit y > 0+, u(x, y) tends to f(x) a.e. The easiest way to verify this is to recall 
the definition of the Dirac delta distribution (see Eq. (2.252)). Hence, it follows that 
u(x, y) tends to a finite limit for almost all x as y > 0+. Making use of Eq. (3.90), 
it therefore follows that Hf exists for almost all x. To summarize the results of the 
last few sections: the Hilbert transform of a function f € L? for 1 < p < oo exists 
almost everywhere. In Section 4.25, there is further discussion on the existence of 
the Hilbert transform in a more general setting. 

The statement about the asymptotic behavior of f(z) can be replaced by the 
requirement that the function f belongs to the Hardy space H?; that is, f € H? 
for 1 < p < oo. When this is not the situation, it may still be possible to arrive 
at Hilbert transform pairs under certain circumstances. This issue is considered in 
Section 3.4.2. 
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3.4.2 The Phragmén-Lindeléf theorem 


The derivation given at the start of Section 3.4 utilized the condition f(z) > 0 as 
z — oo, from which it follows that the contribution given by the contour integral 
on the large semicircular arc is zero (see Eq. (3.73)). When f(z) does not have this 
asymptotic behavior, it may be possible to make an alternative choice for the function, 
in order to meet the aforementioned condition. For example, suppose f(z) behaves 
like 


f (2) = foo +.az~7, as z > 00, (3.96) 


where fo. and a are constants. Then the choice g(z) = f(z) — fo would satisfy the 
necessary asymptotic requirements, and a Hilbert transform pair can be established for 
the real and imaginary parts of g(z), assuming f(z) satisfies at least the requirements 
given in Section 3.4.1. In this case, however, extra information about the function is 
needed, that is fo, must be explicitly known. 

Another issue that arises when jumping from a physically realizable function 
defined (by the context of the problem) on the real axis to a function that is ana- 
lytic in the upper half plane, is the asymptotic behavior of the function as z > oo. 
Suppose for the function of interest it is known that f(x) vanishes as x — -too, what 
can be said about the asymptotic behavior of the function in the upper half plane as 
z — oo? Clearly, bounded behavior on the real axis does not guarantee bounded 
behavior in the complex plane. For example, f(x) = e~* is bounded on the real 
axis as x — 00, but f(z) is not bounded on the imaginary axis in the upper half 
plane as z — oo. This issue can be dealt with using a theorem due to Phragmén and 
Lindeléf. Nevanlinna’s (1970, p. 43) statement of the Phragmen—Lindeléf theorem 
is employed. Suppose f(z) is analytic in the upper half plane and bounded at every 
finite point of the real axis, such that 


If(x)| < 1, (3.97) 


and that the maximum modulus of f(z) over the half circle with center the origin and 
radius R in the upper half plane is 


M(R) = max | f(Re”)| (3.98) 


Then either the function is bounded in the upper half plane, 


|f(@ | <1, z © upper half plane, (3.99) 
or 
log M(R 
lim inf {ere | —a>0, (3.100) 
R>oo R 


where a is a constant. 
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Suppose f(x) = (x + w)7!, with Im w > 0 and |w| > 1; then 
M(R)~ R7! (3.101) 
and 


lim inf 
R>oo 


je | =0. (3.102) 


R 


The function therefore satisfies Eq. (3.99). Consider the modification of the function 
such that f(x) = (x+w)7! eWiax (fora > 0), where the exponential term is interpreted 
as a phase factor. In this case, 


M(R) ~ Roe, (3.103) 
and 


oe be log M(R) 
iim, inf fearaad =a. (3.104) 
That is, | f(z)| increases rapidly as z > oo. 

For the choice f(x) = (x + w)7!, it is apparent that the function is bounded for 
z in the upper half plane. The second choice of function is not bounded for z in the 
upper half plane. The most direct way to see this is to examine the behavior along the 
imaginary axis (in the upper half plane). The implication is clearly that the Hilbert 
transform of the first function can be evaluated by resorting to a semicircular contour 
in the upper half plane, as in Figure 3.3. The Hilbert transform of the second of the 
two functions cannot be evaluated in the same manner, since the contribution from the 
integral along the semicircular segment of the contour is divergent when R —> oo. In 
this case the integral on the semicircular contour resembles the integral that occurs in 
the statement of Jordan’s lemma (see Section 2.8.4), but with the important distinction 
of the sign difference of the exponent of the phase factor. The practical consequence is 
that if it is desired to find the Hilbert transform connections between experimental data 
that involves a phase factor, then the sign choice of the phase exponent is important. 
If the function is analytic in the upper half plane and a phase factor is present, then 
the sign of the exponent must be positive. If the function is analytic in the lower half 
plane, then the exponent of the phase factor must be negative. If these conditions 
on the phase factor hold, then the Hilbert transform relations can be established by 
contour integration. 


3.4.3 Some examples 
A number of Hilbert transforms are evaluated throughout this book, and many are 
left as exercises for the reader to explore. At this juncture three simple examples of 
Hilbert transforms on R, all of which have important application in later sections, 
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are examined in detail. The first example considered is the Hilbert transform of a 


constant, c. The result is as follows: 

1 (oe) 
ese / 
mw SL 

°° ds 


i 


ci. 
— lim 
I e—>0 


cds 


6: Kis 


Hc(x) 


Cc 


a bar 


eset 


© ds 


Ss 


! | ie ds Ae =| 
= — lim + 
Tw e>0 € Ss € S 
= 0. (3.105) 
Alternatively, Hc(x) can be evaluated as follows: 
22s : *e ds rds 
Ac(x) = — lim lim + 
mw T>we-0[J_7r X-S xte X—S 
Cc T+x E 
= — lim li 1 —— 1 ——. 
cA sim tim | oe| € | + on{ |} 
c lim 1 T+x 
=— hm 
qT Too ne T-x 
=0. (3.106) 
The Hilbert transform of sin ax on the real line is given by 
: 1 °° sin as ds 
A(sinax) = —P 
WT Jo xX-S 
yal pf sin(as + ax)ds 
ae oe ae Ss 
= pf sin as ds . ep cos as ds (3.107) 
TU an. Ss a Bes s 


The notation H (sin ax) has been employed in place of the slightly more cumbersome 
form H[sinas](x), where the Hilbert transform integration is with respect to the 
variable s and the evaluation point for the transform is x. When no confusion is likely 


to occur, this notational simplification is employed in 
can be simplified on using 


CO 


an 


cos as ds 


oO Ss 


later sections. Equation (3.107) 


(3.108) 
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which follows from the odd character of the integrand, and 


a sin as ds * [- sin as ds er (3.109) 


6 Ss 6 s 


where sgn denotes the signum function, which was defined in Eq. (1.14). Therefore, 
H(sin ax) = —sgn acos ax, (3.110) 


which for a > 0 simplifies to 


H (sin ax) = —cosax. (3.111) 
For a < 0, put a = —a, with a > 0, to yield 
Hf sin(—a@x) = cos ax, (3.112) 


which is of the form given in Eq. (3.111). In a similar manner, the Hilbert transform 
of cos ax is given by 


1 2 d. 
AH (cos ax) = P| eee 
mT Jioc X-S 


1 am cos(as + ax)ds 


mH Joo S 
- ef cos as ds &. ep [- sin as ds 
a 56 s W ae s 
= sgnasinax. (3.113) 
Therefore it follows that 
AH (cos ax) = sin|a|x. (3.114) 


This particular case is probably one of the oldest examples of a published Hilbert 
transform (Cauchy, 1822). As a final elementary example, consider the evaluation of 
H((x + iw)~!), where a is real. A partial fraction expansion yields 


1 1 ci ds 
H —|)=-—P : 
x + ia HT Joo (8S +i1a)(x — 5) 
1 Pe KY ia 1 
__p d. 
(x + ia) [le sea tafe 


ia if ds 
w(x +ia) Joo s% +02’ 


(3.115) 
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where the final result follows using Eq. (3.105) and the odd character of the first term 
in the integrand. Using a change of integration variable and paying attention to the 
sign of a gives 


1 la 
H - = : (3.116) 
x + ia (x + ia) Ge oge 
-o f 


6 S741 


and hence 


x +ia i(x+ia)—!, fora <0. Cn) 


H( 1 ) = eens fora > 0 
The reader is requested to decide what happens for the case w = 0 in this example. 


3.5 Transformation to other limits 
The Hilbert transform relations given in Eqs. (3.4) and (3.5) can be transformed 
into different forms with various trigonometric substitutions. Starting from the 
relationship 


ga) = apf Loe (3.118) 
wT Jio X-S 
and introducing the following change of variables: 
x = —cota (3.119) 
and 
s = —cot B, (3.120) 
Eq. (3.118) transforms to 
2(—cot a) = Lp f° Ce BI + cot plee. (3.121) 


Recalling the standard trigonometric identity 


t t 1 
katy ei a (3.122) 
cot B — cota 


then 


cot? 6 +1 


cot B — cota = cot B + cot(a => B), (3.123) 
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and hence Eq. (3.121) can be rewritten as follows: 


g(—cota) = “P [scot cot(a — B)dB + “Pp [root B) cot B dB. 
0 0 
(3.124) 


The conjugate relation is given by 


1s 


f(—cota) = |p [ g(—cot B) cot(B — a)dB — =P | g(—cot B) cot B dB. 
1 0 1s 0 
(3.125) 


With the change of variables a = mx and 6 = ms, the preceding relations can be 
written as follows: 


1 1 
g(—cot rx) = By f (—cot zs) cot[m (x — s)]ds + P| f (—cot zs) cot sds 
0 0 
(3.126) 


and 


1 1 
f (-cot rx) = pf g(—cot ws) cot[z(s — x)]ds — P| g(—cot zs) cot zs ds. 
0 0 


(3.127) 


These relations have a form that is similar to the Hilbert transform pairs for functions 
that are periodic, as will be seen shortly in Section 3.11, though the preceding results 
make no assumptions on the periodic character of f(x) and g(x). If in place of Eqs. 
(3.119) and (3.120) the substitutions 


x = tana (3.128) 
and 
s=tanp (3.129) 


are employed, then Eq. (3.118) transforms to 


x/2 2 
g(tana) = =P { PAC ia (3.130) 


—n/2 tana — tan B 


Using the standard trigonometric identity 


tana tan 6+ 1 
tana —tanB’ 


cot(a — 8) = 


(3.131) 
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tan* 6B +1 


Riese TO (3.132) 


and so Eq. (3.130) becomes 


4 


/2 x /2 
g(tana) = |p f (tan B) cot(a — B)dp — =P | J (tan B) tan 6 dB, 
cf —n/2 sa —n/2 
(3.133) 


and the conjugate relationship is given by 


n/2 m/2 
f (tana) = =P | g(tan B) cot(B — a)dB + =P { g(tan B) tan BdB. 
1 fa 1 [2 


<7 —1 


(3.134) 


With the substitutions w = ax and 6B = zs, the preceding relationships can be recast 
as follows: 


1/2 1/2 
g(tanax) =P f (tan zs) cota (x — s)]ds — P f (tans) tans ds 
2 2 


(3.135) 


and 


1/2 1/2 
f (tan x) = Bf g(tan ws) cot[a(s — x)]ds + | g(tan zs) tans ds. 
1/2 -1/2 


(3.136) 


Equation (3.118) can be cast into additional forms with appropriate transformations: 
this is left as an exercise for the curious reader. 
If the function f is given by 


f(@) = g(@) + 1h(o), (3.137) 


where g and / form a Hilbert transform pair, then the transformation 


5 
@ = —tan > (3.138) 


along with the identifications F'(6) = f(—tan 6/2), G(6) = g(tan 6/2), and H(5) = 
h(tan 6/2) allows Eq. (3.137) to be written as follows: 


F(5) = G(s) — iH(6), (3.139) 


where g is taken to be an even function and / is an odd function. Equation (3.138) 
and the resulting expression for F'(5) are sometimes called the Wiener—Lee transform 
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(see Papoulis, 1962, p. 201). A Fourier series expansion can be developed for the 
functions G and H and a simple connection exists between the coefficients of the 
two expansions. Further developments of this idea are given in Section 3.13, and 
applications to optical properties are discussed later in Sections 20.10 and 20.11. 


3.6 Cauchy integrals 


A simple integral equation of the Cauchy type is now considered. Let g(z) be 
defined by 


Fe ee aad (3.140) 
Ti Jc S—Z 


where C is a simple closed contour. The quantity f is sometimes referred to as the 
density function, or simply the density of the Cauchy integral, and it is assumed to be 
Hélder continuous on the contour. The function (s—z)~! is called the Cauchy kernel. 
The Cauchy integral is usually defined with a denominator factor of 271i, and this 
form for Eq. (3.140) can be obtained with a trivial change of function. The solution 
of this integral equation is given by 


f@= =¢ sis)ds (3.141) 
Ti JC 


S—Z 


So Egs. (3.140) and (3.141) form a reciprocal pair. The demonstration that Eq. (3.141) 
is the solution of Eq. (3.140) can be performed in a few different ways. Perhaps 
the simplest employs the Hardy—Poincaré—Bertrand formula (see Section 2.13). On 
multiplying both sides of Eq. (3.140) by [zi(z—w)]7! dz, and then integrating around 
the contour C, leads to the following: 


=p SO = <¢ dz 1 f (s)ds 


miJoz—-w wiJcoz—-wailco s—z 


1 dz 


where the last line follows by direct application of the Hardy—Poincaré—Bertrand 
formula (Eq. (2.233)). The second integral in Eq. (3.142) can be evaluated by splitting 
the integrand via partial fractions to obtain 


dz 1 1 1 
f Seat | Je 
c (Z@-—w)(s — 2) s-wJco|z-w 2z-s 


= 0. (3.143) 


Assuming both w and s are interior to C, the last result follows using the Cauchy 
integral formula. If w and s are exterior to C, then Eq. (3.143) also follows using 
the Cauchy integral theorem. If w and s are on C, then a suitable modification of 
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the integration path also leads to Eq. (3.143). Therefore, Eq. (3.142) represents the 
solution of Eq. (3.140) and is of the form given in Eq. (3.141). 

The solution of Eq. (3.140) can be obtained without recourse to the Hardy— 
Poincaré—Bertrand formula. Before addressing an alternative method for the solution 
of the Cauchy integral equation given, some preliminary issues are first examined. 

Consider the Cauchy integral, given by 


f@= mal B(s)ds- (3.144) 
r 


S—Z 


where z is not on the contour I’. If g(s) = f(s) and I is a simple closed contour, then 
this gives the Cauchy integral formula, provided f(z) is analytic within and on the 
contour I and z is an interior point of I’. The simplest example of Eq. (3.144) occurs 
when I is taken to be a closed contour and g(s) satisfies g(s) = 1; then 


f@) =f a (3.145) 
Tr 


Qni Jp s—z 


If the point z is interior to the closed contour I’, then Eq. (3.145) is just the Cauchy 
integral formula with f(z) = 1, and so 


1 ds 
2mi Jp s—z 


ae (3.146) 


It may help to visualize the contour by inspecting Figure 3.4, examining the limit 
€ — 0, and noting that the contributions from the horizontal contour segments cancel. 
If the point z is exterior to T, then, from the Cauchy integral theorem, 


1 ds 
2mi Jp s—z 


= 0. (3.147) 


The final possibility is that the point z lies on I. In this case the contour I is taken to 
be of the form shown in Figure 3.5. Then, 


1 ds : 1 ds 
= = lim — : 
2miJps—zZ p>02ni Jr_r,, 5-2 


(3.148) 


Figure 3.4. Contour I with the point z encircled by a suitable indentation of the main path of 
the contour. 
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T 


Figure 3.5. Contour I with a semicircular-like indentation at the point z, which lies on I. 


This contour integral can be simplified by writing 


1 d. 1 d 1 d 
al == | : | is (3.149) 
271 =F S—Z 271 T—laotl'p SoZ. 271 By S—Z 


In the limit p — 0, the first integral on the right-hand side of Eq. (3.149) is zero, 
since the point z is exterior to [ — gy + Ip. On setting s—z = pe’, the second 
integral simplifies in the limit p — 0 to yield 


1 d 1 /° pie! de 1 
| =e | ees, (3.150) 
2niJp,s—z nis, pel? 2 


Therefore, 


0, z exterior to I’ 
= 41/2, zonT (3.151) 
1, z interior tol’. 


1 ds 
2mi Jps—z 


The limit of the Cauchy integral is now examined as z > Zo, a point on I’, from 
the opposite sides of the contour. Let C be a closed contour in the complex plane, 
and set 


f'(@) =f), ifz is interior to C, (3.152) 
and 

i @ =f), ifz is exterior to C. (3.153) 
The plus and minus signs signify, respectively, the positive and negative sides of 
the contour. The terms left and right are also used. When the contour is not closed, 


f* will denote the function to the left of the contour and f~ will designate the 
function to the right of the contour, with the contour traversed in the counter-clockwise 
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orientation. In the limit z > zo, 


f* (zo) = lim f(z), limit from the left, (3.154) 
Z—>Z0 

ff (o) = lim f(z), _ limit from the right. (3.155) 
Z—>Z0 


The function f(z) is said to be continuous from the right at zo if f~ (zo) exists. In 
general, the boundary values f* (zo) and f~ (zo) will not be equal, and the function 
J (z) is therefore not everywhere continuous in the complex plane. Iff(z) is continuous 
everywhere in the neighborhood of C, and f* (zo) and f~ (zo) exist, but are different, 
then the function is said to be sectionally continuous in the neighborhood of C. When 
the contour is not closed, no distinction is made between the limits from the left and 
right at the endpoints of the contour. That is, the function f is continuous from the 
left and right at the endpoints. 

If the function f(z) is analytic in each region of the complex plane except C, 
and the function is sectionally continuous in the neighborhood of C, the function 
is termed sectionally analytic in the plane cut by the contour C. From the example 
considered in Eqs. (3.145) — (3.151), it follows for the situation described in Figure 3.6 
that 


1 Sf (s)ds 


g(z2) = ona Pe) = 0, (3.156) 
1 d 1 

(0) = 5 —_ f Zo), (3.157) 
T1 Jc S— Zo 2 
1 d 

sa = = Loe f @1). (3.158) 


2mi Jo s—zZ 


Equation (3.158) is simply the statement of the Cauchy integral formula for the 
function f(z), since the point z; is interior to the contour. Equation (3.156) follows 
directly from the Cauchy integral theorem, since the point zz is exterior to the contour, 
and (s — z2)~!f(s) is analytic in the region interior to the contour. For the case where 
the point is on the contour, Eq. (3.157), the approach of Eq. (3.151) is employed. 
The integral on the semicircular contribution, where I’, is traversed in a clockwise 


s (interior point) Zy Z, 
, (on contour) (exterior point) 


Figure 3.6. Arbitrary closed contour C with points zo, z}, and zz shown on, interior to, and exterior 
to C, respectively. 
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orientation, is given by 


ti... f (s)ds 1 f° fo + pel) pel#i da 
——. lim = — lim : ; 
2ni p>0Jr, 5 —z0 p 0 2mi Jy pel? 
1 
= 5/0), (3.159) 


and hence Eq. (3.157) follows. 


3.7 The Plemelj formulas 


The results derived in Section 3.6 are now used to develop some important results 
connected with the question: what are the boundary values f* (zo) and f~ (zo) of a 
function f that can be represented in the form of a Cauchy integral, 


{@= af g(9) ds (3.160) 
Cc 


271 S—Z 


and is sectionally analytic? The key results obtained in this section are usually 
attributed to Plemelj (1908a, 1908b), but were apparently first given in 1873 by the 
Russian mathematician Yu.-K. V. Sokhotsky (the alternative spellings Sokhotskyi, 
Sokhotski, Sokhotskii, Sohocki, and Sohockii are also used) in his thesis work. It is 
assumed that g(s) is Hélder continuous on C. Then it follows that 


1 f eOrsor' + t ge 
c Cc , 


{@=—, (3.161) 
S—Z 271 S—Z 


If z is a point interior to the contour C, the second integral evaluates to g(z) (see 
Eq. (3.151)), and when z is exterior to the contour, this term evaluates to zero. It then 
follows that 


Fae =f lg(s) = 8@)Mds | oy) (3.162) 
2m1i Jo S—Z 
and 
f-@= af ist) ~ g@) ds. (3.163) 
271 S—Z 


When the point z moves onto the contour, as depicted in Figure 3.7, it is desig- 
nated as the point zo. When the point z approaches zo from the positive direction, 
Eq. (3.162) becomes 


ft) = 5820) ee § B(s)ds (3.164) 
21 Jo s— 20 
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Figure 3.7. Closed contour, showing a point interior or exterior to C approaching the boundary, 
and the modification of C that is employed. 


If the point z moves onto the contour from the negative side, the contour is reoriented 
along the dashed section as shown in Figure 3.7, and then Eq. (3.163) can be written 
as follows: 


1 


I d 
Ff (Zo) = — 580) ae af g(s)ds 
C 


S—Zo. 


a (3.165) 
Equations (3.164) and (3.165) are most commonly called the Plemelj formulas, but 
they are also referred to as the Sokhotsky’s formulas, and sometimes the Sokhotsky— 
Plemelj formulas, for reasons indicated at the start of this section (see for example, 
Gakhov (1966, p. 25) and Henrici (1986, p. 88)). From Eqs. (3.164) and (3.165), it 
follows immediately that 


f* (20) —f~ Go) = g(Zo) (3.166) 


and 


Peos7-ey= =¢ gis)ds 


: ; (3.167) 
Wi Jc S—Zo 


which are equivalent to the Plemelj formulas. Equations (3.166) and (3.167) are 
also called the Plemelj formulas. The following section illustrates one important 
application of these results. 


3.8 Inversion formula for a Cauchy integral 
The following integral equation is now revisited: 
1 f (s)ds 


gZo) == > 
Wi Jc S— Zo 


(3.168) 


where Zo is on the contour C. It has already been demonstrated that a solution of 
this equation can be found by employing the Hardy—Poincaré—Bertrand formula. A 
different approach based on the Plemelj formulas just developed is used to solve this 
integral equation. 
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Let F(z) be a sectionally analytic function vanishing in the limit as z > oo and 
defined by 


F@) = 1 Sf (s)ds 
‘ ~ Oni C s-z- 


(3.169) 


Let G(z) be a sectionnally analytic function defined by the following conditions: 


F(z), z interior to C 


—F(z), z exterior to C. (3.170) 


G(z) = | 
From Eq. (3.168) and the Plemelj formulas Eqs. (3.166) and (3.167), it follows that 


F* (go) — F” @o) =f Go) (3.171) 


and 


F* (zo) + F7 (zo) = =¢ POS pei (3.172) 
T1 Jc S— Zo 


Using the definition in Eq. (3.170), 


G* (Zo) — G (Zo) = F* (0) + F” Go) 
= g(Zo). (3.173) 


Employing Eq. (3.173) and the Plemelj formula Eq. (3.166), G(z) can be written as 
the Cauchy integral 


Gos § OLN (3.174) 
C 


201 S—Z 


from which it follows, using the Plemelj formula Eq. (3.167), that 


Gt (eo) + G-(@) = =¢ soe 
1 Jc S— Zo 


— F*+(z9) — F~ (zo). (3.175) 


Using Eq. (3.175), the solution of Eq. (3.168) is obtained as 


f (20) = =¢ g(s)ds (3.176) 
1 


C829" 


which represents the required inversion formula for the Cauchy integral. An imme- 
diate application of the ideas of this section is to establish the Hilbert transform 
relationships for the circle, a topic that is presented in Section 3.9. 
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3.9 Hilbert transform on the circle 


It is a short jump from the preceding developments to find a transform pair for 
functions defined on the unit circle. If the contour in Eqs. (3.168) and (3.176) is taken 
to be the unit circle, centered at the origin, then the change of variables 


s=e? (3.177) 
and 
zp = el (3.178) 
yields 
ds ie’? dO 
s—z el — edo 
= ; Jeor( 5°) +i] dd. (3.179) 
Let the functions u and v be defined as follows: 
u(d) = f (e!”) (3.180) 
and 
v6) = ig”), (3.181) 


where u() and u(@) are periodic with period 277; then Eq. (3.168) simplifies to 


ae I ea 0 — 0% 
v(09) = =| u(@)dO + al u(@) cot dé, (3.182) 
20 0 20 0 2 
and Eq. (3.176) becomes 
20 1 20 6—@, 
NOS -~ | v(oyao — =P f v(6) cot( 2 )aa. (3.183) 
20 0 20 0 2 
With the assumptions 
20 20 
/ u(@)d@ =i v(6)dé = 0, (3.184) 
0 0 


Egs. (3.182) and (3.183) reduce to 


20 = 
were -= Pf wo) cor( “ao (3.185) 
Qn 0 2 
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and 


20 7 
u(0) = =| v(0) cot (* *) dd, (3.186) 
Qn 0 2 


which represent the Hilbert transform pair on the unit circle. The quantity v is termed 
the conjugate function of u. The reader should note that the minus sign in the pre- 
ceding pair of equations can be shifted from Eq. (3.185) to (3.186) by starting with a 
denominator factor of zo — s in place of s — zo in Eq. (3.168). Alternatively, a minus 
sign can be introduced into the definition in Eq. (3.180) or Eq. (3.181). 


3.10 Alternative approach to the Hilbert transform on the circle 


Let $(z) be analytic inside and on the boundary of the unit circle centered at the 
origin, and on the boundary let 


(0) = u(9) + iv), (3.187) 


where u(@) and v(@) denote the real and imaginary parts of #(@), respectively. The 
growth condition on ¢(z) is fixed by the requirement that @ € H?(D) for 1 < p < ~. 
The functions u and v are periodic with period 27. Consider the contour shown in 
Figure 3.8; then, 


p(z)dz / p(z)dz 
—— = lim 
cZ—-2 8 &>0Jc_-r,, 2 — 20 


i | i (edz Hens | 
= hm 
e>0 (Jo—ry,4re 2 — 20 r, 2 — 20 
= mid (zo). (3.188) 


To obtain this result, the Cauchy integral theorem has been used to show that the 
integral around the contour C — Igy + I’, contributes zero in the lim «> 0. On 


wv 


Figure 3.8. Circular contour with a semicircular-like indentation at the point zo, 
which is located on C. 
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introducing polar coordinates into Eq. (3.188), z = e'” and zo = e', and expressing 


the result in terms of the real and imaginary parts, u(@) and v(@), 


: 1 2n o= 
u(89) + iv(90) = sa? | eat( 
0 


Separation of the real and imaginary parts leads to 


1 20 an =) 1 20 
v(69) = —P u(@) cot dé + =| v(6)d0 
20 0 2 20 0 


and 


A eas 0 — 0 ‘ey eosk 
ult) =—5-P f w(@)cor( jaar [ u(6)d0. 
20 0 2 20 0 


*) Ee j [u(O) + iv) 149. 


(3.189) 


(3.190) 


(3.191) 


With the change of variables 6 = 27x and 6) = 27s, Eqs. (3.190) and (3.191) can 


be written as follows: 
1 1 
v(s) = P| u(x) cot[z(s — x)]dx + i vu(x)dx 
0 0 
and 
1 1 
u(s) = -P [ v(x) cot[z(s — x)]dx +f u(x)dx. 
0 0 


With the further conditions 


(3.192) 


(3.193) 


(3.194) 


(3.195) 


(3.196) 


1 
i u(x)dx = 0 
0 
and 
1 
/ u(x)dx = 0 
0 
satisfied, the reciprocal character between the real and imaginary parts becomes 
apparent: 
1 
v(s) = a u(x) cot[z(s — x)]dx 
0 
and 


1 
u(s) = -p [ v(x) cot[ (s — x)]dx. 
0 


(3.197) 
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Using the fact that w(9) and v(@) are periodic functions with period 27, and employing 
Egs. (3.194) and (3.195), allows Eqs. (3.193) and (3.192) to be written as follows: 


1 — 
u(s) = -P | v(x) cot] 7 Jax (3.198) 
= 


and 


1 4 
vo) = 5 | ws) cot| 7 Jas, (3.199) 
2 J, 2 


which is one of the original two forms given by Hilbert (1904, 1912, p. 75). From 
Eqs. (3.198) and (3.199), it follows that 


1 = 1 = 
us) =— 3 [ cot] “<=” lax p u(yroot| 7” Tay, (3.200) 
4 J, 2 4 2 


which is called Hilbert'’s integral formula (on the circle). 

The condition required for convergence of the integral in Eq. (3.198) is either that 
v(x) is continuous for x = s or the more general condition (see Fatou, 1906; Plessner, 
1923; Hardy and Littlewood, 1929), 


t 
i {u(x + s)—v(x — s)}ds = o(t), ast > 0. (3.201) 
0 


This condition is developed in Exercise 3.11. 
Equation (3.199) provides the basis for selecting the definition of the Hilbert 
transform on the unit circle for a periodic function f with period 27 as follows: 


Hf (x) = —P is “foeot( “as. (3.202) 


provided that the integral exists as a Cauchy principal value. A function f € L?(T) 
forl <p < wif 


20 
i; If (s)P ds < 00, (3.203) 
0 


where the symbol T denotes the circle group, and it is employed to designate the 
interval [0, 27). A key result is the following: if f € Z?(T) for 1 < p < o, then 
Hf € L?(T). This result will be discussed in detail in Section 6.17. 

The definition given in Eq. (3.202) can be extended to an arbitrary interval [—t, T] 
for periodic functions with period 27, and this topic is considered in Section 3.14. 
A comment on notation is appropriate at this point. It is common in the literature to 
employ the same notation for the Hilbert transform operator on the circle and the 
real line. The context is intended to make it clear to the reader as to which definition 
of H is to be employed. In this work a second symbol is adopted, as indicated in 
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Eq. (3.202). This has obvious advantages when both operators are being discussed at 
the same time. 


3.11 Hardy’s approach 


Hardy (1908) derived the Hilbert transform inversion formulas on the circle from a 
study of the inversion of the order of integration of double integrals involving Cauchy 
principal values. Consider the trigonometric identity 


cot(w — v){cot w — cot v} + cotwcotv+ 1=0, (3.204) 


which yields, with the substitutions w = m(s — t) and v = z(s — x), the following 
result: 


cot z(s — t) cot a(t — x) = cot m(s — x){cotm(s — t) + cotm(t—x)}+1. (3.205) 
Let a denote a constant satisfying 0 < @ < 1; then 
1 
pf cot a(t — a)dt = 0, (3.206) 
0 
and from Eq. (3.205) it follows, for 0 < x < 1 and0 <s < 1, that 
1 
P| cot z(s — t) cotm(t —x)dt = 1. (3.207) 
0 


Let 
h(s, t,x) = cot(s — t) cota(t — x) p(s), (3.208) 


where ¢(s) is integrable on the interval (0, 1); then 


1 1 1 1 
Pf asP | h(s, t,x)dt = Py arp [ h(s,t,x)ds + b(x). (3.209) 
0 0 0 0 


To see how this result emerges, the following straightforward but slightly tedious 
approach is utilized. First note that 


cotx — x! = O(x), asx > 0. (3.210) 
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Writing cot 2(s — ft) = cot m(s — t) — [a(s — 7! + [x(s — DJ! and similarly for 
cot z(t — x) yields 


1 1 
P| asP | cot m(s — t) cot r(t — x)p(s)dt 
0 0 


1 
-f{ asf Jeot ris — 9) - 7G az, Jeotrte—x) - | acon 
: : 1 o(s)dt 
+f asp [ [cot x6 t) | FG 


! : 1 o(s)dt 
+f asp | jeot x) |S 


o(s)dt 
+f ds pf =e (3.211) 


For the first integral on the right-hand side of the preceding equation, there is no 
singularity arising from the terms in square brackets, and so the integration order can 
be switched using the results of Fubini—Tonelli. The integration order in the second 
and third integrals can be switched making use of Eq. (2.220), adjusted for the finite 
interval (0, 1). From the Hardy—Poincaré—Bertrand formula, Eq. (2.233), it follows 
for a finite interval (0, 1) and with ¢;(x) = 1 and ¢2(x) = (x), and the change of 
variables y > s and x < ¢, that 


1 1dr 1 '$S) 4 dt 
=P f ene 0 ae = 1p f ooasaP A (t —x)(s — 2) oy 
(3.212) 


with x € (0,1). Using Eq. (3.212) and adding the other three integrals, with the 
integration order reversed, leads to the desired outcome, Eq. (3.209). The result just 
proved is a particular case of a more general result given by Hardy (1908). It is 
one of several results given by him for interchanging the integration order of double 
integrals involving Cauchy principal values. In this book the outcome of Hardy’s work 
is referred to as the Hardy—Poincaré—Bertrand formula, and this result was discussed 
in Section 2.13. 
Equation (3.209) can be simplified as follows: 


1 1 
P 0oydsP | cot z(s — t) cot z(t — x)dt 
0 0 


1 1 
= Pf cot z(t — warp [ cot 2(s — t)d(s)ds + d(x) (3.213) 
0 0 
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and hence 


1 1 1 
Pf cot a(x — parr | cotm(t — s)(s)ds = i o(s)ds— (x). = (3.214) 
0 0 0 


Setting 
1 1 
Py, cot m(x — s)O(s)ds = x(x) + i, x (s)ds (3.215) 
0 0 
yields 
1 1 
Pf cot w(x — t)x (t)dt = —P(x) + / o(s)ds. (3.216) 
0 0 
With the following conditions imposed: 
1 1 
i x(s)ds ai o(s)ds = 0, (3.217) 
0 0 
then 
1 
pf cot r(x — s)P(s)ds = x(x) (3.218) 
0 
and 
1 
Py cot a(x — t)x (t)dt = —d(a). (3.219) 
0 


Equations (3.218) and (3.219) represent a Hilbert transform pair for the circle (see 
Eqs. (3.196) and (3.197)). 


3.11.1 Hilbert transform on R 


A similar approach to the scheme just outlined was given by Hardy to arrive at the 
Hilbert transform pair on R. From the trigonometric identity 


escucsc v = csc(u + v){cotu + cot v}, (3.220) 
and with the substitutions u = m(s — tf) andv = a(t — x), 
esc m(s — t) cscm(t — x) = cscm(s — x){cotm(s —t)+cotm(t—x)}. (3.221) 


Making use of Eq. (3.206) leads to 


1 
/ csc m(s — t)cscem(t — x)dt = 0. (3.222) 
0 


3.11 Hardy's approach 


Setting 
h(s, t) = escm(s — t) csc a(t — x) f(s), 


and using Eq. (3.209), 
1 1 
/ ooydsP | csc m(s — t) cscm(t — x)dt 
0 0 


1 1 
= P| csc z(t — narP [ csc (s — t)p(s)ds + d(x) 
0 0 
and hence 
1 1 
P| csc a(t — warp [ csc a (s — t)d(s)ds = —(x). 
0 0 


Introducing the definition 


1 
x(t) = Pf esc (s — t)d(s)ds 
0 


leads to 


d(t) = -p [ esc w(s — t)x (s)ds. 
Making the change of variables 
tanz7s=u, tanzt=v, 
and using the substitutions 


é(a—! tan—! uv) Az x(a! tan! u) 
Vat) 7 a+) 


allows Eqs. (3.226) and (3.227) to be written in the following form: 


= Pf f()du 
Tv 


9 U-U 


f[W= 


and 


7 1 °° g(u)du 
fo) =—P | AW 


«© U-U 
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(3.223) 


(3.224) 


(3.225) 


(3.226) 


(3.227) 


(3.228) 


(3.229) 


(3.230) 


(3.231) 


which Hardy labeled “a most interesting pair of formulas.” These are of course the 


Hilbert transform pair on R. 


Hardy (1908) also gave an alternative approach to the Hilbert transform on R that 
is more direct than the preceding approach. Suppose f(x) satisfies | f(x)| < c (some 
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constant) for all x, and that f(x) as well as its first two derivatives are continuous on 
R, and that the integrals 


fe log x dx i Ff (x) log(—x)dx 


x x 


are convergent. Then 


P / Sp i) TROT ae SR (3.232) 


wo xX-S 9 S—ft 


This is a specific case of the Hardy—Poincaré—Bertrand formula (see Section 2.13 
and, in particular, the argument leading to Eq. (2.232)). With the identification 


nee: i aul (3.233) 
aa 9 S—t 
it follows that 
fOS=2P i ~ ody (3.234) 
uw Jo X—-S 


These results have since been derived under less stringent assumptions on the function 
f. Parenthetically it is noted that when Hardy gave the preceding derivation, he 
remarked, “The inversion formula itself has a familiar look, but I am not aware 
that I have ever seen it before.” One might expect that Hardy would probably have 
been aware of Hilbert’s contribution via the work of Kellogg (1904) or from Hilbert’s 
early publications on the subject. So it is rather uncertain what the basis for his remark 
might be. 


3.12 Fourier integral approach to the Hilbert transform on R 


Consider the analytic function w defined by 
0° . 
w(z) = / [a(t) — ib(t)]e dt, (3.235) 
0 


and suppose that w(z) = u(x,y) + iv(x,y), where u and v are both real-valued 
functions. If the limit y — 0+ is examined, and the following identifications 
employed: 


f(x) = u(r, 0) (3.236) 
and 


g(x) = v(x, 0), (3.237) 
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then 
f= fe [a(t) cos xt + b(t) sin xt]dt (3.238) 

and 
g(x) =—- ic [b(t) cos xt — a(t) sin xt]dt. (3.239) 


The coefficients a(t) and b(t) can be determined as follows. Multiply Eq. (3.238) 
by cosst and integrate over (—oo, oo) to obtain 


(oe) (oe) Cc 
/ cos st f (s)ds = / COS ST as | {a(t) cos st + b(t) sin st}dt 
—0o 0 


—c 


[o,@) [o,@) 
= i aceat [ cos st cos st ds 
0 as 


(ee) 


Co (oe) 
+f boar [ cos st sin st ds. (3.240) 
0 


—cC 


As an exercise, the reader is invited to produce an argument supporting the change of 
the order of integration. Is it possible to justify the change by introducing a conver- 
gence factor, say ene and then examining the limit e — 0+? The second integral 
is zero because of the odd character of the integrand. Hence, 


is cos st f (s)ds = a. a(t)dt [ {cos[(t — t)s] + cos[(¢t + t)s]}ds 
—co 0 lore) 


= >| a(t){2m6(t — t)+27d(t+ t)}dt 
0 


2 
=sa(T), (3.241) 
and so 
a(t) = -| f(s) cos st ds. (3.242) 


On multiplying Eq. (3.238) by sin st, the same approach just outlined leads to 
] [o,@) 
b(t) = -|/ J (s) sin st ds. (3.243) 
T J—oo 
Using Eqs. (3.242) and (3.243), Eq. (3.238) can be expressed as follows: 


f@me= | aff) cos[t(s — x)]ds, (3.244) 
0 —0o 
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which represents the Fourier integral formula for f (x). Ina similar manner, Eq. (3.239) 
can be expressed using the expressions for a(t) and b(t) just given as follows: 


gx)= -- a af so) sin[t(s — x)]ds. (3.245) 
0 —0o 


The integral in Eq. (3.245), apart from the minus sign, is referred to as the Fourier 
allied integral. The integral connection between f(x) and g(x) can be established in 
the following way. From Eq. (3.239), using the approach just given, 


a(t) = ~ | g(s) sinst ds (3.246) 
and 
b(t) = -- [ g(s) cos stds. (3.247) 


Substituting these results into Eq. (3.238) yields 


f@M= -[- arf 2(s) sin[t(s — x)]ds. (3.248) 
0 —co 


Equations (3.245) and (3.248) form a reciprocal pair. Frequently in applications the 
function f is even and g is odd. When this is the case, Eqs. (3.245) and (3.248) 
simplify to 


2 (oe) Co 
f@me= =| cos xt ar f g(s) sin stds, for g(s) odd, (3.249) 
0 0 
and 
2D: (oe) (oe) 
gx) = =| sin xt ar [ J (s) cosstds, for f(s) even. (3.250) 
0 0 


These relations can serve as an alternative approach to calculating Hilbert transforms. 
For example, if f(x) = x~! sin ax with a > 0, then 


© sin as cos st 


g(x) = Af(x) = - | sinxt dt [ 
Tw JO ) AY 


= aL is rae ar [~ {sin[(a — t)s] + sin[(a + f)s]} ty 
wT JO 0 


Ss 


1 CO 
=5 / sin xt{sgn (a — t) + sgn(a + t)}dt 
0 
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a 
= / sin xtdt 
0 


ic 
piesa (3.251) 


x 


If the Hilbert transform of an odd function is evaluated using the allied integral 
approach, then Eq. (3.249) is employed with a minus sign inserted. This sign change 
is required since f (x), which is conjugate to g(x), equals —Hg(x). For example, to 
determine H (sin ax) for a > 0: 


2D. (oe) CO 
A (sin ax) = —— / cos xt dt / sin st sin as ds 
uA 


1 


0 0 
CO [oe 
=-— / cos xt arf {cos(t — a)s — cos(t + a)s}ds 
2x Jo —oo 

CO 


1 oO .., ; 
——— = cos xt ar [ {els = ells 45 
0 0 


] CO 
=-— i cos xt{276(t — a) — 27 5(t + a)}dt 
20 0 
(oe) 
= -| cos xt 6(t — a)dt 
0 
= —cos ax. (3.252) 


From Eq. (3.239) it follows that 


SOP EO 2 =f facnisinte + ye sin(e— sya 
S JO 


Ss 


— b(t){cos[( + s)t] — cos[(x — s)t]}]dt 


2 (oe) 
— - f sin st[a(t) cos xt + b(t) sin xt]dt. (3.253) 
s Jo 


Integrating both sides of Eq. (3.253) over the interval (a, 8), for0 < a < 8B, leads to 


1 [ [g@ +s) — ga —s)]ds 


2 pods 6 | : 
= i i sin st[a(t) cos xt + b(t) sin xt]dt 
IT T Ja S Jo 


Ss 


B sin st ds 


= ik [a(t) cos xt + b(t) sinaldt | 
wT JO 


a 


S 
(3.254) 
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For all values of s, the integral over ¢ converges uniformly, and so the integration 
order can be switched. On taking the limits a > 0 and 8 — oo, it follows that 


4 Ss 


1 i [g(x +s) — g —s)]ds 
0 


B gin st ds 


a 


2 CO 
= lim = | [a(t) cos xt + b(t) sinanas | 
0 
p> 


sin st ds 


BD} Co 
= =| [a(t) cos xt + b(t) sin xt]dt lim im 
Tu JO 


= i [a(t) cos xt + b(t) sin xt]dt 
0 
=f (x). (3.255) 


The switch of the limit and the integral in Eq. (3.255) can be justified using Lebesgue’s 
dominated convergence theorem. 
In a similar manner, from Eq. (3.238), 


f@+s) —f(—s) 


Ss 


= : [ [a (t){cos[(x + s)t] — cos[(x — s)t]} 
0 
+ b(t){sin[(x + s)t] — sin[(x — s)t] }]dt 


2 (oe) 
=- / sin st[b(t) cos xt — a(t) sin xt]dt. (3.256) 
S JO 


From Eq. (3.256), the following integral can be formed: 


feces i [f@ +s) —f@ — s)]ds 
lim 
a>0 JT i AY 
Boo 
~ = ie <[° sin st[b(t) cos xt — a(t) sin xt]dt (3.257) 


and hence 


1 i [f(x +s) —f(x —s)]ds 
mw Jo 


Ss 


B sin st ds 


> CO 
= =| [b(t) cos xt — a(t) sin xt]dt lim / 


0 p->oo 


3.12 Fourier integral approach 127 
[o@) 
a i [b(t) cos xt — a(t) sin xt]dt 
0 


= —g(x). (3.258) 


Therefore, the conjugate relationships are as follows: 


Fi i gid es Get (3.259) 
0 


Ss 


and 


g(x) = -[- DE Sat es (3.260) 
0 


Ss 


These two results correspond to the form given by Young (see Eqs. (3.12) and (3.13)), 
apart from the choice of sign convention employed. These integrals can be put in a 
different form using the following sequence: 


fo) =+ i * [g@ +s) gr —s)lds 
T JO Ss 
| fe [ga~+s)-—g(—s)]ds 
= lim 
é>07 Je Ss 
ieee { {28 | 
= — lim 
TT e>0 € Ss € Ss 
cs f gidt ie eo". (3.261) 
We>0 [Jx+—e -—X 266: 1b Ae 
and hence 
fx) = -<P } a (3.262) 
In a similar manner, 
1 os dt 
gx) = =P | -_ 7: (3.263) 


Equations (3.262) and (3.263) are recognized as the Hilbert transform pair derived 
previously. 
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An alternative approach to obtain Eq. (3.260), as outlined by Titchmarsh (1948, 
p. 120), proceeds as follows. Starting with Eq. (3.245), it follows that 


gx)= se [ af ro) sin[t(s — x)]ds 
wT JO —oo 


Xr lee) 
= al lim ar f f(s) sin[t(s — x)]ds 
0 —0o 


IU A000 


© {1 —cos[A(s — x) ]}f(s)ds 
=-—— lim : 


I »A>00 Jao SX 


(3.264) 
This final integral can be broken up into the separate intervals (—oo, 0] and [0, 00), 
and, with the appropriate change of variables, may be simplified to 


Hija eee ie +s) —f(x—s)}ds (3.265) 


T rA>0 Jo 


and hence 


(3.266) 


1 (° {fat+s) —f@—s)}ds 
ga) = / ; 


IT AY 


which is Eq. (3.260) given previously. The contribution to the integral depending on 
A vanishes as A — ov, if f is integrable. A simple example should help clarify this 
limit: for a > 0, 


CO 


lim cosAxe “dx = lim 5 = 
d= 00 J A>oo at +H 


0. (3.267) 


The integrand of the integral in Eq. (3.267) is shown in Figure 3.9. Some readers 
will recognize this as the form of the free induction decay (the “FID’) curve for a 
single resonance from a Fourier transform magnetic resonance experiment; others 
will be familiar with this from a study of simple harmonic motion with less than 
critical damping. As A — oo, the oscillations of the cosine term increase sharply, 
and the integral in Eq. (3.267) consists of a sum of contributions of alternating sign, 
with the neighboring contributions canceling in the limit, leading to a zero value 
for the integral. The result given in Eq. (3.266) follows directly by application of 
the Riemann—Lebesgue lemma (see Section 2.14). An alternative and simple way to 
think about the limiting process in Eq. (3.265) is to set h(s,x) = f(x+s)—f(x—s); 
then 


© cosas 


lim 
A> 00 0 S 


lee) 
h(s,x)ds = lim / (=x) du = 0, (3.268) 
A>oo Jo 


since h(0,x) = 0. 
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f(x) 


f(x) = cos(20x)e* 


a a 


Figure 3.9. Free induction decay curve for a single resonance. 


3.13 Fourier series approach 


Suppose the function f(x) is periodic and integrable, and can be represented by the 
Fourier series 


1 lee) 
fe) ~ 540+ Y= Gn cos nx + by sin nx). (3.269) 


n=1 


The reader is reminded that the symbol ~ denotes correspondence. From the 
combination (1/2){f(« —t) —fa@+d}, 


; f(x —) —f(x +9} = > (an sin nx — by cos nx) sin nt. (3.270) 


n=1 


Using this construction, the left-hand side of the equation is invariant to the addition 
of an arbitrary constant in the definition of f, so the term in ao disappears from the 
following steps. Multiplying both sides of Eq. (3.270) by t~!, integrating over t, and 
using the result 


ane 
i SOE FE ae (3.271) 
0 t 2 
leads to 
tf yy esa) = t+ 
/ A a a BB = S- (ay sin nx — by cos nx). (3.272) 
wT Jo t n=1 


The series in Eq. (3.272), which is termed the conjugate series to Eq. (3.269), is 
identified with the function g, so that 


oe) 


g(x) = Py (ay sin nx — by cos nx), (3.273) 


n=1 
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and thus 


- | (f@-)-~fe+ojide _ 
0 


g(x). (3.274) 
8 t 


The conjugate series in Eq. (3.273) is often given with the opposite sign convention 
employed. This is obtained by considering in place of 1/2{f(x — 1) — f(x + 0} the 
combination | /2{ f(x +t) —f (x —1)}. The choice given matches the sign convention 
employed for the Hilbert transform. The operator that converts f to its conjugate 
function is sometimes called the conjugation operator. 

Note that, in general, it is not known if the series in Eq. (3.273) is a Fourier series, 
but if it is the terminology “conjugate Fourier series” is employed. For example, 
in the interval 0 < x < 2m, the series baer (sinnx/n) is the Fourier representa- 
tion of (1/2)(a — x), while pie (cos nx/n) represents the series for the function 
—log |2 sin(x/2)|, which becomes unbounded as x — 27. See Exercise 3.10 for some 
additional cases to ponder. For many of the conjugate functions that arise in the phys- 
ical sciences and engineering, the conjugate function and its derivative are at least 
piecewise continuous over the period of the function, and in these cases Eq. (3.273) 
will in fact define a Fourier series. 

If the ag term is assumed to be zero, then starting with Eq. (3.273) it follows, in a 
similar manner to the previous equations, that 


1 [oe 
Pacis —t)-gat+to)}=- ye (dy cos nx + by sin nx) sin nt (3.275) 


n=1 


and hence 


1 de {gx —t) — ga+}dt = —f (x). (3.276) 
0 


cA t 


By the construction process involved, f(x) is only determined to within an additive 
constant. Recall that the Hilbert transform of a constant is zero (see Eq. (3.105)). If 
the assumption that ao is zero is not employed, then the most general solution of the 
integral in Eq. (3.276) will include an arbitrary constant term. Equation (3.276) is the 
conjugate relationship of Eq. (3.274). Equations (3.274) and (3.276) are one form for 
the Hilbert transform pair. 

An alternative way to view Eqs. (3.269) and (3.273) is as follows. Suppose the 
coefficients a, and b, are real, and consider the power series 


1 [o-e) 
540 + ps (Gh 1b, 2”. 


If z is restricted to the unit circle, and the substitution z = e is employed, then the 
real part of the power series can be identified with Eq. (3.269) and the imaginary part 
can be identified with the conjugate series Eq. (3.273). 
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Tauber (1891) gave the following development. Let the power series }°>_, cyz” 
be expressed in terms of its real and imaginary components as follows: 


So cuz” = (0) + iv), (3.277) 


v=1 


where z = re’, and the functional dependence of gy and y on r has been suppressed. 
On writing 


Cyr” = ay t+ iby, (3.278) 


the real and imaginary parts in Eq. (3.277) can be written as follows: 


(oe) 
90) = >> ay cos v0 — by sin v0 (3.279) 
v=1 
and 
Co 
WO) = Y- ay sin vO + by cos v0. (3.280) 
v=1 


Tauber gave the connection between the real and imaginary parts as 


g(0) = ae {WO +) — vO — onroot( Sao (3.281) 

and 
v@)= | {p(@ +o) — 9@— $)} cot( Sao, (3.282) 
The reader should make an effort to evaluate these last two integrals: if assistance is 


needed, consult Eqs. (6.51) and (6.79). Taking advantage of the periodic nature of 
(8) and w(@), the two preceding formulas can be expressed as follows: 


g(0@) = -—f w(@) cot( “>? * Neo (3.283) 
and 

w(@)= = iF o(g) cot(“# * Nes. (3.284) 
Apart from a sign choice, Eqs. (3.283) and (3.284) correspond to the results given in 


Eqs. (3.14) and (3.15), and the last two equations represent the Hilbert transform pair 
for the disc, Eqs. (3.185) and (3.186). 
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3.14 The Hilbert transform for periodic functions 


The Hilbert transform for a function that is periodic with period 27 is given by 
Hf (x) = —P ff yeot(=)d (3.285) 
ty SF e x — s) cot{ 5 }ds. : 


Early references to this formula or equivalent variations include Kellogg (1904), 
Hilbert (1904, 1912) and Hardy and Littlewood (1929). A more general definition 
of the Hilbert transform is possible, when the period is taken as 2T. In this case, the 
generalization of Eq. (3.285) becomes (Pandey, 1996, 1997) 


H,f (x) = xP it “ fE=a cot (5 )ds, (3.286) 


The notational convention H, = His employed. Equation (3.286) can be rearranged 
as follows: 


H,f (x) = =P [ LEO FOALS) cot(=) ds. (3.287) 


The case t = z of Eq. (3.287) was given (apart from the choice of sign convention) 
by Young (1912). 

In the limit t — oo, Eq. (3.286) reverts back to the standard definition given in 
Eq. (3.1): 


: : 1 3 TS 
dim Hela) = tim =P | fo-3) cot(=) ds 


7 ~pf eae 


TD fees s 
1 29 d 
= =P | Tiss. (3.288) 
mw Joo X-S8 
where the following limit has been employed: 
li i (= = lim tcot(zst) 
sis, 5g ©04( 5, ) = imgtontens 
1 
=—, (3.289) 
1s 


Ina like manner, the limit t — oo in Eq. (3.287) yields (apart from the sign convention 
employed) Eq. (3.12), which was a form also given by Young (1912). 

The origin of the definition given in Eq. (3.286) is now examined, starting from 
the standard definition of the Hilbert transform on the real line. Suppose f is periodic 
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with period 2t and belongs to LZ”, where p > 1; then 


Af (x) = =P i aeerds 


oo X—S 
er ives * f(s)ds 
Ht Se —3r *—S8 si XS 
gue 4p “L068 pp [ Oe, 
T SS. 3r XS 55 X-S 
{ba rE NONS: © cas ecko " f(s)ds 
-rx—s—4t _7x—s—2t ay ae 


pf OSE pf OES ate ete 


_~xX—s+2t _~x—s+4t _~xX—s+6t 
(3.290) 


where the periodic character of f(s), f(s) = f(s + 2th), for k a positive or negative 
integer, has been employed. Equation (3.290) can be expressed as follows: 


d 
Hf (x) = 2) Pi ae See (3.291) 


Now make use of the standard identity 


lee) 
1 
_,-l 

cotz =Z + 27 > ape (3.292) 

k=1 

to obtain 
3 1 ee: 22" 3 1 
x—s+2tk x—-s x-s z? — mk? 
k=—0o k=1 
qu 

= — cotz, (3.293) 


2T 


where z = m(x — s)/2t. Hence, on interchanging the order of summation and 
integration, 


Hf (x) = xP [ £6) cot( 75 as (3.294) 


The reader is invited to provide a justification for bringing the summation under the 
integral sign in the last sequence of steps. Equation (3.294) can be rewritten as 


Hf (x) = ~P [ igen) cot (= )ds, (3.295) 
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To obtain this result, recall that, by hypothesis, f is a periodic function with period 
2t, so the integrand of Eq. (3.295) is periodic with period 27, and then make use of 
the standard result for a function of period 27, 


d+t Tt 

i: h(x)dx = h(x)dx, (3.296) 
d—t —T 

where d is real and h(x) has a period of 2t. 

Two examples are now evaluated, and additional cases are discussed later. Consider 
the Hilbert transform of cos ax for a > 0. The period of this function is (277/a), that 
is t = m/a. Therefore, from Eq. (3.286), and employing the substitutions t = m/a 
and y = as/2, it follows that 


1 . 1S 
H, (cos ax) = ul [ cos a(x — s) cot( >) ds 


1 m/2 
a af cos(ax — 2y) coty dy 
Ls =a 72 
m/2 sin m/2 
= eee i, cos 2y cot ydy + = / sin 2y cot y dy. 
u —n/2 u —n/2 


(3.297) 


The first integral in the final line of Eq. (3.297) vanishes (the integrand is an odd 
function), and the second integral can be readily evaluated to yield 


m/2 
/ sin2ycotydy =z, (3.298) 
= /2 
so that 
Hz /a(cos ax) = sinax, fora > 0. (3.299) 


In a similar fashion, the Hilbert transform of sin ax for a > 0, also with period 27/a, 
is found to be 


m/2 


1 
Hy jq(sin ax) = =P | sin(ax — 2y) coty dy 
u —n/2 


cosax f7/? . 
=— / sin 2y cot y dy 
uw —n/2 


= —cosax, fora > 0. (3.300) 


Equations (3.299) and (3.300) are the analogs of the results given in Eqs. (3.113) and 
(3.311) for the Hilbert transforms of cos ax and sin ax on R. Further discussion of the 
periodic case is considered in Chapter 6. 
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3.15 Cancellation behavior for the Hilbert transform 
This chapter concludes with an examination of a fundamental cancellation property 
of the Hilbert transform. The form of the Hilbert transform given by Young (apart 
from a sign factor) is 


—t t 
HG) 2 ie ie aC toe es ea (3.301) 
«0 t 
A key question is: does the integral exist (for suitable f) because of the smallness of 
f(x—t) —f(«+ 8) in the limit t > 0, or is something more fundamental in play? 
Consider the following simple examples. Suppose f is a constant c, then 


n€. 


f(x) = — ait 


We >0 Je 


dt = 0, (3.302) 


or, if f(x) = sin ax, for a > 0, then 


© gi —?t)-si t 
Hf) = tim, f sin a(x — ft) sin a(x + dq 
I. : oS t— t °° sin at 
= — lim {sina Soe eee dt 2eosax | daa a| 
I e>0 6 t € t 


dt 


2 cos ax ie sin at 
0 t 


= —cos ax. (3.303) 


me 


In the first example with f a constant, the integral does not diverge in the limit e > 0 
because of the obvious cancellation that occurs. In the second example, the factor 
f(x —t) —f(« +f) breaks up into two parts, one contribution that cancels to zero, 
and the second term having a limit ¢ — 0 that is well defined. So, for both of 
these examples, cancellation effects in part or in whole play a key role in obtaining a 
non-divergent result for the Hilbert transform. 

Similar considerations apply to the case of the Hilbert transform for periodic func- 
tions, which can be written assuming the function f has a period of 27, in the 
form 


Hf (x) = Pf fo cat 500 — ofa 


= 5 tim [ (fa@-d - foot opoot( 5 Jar (3.304) 


27 « 
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The discussion can be simplified in the following manner. First note the behavior of 
cot(t/2) for small values of t: 


t oe | 4 
cot( =) => — E+ 01"), ast > 0, (3.305) 


which can be easily obtained using the standard series expansions for sin x and cos x. 
Hence 


1 oft ‘ 
Ff (x) = = | {fa-D—-fat+d} {<or(5) = “fa 
a 


W e—>0 t 


(3.306) 


The first integral on the right-hand side of this result is bounded; there is no difficulty 
with the integrand as ¢ > 0, by virtue of Eq. (3.305). This means attention can be 
focused on the simpler looking second integral, which has an obvious similarity to 
Eq. (3.301). This integral is revisited momentarily. 

In general, the existence of Hf or Hf depends on an interference of positive and 
negative contributions, rather than the smallness of f(x — t) — f(x + f) for small 
|t|. To demonstrate this, consider the second integral in Eq. (3.306), but with two 
changes. Set 


sie 
Ide, ee (3.307) 


Ose t 


Changing the upper limit of integration results in no loss of generality (f now has 
period one). The absolute value prevents any possible interference effect between 
positive and negative contributions to the integral. It will now be demonstrated that 
there are choices for the function f for which this integral diverges for every value 
of x. Let f(x) satisfy the following conditions: 


(i) f is a continuous periodic function with period one, 
(ii) [f@)| < 1, 
(iii) |f(@ +t) —f(x)| < etl, for a positive constant c, 

; 1 [f@x + nt) —f (nx — nt)|dt 
(iv) fi-1 ; ~ logn 


As an example, consider the periodic function shown in Figure 3.10, which is 


4x, O<x<1/4 


f@)= 5, 4<x<l. 


(3.308) 
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1 


-4 =) 0 2 4 


Figure 3.10. Function satisfying conditions (i)-(iv). 


Let C,C;, and C2 denote positive constants, not necessarily the same at each 
occurrence. It will first be shown that 


: t)- —nt)|dt 
/ een) Lu NEE Sigs (3.309) 
na! 
and 
} t)— —nt)|dt 
i: Leese) Las TNE Ae tote (3.310) 
0 
forn = 2,3,.... The function f satisfies the following two inequalities: 
1 
0<Q</ Ifa@+h—f@—dldt, forx € [0,1], (3.311) 
0 
and 
1 
/ If@+o—f@—dldt < 2. (3.312) 
0 


The integral in Eq. (3.309) can be rearranged as follows: 


I -[ | f (nx + nt) — f (nx — nt)\dt 
an n-} t 


7 i: f(x + y) — fax — y)Idy 


1 


y: 
2 3 4 _ _ 
-| +f +f ve f(nx as 
1 2 3 y 
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-[ [f(ax + t+ 1) —f(mx —t— 1)|dt 
0 


t+1 
ie [f(ax + t+ 2) —f (nx —t — 2)|dt 
+ 
0 t+2 
+f fe t4+3) fem —t—3lde 
0 t+3 
1 n—| 1 
x) | f (nx + t) = poof an (3.313) 


where the periodic nature of the function has been employed in the last step. Since 
k+1>k+t fort € [0,1], 


a > + (3.314) 
k=1 ee k=2 k 
Now, log(1 + x) < x for x > —1, and hence 
log| 1+ : < : (3.315) 
og k _ k’ . 
and therefore 
1 | 
Y > log( 1+ rap aee (3.316) 
k=2 k=2 
and so 
Gerson eu (3.317) 
) og{ —— -, ; 
ia s 7 k=2 3 


where C is a positive constant. Inserting this result into Eq. (3.313) and using 
Eq. (3.311) yields 


In = Clogn. (3.318) 


This completes the demonstration of Eq. (3.309) and establishes property (iv). To 
prove Eq. (3.310), split the integration interval as follows: 


t t 


+f | f (nx + nt) — f (nx — nt)|dt 
nol is 


i | f (nx + nt) — f (nx — nt)|dt af | f (nx + nt) — f (nx — nt)|dt 
0 0 


. (3.319) 
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Using Eq. (3.312) yields 


5 | f (nx + nt) — f (nx — nt)\dt 


: < Clogn, (3.320) 
-1 


and 


ie ‘(fax + nt) = f (nx = nt)idt _ fi fax + y) — f (ax — yyy 
0 t 0 y 


_ a fax + y) — fax) — (f x = y) — f(a) jd 
0 y 


: a flax +y) ~fax)idy i If (nx = y) —f (ax) idy 
~ Jo y 0 v 


<2, (3531) 


where condition (iii) has been used. Combining this result with Eq. (3.320) leads to 
Eq. (3.310). 
Define the function 


[oe 
g(x) = D agf (nex), (3.322) 
k=1 
where a; > 0,n, € N, and ny < no < n3--- . Now, 


ae t t 
k 


[ BGO SeE SDI. y i | Ala +O} — Saja — 3 Ide 
=Ya |, 
y j=l nk 


= ak 


[ If {nee +} —f {nex — O} dt 
= t 


= 1 | fla +O} —f {nj — D}|de 
4p 3 aw | | fn : Lj | 
j=l ny 


(GFK) 


= ak 


i: Lf {ne (x + D)} —f {ex — D} dt 
1 


= t 
k 
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= y af lf {aj + OD} —f{nj(x — O}\dt 
J p-1 
=i ny 


t 


j= 
G#k) 
k-1 
> arC logng — Ci Soa log nj 
gal 
3 of) [Alay @ +9} —S lye — p} de 
= oar : 
j=k+l i 


(3.323) 


where Eqs. (3.309) and (3.310) have been used to write the last result. Making use of 
condition (ii) yields 


1 k-1 oe) 
(x +t) — g(x — t)\d¢ 
[, Ig = > agC logng — Cy ¥ > aj log nj — 2 log ng SS qj. 
ny j=l jok+l 
(3.324) 
Now consider the choice 
1 (k1)2 
ay = Rv’ n= 2 5 (3.325) 
then, 
' Ie@+to—g(x—dldt = aaa | 
_ = ; 
a : > log2 4 Ch!— C, YU! 2)? YO ae 
ny il j=k+1 
(3.326) 
and hence 
| (ge t+O-e@—oldt SS, aes, 
be > k!log GaGa Daa 2327) 
k j=l j=k+1 


In the limit k — ov, it follows that 


(3.328) 


1 
x+0-—g@—dldt 
Is@+)-s@—Didt 
0 
It has therefore been proved that there are cases where cancellation effects of the pos- 
itive and negative contributions are an essential ingredient in obtaining a convergent 
result for the Hilbert transform. 
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Notes 


§3.2 Levinson and Redheffer (1970) gave a concise readable account on the Poisson 
formulas. Kober (1971) discussed the Poisson operator Pa, 


p eae ee f (dt ae! cf (dt 1 cf (dt 
af =< Sa m/l oS mf 


by taking advantage of properties of the Hilbert transform. 

§3.3 For further reading on issues related to the topics covered in this section, see, 
Weiss (1965), Zygmund (1968), and Koosis (1998). A further refinement on the 
developments of Section 3.3.1 is a consideration of the behavior of f(z) in the limit 
z — e'° on the boundary of the unit disc. Koosis (1998, chap. 1) gives a detailed 
discussion on this limit. 

§3.4 A proof of the existence of the Hilbert transform, actually a finite Hilbert 
transform, without recourse to the theory of complex variables, is due to Besicovitch 
(1926). An extension of Besicovitch’s approach to deal with the Stieltjes integral 
analog is due to Pollard (1926). Wood (1929) established the Hilbert transform pair 
for functions that satisfy a Lipschitz condition of order aw withO < a < 1. The Cauchy 
paper cited in this section can also be found in his collected works: Cauchy (1958). 
§3.6 For further reading on the Cauchy integral, see Roos (1969), Henrici (1986), 
and Muskhelishvili (1992). More advanced presentations can be found in Bell (1992) 
and Cima, Matheson, and Ross (2006). 

§3.9 A review of Hilbert’s contributions to integral equations, including Hilbert 
transforms on the circle, is given by Hellinger (1935). For some further reading 
on conjugate functions, see Tauber (1891), Tamarkin (1931), Tsereteli (1977), and 
Lukashenko (2006). 

§3.12 Titchmarsh (1925a, 1948) discusses the conjugate trigonometric integral 
approach to evaluating Hilbert transform pairs. For a discussion of the convergence 
of a Fourier series and its allied series, see Young (1911) and Hobson (1926, p. 692). 
§3.13 For further reading on conjugate series, see Tauber (1891), Pringsheim 
(1900), Priwaloff (alternative and more common spelling is Privalov) (1916a, 
1916b, 1916c), Hardy (1926, 1937), Hardy and Littlewood (1929), Smirnoff (1929), 
Titchmarsh (1929), Paley and Wiener (1933), and Zygmund (1934, 1968). A review 
of some of the early work is given by Hilb and Riesz (1924). 

§3.14 For additional reading on the Hilbert transform of periodic functions, see 
Butzer and Nessel (1971, Chap. 9) and Pandey (1996). For a discussion of the Hilbert 
transform of periodic functions with arbitrary period (as in Eq. (3.286)), see Pandey 
(1996) and also Papoulis (1973). 

§3.15 The behavior of the integral given in Eq. (3.307) and the second integral in 
Eq. (3.306) was studied by Lusin (1913) and later by Titchmarsh (1925b), Hardy 
and Littlewood (1926), Kaczmarz (1931, 1932), and Marcinkiewicz (1936). Good 
textbook accounts can be found in particular in Zygmund (1968, Vol. I, p. 133), 
upon which the discussion of the second half of this section in based, and also 
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in Torchinsky (1986, p. 62) and Koosis (1998, p. 25). See also Davis and Chang 
(1987, p. 34). 


Exercises 
3.1 Determine the Hilbert transforms Hf (x) for the following choices: 
(i) f@) = a0? +2)"; 
“3 x+a 
(ii) fx) = Gior te 
ili = 
OY IO = POD) 
making use of contour integration techniques, and specify the necessary 
constraints on the constants a and b that appear. 
3.2 Calculate the Hilbert transforms of sin2” ax and sin2”*! ax for integer n > 0, 
where a is a constant. Hence, or otherwise, show that 
; 5 sgn a 
(i) A (sin? ax) = — 16 (cos 5ax — 5 cos 3ax + 10cos ax); 
7 a6 sgna_. 
(ii) H(sin® ax) = — yy (sin 6ax — 6 sin 4ax + 15 sin 2ax). 
3.3 Determine the Hilbert transform of cos” ax for integer n > 0, where a is a 
constant. Hence, or otherwise, show that 
P sgna_. 
(i) H (cos? ax) = 16 (sin Sax + 5 sin 3ax + 10 sin ax); 
Fe 6 sgna. ; ; 
(ii) H(cos® ax) = ry) (sin 6ax + 6 sin 4ax + 15 sin 2ax). 
3.4 Evaluate the Hilbert transform of the characteristic function x[a,p). 
3.5 Determine the Hilbert transforms of the following functions: 
: 1, x rational 
O70 i x irrational; 
as 0, x rational 
I= i x irrational; 
0, x|>1 
(iii) f(x) = 41, xrational, |x| <1 
0, x irrational, |x| < 1, 
0, x) > 1 
(iv) f(x) = 41, x irrational, |x| < 1 
0, xrational, |x| <1. 
3.6 If P(x, y) and O(x, y) denote the Poisson and conjugate Poisson kernels on R, 


respectively, show that HP(t, y)(x) = O(,y) and HO(t, y)(x) = —P(x, y). 
3.7 Starting with the definition 


ga)= oP TO) ae 
ua -ox-t 


_ 
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show that 
| Ey ec x 
g(x) = -| f'(#) log]! = = |a¢ 
a eee t 
Using the definition of g given in Exercise 3.7, show that 
1d se x 
= —— t)l 1 - lat 
g(x) va | Oboe ; 


If f(x) is periodic and 


ee) 


fwm~ ye (ay cosnx + by, sin nx), 


n=1 
and the conjugate series takes the form 


[ee 


g(x) ~ xe sin ax + by cos nx), 


n=1 


show that the following hold for almost all x: 


gX)= Pf fi cot( *) ar 
f= Pf g(t) cot( ")a 
Qn JL 


What additional assumptions are needed on the function f? 
For the following conjugate pairs, decide if both are Fourier series. Take x 
to be in the interval 0 < x < 27. Comment on whether the series represent 
continuous or discontinuous functions. 

sinnx 2 cosnx 


i ¥ y 


na Nlogn’ ;=) nlogn’ 


© sinnx © cosnx 
(ii) x To ye . 
ogn’ (25 logn 


Starting with the integral 


tim [17 career ae ny ot( 5 ar, 


cast the result in terms of the function w(s, t), defined by 


t 
w(s,t) = i f+») —f6 — dy, 
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and hence determine a condition on the function y(s, ¢) in order that the first 
integral is convergent. 

If f(z) is a rational function that is analytic for y > 0 or for y < 0, and 
f(z) = O(\z|~*) as z > 00, show that f°. f(x)dx = 0. 

Let f(z) be a rational function which vanishes at infinity and is analytic for 
y => 0. Show that Hf (x) = —if (x). 

Evaluate Hf (x) for f(s) = sin? ns with na positive integer. 

Evaluate Hf (x) for f(s) = s. 

For f (x) = cosax with w a real constant, evaluate g,(x) = H; f(x) and show 
that g-(x) > sgna sinax ase > 0+. 

If f ¢ L?(R) for 1 < p < ov, show that g(x) = Hf (x) holds for almost all x 
and g € L?(R). 

Iff € Lipa for 0 < a < 1 on every bounded interval, and vanishes regularly 
at infinity, show that g(x) = Hf (x) holds for almost all x and g € Lipa. 

If f(x) = (x? + a”)! with w > 0, evaluate 


ef ds p °° f (t)dt 


-~co SX 9 S—t 


If f(x) = (x? + a”)! with w > 0, evaluate 


arf log 1 = | fdr. 


For a > 0, evaluate 


1 1 
Py cot| 7” Jax f cot|* ce 2 | sinay ay 
=] 2 1 2: 


By choosing a suitable contour integral, determine the Hilbert transform pair 
arising from the function f(z) = (z+ + «*4)~! fora > 0. 


4 


Some basic properties of the Hilbert transform 


4.1 Introduction 


In this chapter, the longest of the book, some of the basic properties of the Hilbert 
transform that will prove to be of use in later applications, or are of intrinsic interest, 
are collected together. In the course of examining these properties, a number of 
strategies for the evaluation of the Hilbert transform of different classes of functions 
will emerge. For quite a few properties, it is very useful to think of the Hilbert 
transform as an operator acting on a suitable function. This allows a number of 
operator-type identities to be written, without focusing on the function. The discussion 
of one key property, the connection between the Hilbert and Fourier transforms, is 
postponed until Chapter 5, where the relationship of the Hilbert transform to some of 
the other common transforms is treated in detail. 


4.1.1 Complex conjugation property 


The simplest self-evident property is that the Hilbert transform of a real function 
results in a real function. The Hilbert transform operator commutes with complex 
conjugation, that is 


(Hf*) = (Hf)", (4.1) 
where * denotes the complex conjugate operation. 


4.1.2 Linearity 


An important property of the Hilbert transform operator is that it is a linear operator. 
A linear operator L is a mapping from a vector space X into a vector space Y, written 
L:X — Y, such that for constants a, 6 € C, and functions f, g €_X, then 


L{af + Bg} =aLf + Blg. (4.2) 
For constants a, 6 € C and functions f and g, it follows that 
Hi{af (x) + Bg(x)} = wHf (x) + BHg(x). (4.3) 
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In the preceding result, the separate integrals are assumed to exist, and this is true if 
the functions belong to the class L?(R) for 1 < p. The latter condition can be replaced 
by one where the functions satisfy a suitable asymptotic constraint as |x| ~ +0, 
and are uniformly Hélder continuous on every finite interval of R. 


4.2 Hilbert transforms of even or odd functions 


In practical applications it is often most convenient to express the Hilbert transforms 
on R*. From the definition of the Hilbert transform, it follows that 


nfs) = —P | {o> by, (4.4) 
x Jo xXx—-y x+y 


If f(x) is an even function, f(—x) = f (x), then Eq. (4.4) simplifies to 


Hf) =P / < 
0 


IU 


if ae dy; (4.5) 


x 
if f(x) is an odd function, f(—x) = —f (x), then 


° yf (y) 


x2 —y2 


Af (x) = =P | dy. (4.6) 
ur JO 
Hence, the Hilbert transform of an even function yields an odd function, and the 
Hilbert transform of an odd function gives an even function. This is the parity prop- 
erty of the Hilbert transform operator. Equations (4.5) and (4.6) are the forms of 
the Hilbert transforms most commonly seen in a variety of applications, where the 
symmetry properties of the function, that is its even or odd character, are known. In 
many applications the variable of interest is a frequency, in which case the interval 
required is [0, oo). In this situation Eqs. (4.5) and (4.6) are the most useful results. 
In general, f (x) can be expressed in the following form: 


SF (x) = fe) + fo(x), (4.7) 
where fe(x) and f5(x) are even and odd functions, defined by 
1 
fe(x) = 7) eGo) e (4.8) 
1 
fo(x) = xf) Spl )). (4.9) 


The Hilbert transform of f(x) can then be written as follows: 


Af (x) = 2p i, e wellns coos (4.10) 
ar JO 


x“ —S 
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When dealing with the Hilbert transform of even or odd functions, it is convenient to 
introduce the following notation: 


Hi@soPT- On dy (4.11) 
1 x7 y 
and 
2 [o@) 
Hof (x) = <P / zh y 2 dy. (4.12) 
Iv 0 xy 


Iff is an even function, then Hf = H,f, and if f is an odd function then Hf = Hf. 
The reader should not confuse these abbreviations with the notation for the truncated 
Hilbert transform defined in Eq. (3.3). The particular choice of subscript and the 
context will always make it clear which operator is being discussed. These notational 
abbreviations will be employed in some of the following sections of this and later 
chapters. 

Asituation that arises in practical applications is the following. Suppose f is analytic 
in the upper half complex plane, vanishes at infinity like z~!~° with 6 > 0, and on 
the real axis f(x) = u(x) + iv(x), with u € L?, and v € JP for 1 < p < ow. If u(x) 
is an even function, then it follows immediately from the even—odd properties of the 
Hilbert transform that 


i v(x)dx = fi Hu(x)dx = 0. (4.13) 


Actually, a more general result is known, and this is discussed in Section 4.12. 


4.3 Skew-symmetric character of Hilbert transform pairs 


The Hilbert transforms of a pair of conjugate functions f and g are as follows: 


fo) = -tp sds (4.14) 
TU -_9~9 xX-t 
and 
g(x) = apf LOM (4.15) 
ue 0 X—F 


which are obviously skew-symmetric, that is, if Hf (x) = g(x), then Hg(x) = —f (x). 
This sign change could be eliminated by the substitution h(x) = f (—x); then 


A(x) = af gat (4.16) 


ON ti 
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and 


_ °° h(t)dt 
gQ) = af Fag (4.17) 


The transform pair now has a more symmetric appearance. This form of the trans- 
forms is less commonly employed. The formulas Hf (x) = g(x) and Hg(x) = —f (x) 
are regarded as being reciprocal relations of one another, that is, the two equations 
constitute a reciprocal pair. 


4.4 Inversion property 
Since Hf (x) = g(x) implies Hg(x) = —f (x), then 


Hf (x) = H(Af)(x) = f(a), ae. (4.18) 


This is referred to as the inversion formula for the Hilbert transform, and it is also 
called the iteration property for the Hilbert transform. In the remainder of this book 
both names will be used synonymously. If the definition of the Hilbert transform had 
been modified so that the factor 1~! was replaced by (i)~!, then the minus sign 
would be removed from the preceding equation. The drawback with this modification 
is that the Hilbert transform ofa real-valued function would become a complex-valued 
function. The conditions that f must satisfy in order that Eq. (4.18) hold can be stated 
by anticipating a result that is developed fully in Section 4.20. If f € L? for p > 1, 
then g = Hf é L?. Using this result, it is clear that functions belonging to the class 
LP (for p > 1) satisfy Eq. (4.18). If an additional assumption is made for the case 
p = 1, that is, iff ¢ L and Hf € L, then functions of the class L are also included. It 
is not difficult to find examples that do not fit this last assumption. 

One approach to Eq. (4.18) is via Fourier transform methods, and this is dis- 
cussed later in Section 5.2. Another approach follows directly from Eqs. (4.14) and 
(4.15): this pair of equations being obtained by complex variable techniques along 
the lines detailed in Chapter 3. Note that a complex variable proof forces additional 
requirements on the function f. An essential condition is that f is analytic in an 
appropriate region of the complex plane. 

A simplified approach to obtain Eq. (4.18) makes use of the Hardy—Poincaré— 
Bertrand formula, which takes the following form: 


Lp [2 goby f° 20) gpa tp [* pony! 
x Jox-t mW Joy-x a X 
= 41) 
«Pf OP — ar onl, (4.19) 


where $1 (x) and ¢2(x) belong to the classes L? and L’, respectively, with the expo- 
nents satisfying 1 < p < 00,1 <q < w,andp"!+q7! = 1. Let dix) =e” 
with a > 0, and set d2(y) = f(y). The function ¢ (x) is going to be treated as a 
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convergence factor. From Eq. (4.19) it follows that 


oo 4—ax2 ee) oo 
Lp f e apf LO ay = 1p f soayt 
TU 65 4 


a -co xX-t -~o y-Xx 


oo ena? dx iG 


Now, 


[o,@) Se de ] [o,@) ena e 
P / = P / + dx. (4.21) 
co (x-D(y-x) yt Jo [x-t yx 
If the limit a — 0+ is examined, then the last integral evaluates to zero, and 
Eq. (4.20) becomes 


Pf a ~pf 2 dy = -f(0), (4.22) 


ue wo l-xT -~o X—y 


or, in compact notation, 
HHf (t) = —f (0), (4.23) 
which is the desired result. The reader is invited to examine critically the validity of 


taking lim a > 0-+ inside the integral in the preceding sequence of steps. 
The obvious extension of Eq. (4.18) becomes, for non-negative integer n, 


(C17) for n even 
H" = : : 
£@) eneieeay for n odd. G29) 
This can be proved by repeated application of Eq. (4.18). 
From Eq. (4.18) the operator equivalence can be written as follows: 
H* = -I, (4.25) 


where J denotes the identity operator. From this result the inverse Hilbert transform 
operator can be written symbolically as 


H-'|=-H, (4.26) 
and so 


H(Hf)\(@) =f (x) = —=P f- HOS (4.27) 


-o x-t 
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4.5 Scale changes 


In this section the question of how the Hilbert transform changes with various linear 
and nonlinear changes of scale is considered. Some of the results are particularly 
useful to evaluate analytically a number of recalcitrant Hilbert transforms. 


4.5.1 Linear scale changes 


The following three properties are straightforward to prove. If g(x) = Hf (x), then 


Aff (ax) = g(ax), a>O, (4.28) 
Af (—ax) = —g(—ax), a> 0, (4.29) 

and 
Af (ax+ 6b) =sgnag(ax+b), beER. (4.30) 


The last result can be established as follows. Set h(x) = f(ax + b); it follows that 


Hf (ax + b) = Hh(x) = af h(s)ds 


9 X¥—S 


tp [* fas + b)ds 
IT 


Leo as 


1 (oe) 
| fat , fora>0 


= a Jioax+b-t 
= i & 
ey EO , fora<0 
HT Joaxt+tb-t 
= sena g(ax+b). (4.31) 


Equations (4.28) and (4.29) follow directly with the obvious choice of a and b. 


4.5.2 Some nonlinear scale transformations for the Hilbert transform 


The preceding considerations can be extended to cover some nonlinear changes of 
scale. Hardy (1908) and Glasser (1984) have discussed some of the results that are 
presented in this subsection. In the following development, it will be assumed that the 
Hilbert transform of the function f exists. The function Hf[¢ (x)] is now investigated 
by starting with the case 


o(s)=s7l. (4.32) 
First split the integration interval, then 


© flb(s)|ds 


xXx—S 


o Fig) +op [FeO (4.33) 
0 


Aflo(x)] = 


J 
x—S x—S 
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and, with the change of variable s~! = t, 


0 [o,@) 
wyocn= tp f LOK 4 tp f° Lom 


RANE hay (x — li 
oes) ae Mee: ll wa 4.34 
ae [a -7frow. (4.34) 
and hence 
Af (o(x)] = Hf (0) — {HP}I@@)], for (s) = s7!. (4.35) 


For the case #(s) = as~! with a > 0, the preceding argument follows in exactly the 
same manner and Eq. (4.35) is obtained. For the case that a is a real constant, 


Afb (x)] = sgn a{Hf (0) — {AP }LG @O)I. (4.36) 


For the choice ¢(s) = a/(s + b), with a > 0, it follows that 


Hie@l= © fIg¢(s)Ids 
x—S 
—b lee) 
= i: flgb(s)|ds ti Pf Ale @lds (437) 
XK Jio xX-S xz Jip x-S 


and, with the change of variable ¢(s) = ¢, 


@ oo f (t)dt 
Hloon=2Pf Ae (4.38) 


and hence Eq. (4.35) follows for this more general choice. If ¢(s) = a+ b/(s+c), 
with b > 0, then 


Hflé(@)] = Hf (@ — {API[¢ @)]. (4.39) 
Consider the choice 
o(s)=s—s7!; (4.40) 
then 
1 2 ds 
1b 0o)] P| S19 (s)] 
uw Jo xX-S 
0 lee) 
_ Pf So (s)]ds i Pf FId(s) lds (4.41) 
wT Jo XxX-S x Jo x-—Ss 
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Using the change of variables s = t/2—t ands = t/24+1, witht = /(t?/4 + 1), in 
the first and second integrals on the right-hand side of Eq. (4.41), respectively, then 


a) W5(t) nip 
IO wel” ane 


with w1(t) = t/2 +7 and wo(t) = t/2 — t. Hence 


] [o,@) 
Af{o(x)] = =P | ro| 


Oe ee 1/2+t/4 1/2-t/4 
Hftoo = —P [ ro| /2+4/4t / an 


x—(t/2+1) | x—(t/2—7) 


= Pf mee (4.43) 
ue 99 X—-x ' - ft 
and 
Af {do (x)] = {Af }1b I. (4.44) 


The case $(s) = as — bs—!, for a > 0, b > 0, leads in exactly the same manner to 
Eq. (4.44). 
Glasser (1984) gave a further generalization of the latter case. If 


n—1 


o)=s-)- “| for aj > 0, (4.45) 


bj’ 
j=l d 


then Eq. (4.44) holds. Glasser’s proof is now sketched. To avoid unnecessary com- 
plications, it will be assumed that the evaluation point x does not coincide with 
any 5;, and, without loss of generality, the b; are ordered so that b; < bj41. From 
Eq. (4.45) it follows that 


n 


n—1 1 n—1 
{(s) —s} ] ] @- be) =- doa [] 6 — oe). (4.46) 
j: k=1 


k=1 j=l 


(=) 
The function G(s, u) is defined by 
n—1 n—1 n—1 
G(s,u) = (s—w) [] @- be) — Yo a T] @ — be). (4.47) 
k=1 j=l kel 
&#i) 


Equation (4.47) is an nth degree polynomial in s, which can be rewritten as 


G(s,u) = [| @— se), (4.48) 


k=l 
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where s;(u) are the roots of the polynomial. From Eqs. (4.46)-(4.48) 


n n—-1 
[ [6-s@) = @@ -» [ [@-dp, (4.49) 
k=1 k=1 
and it follows that 
n n—1 
x [[e- wo} = log{o(s) — u} + x [[e- oo| (4.50) 
k=) k=1 
and hence 
n n—1 
Y“ log(s — sg (w)) = log{g(s) — u} + > log(s — bx). (4.51) 
k=1 k=1 
Differentiating with respect to u yields 
2 (4.52) 
s—seu) p(s) —u 


k=1 


which is a key result needed in the next step. It may be helpful for the reader 
to examine a concrete example. If u = s — a\(s — b,)~!, with aj = 1 and 
b, = 2, then the roots are ~ —0.4142 and 2.4142, and the functions s;,(w) are as 
follows: s1(u) = (1/2) {w+ b1 — J/[(u — b1)? + 4ay]} and s2(u) = (1/2){u + b)+ 
J/tu—b it 4a]}. These two functions are illustrated in Figure 4.1. 


s(u) 


Figure 4.1. The two branches sj (uw) and s2(u). 
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The main part of the derivation proceeds as follows. Start by writing 


by by by lee) 
© fielder _ fof ref sep ase f | Aewoie 
x—4 cc Jot J B,J et 


(4.53) 


where by signifies the approach to 5; from the left and by denotes the approach to 5; 
from the right. On introducing the change of variable u = (ft), 


apf S{¢@ Ide m {Pf f (u)s\ (u)du +Pf f (u)s(u)du 
1 ~oo X— $1 (u) ~oo X — S2(u) 


Bes. KE a 
+Pf f (u)s5(u)du ee Pf fensetot| 


-oo ¥—53(u) co X¥ — Sn(u) 


+f” al si (uf (u)du 


m J-cofy *— Sku) 
me cf (u)du 
= oP f ve ae (4.54) 


which establishes Eq. (4.44). 

A few applications of the key formulas just derived are now examined. From the 
result H(e!) = —ie'™ for a > 0, the substitution x > (ax/a) — (B/ax) witha > 0 
and 68 > 0 leads to 


H(ei(@x- Bx) = —jeilex—bx"") (4.55) 


On taking the real and imaginary parts, 


H{cos(ax — Bx~!)} = sin(ax — Bx7'), (4.56) 
and 

H{sin(ax — Bx~!)} = — cos(ax — Bx7'). (4.57) 
These results were given by Hardy (1901, 1908). As a second example, consider 
H{x(x7+a7)~!} = —a(x?+a’)~! for Rea > 0; then the substitutionx > ax— x7! 

with a > 0, and 6 > 0 leads to 
ax? — Bx _ ax? (4.58) 

a2x4 + (a2 — 2aB)x2 + B2 a2x4 + (a2 — 2aB)x? + B2 


which can be evaluated in an alternative fashion using contour integration tech- 
niques or by resorting to a partial fraction expansion of the starting function. As 
a third example, consider the evaluation of H(sin{a(x + b)~'}) by making use of 
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Eq. (4.36). Start with the result H (e!@) = —ie' for a > 0, and use the substitution 
x —> (x + b)~!; then 


Heit)" = {—iel} 9 = (ie hepsi 
= (eat)! _ 1), (4.59) 
which leads, on taking the real and imaginary parts, to the results for x 4 —b: 
H(cos{a(x + b)~!}) = —sin{a(x + b)7!} (4.60) 
and 
H(sin{a(x + b)~'}) = cos{a(x + b)7!} = 1. (4.61) 


This section is concluded with an observation of Glasser (1984), who gave the 
following result: 


Hf (x — cot x7!) = Af (0) — {Hf }(x — cot x7!) (4.62) 


for continuous functions for which the Hilbert transform is defined. This can be 


proved by first noting that Eq. (4.35) holds for @(s) = zl aj/(s + bj), with aj > 0. 


The proof of this result runs in a very similar fashion to the approach shown in 
Eqs. (4.45)-(4.54). If the expansion 


= 1 
=o 
x—cotx = ax) pea 
J=1 
: Te 'T 1 1 
= im 2 Daa {- —j-i_71 F x+j— x7! | (4.63) 
j=! 


is employed, then Eq. (4.62) follows. The details are left as an exercise for the reader. 


4.6 Translation, dilation, and reflection operators 


Set g = Hf and let tz denote an operator that produces a translation by an amount a, 
that is 


taf (x) =f(x—a), foraeR, (4.64) 
then the Hilbert transform operator and the translation operator t, commute so that 


Ataf (x) = talf (x) = g(x — a). (4.65) 
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Recall from Section 2.10 that the commutator for two operators a and # is 
defined by 


[a, 6] = ap — Ba. (4.66) 
The anti-commutator is defined as 
{a, 8} = a6 + Ba. (4.67) 
Therefore, Eq. (4.65) can be recast in operator notation as 
[H, ta] = 0. (4.68) 
An operator T which satisfies 
Ttaf (*) = taf (x) (4.69) 


is termed a translation-invariant operator. Clearly the Hilbert transform operator is 
an example of such an operator. 

Let S, denote the homothetic operator that produces a stretching (or shrinkage) of 
the coordinates, that is 


Saf (x) =f(ax), fora > 0. (4.70) 


The operator S, is also referred to as the dilation operator. The Hilbert transform 
operator commutes with S, so that 


ASa f (x) = Salf (x) = g(ax). (4.71) 
In operator notation this takes the form 
[H, Sa] = 0. (4.72) 
Let R denote the reflection operator, defined by 
Rg(x) = g(x), (4.73) 
then 
FIRf (x) = —RHf (x) = —g(—x). (4.74) 


That is, the Hilbert transform operator anti-commutes with the reflection operator. 
In operator notation, 


{H, R} = 0. (4.75) 
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The translation operator is isometric; that is, for f € L? (IR), then 


taf llp = If llp- (4.76) 


A slight modification of the definition of the dilation operator can be made by writing 
for functions in Z?(R), 


Sig(x) = a? g(ax), fora > 0. (4.77) 
This modified definition of the dilation operator leads to 
|Scfll, = lI Ip- (4.78) 


An operator that commutes with the translation operator must be of the form of 
a difference operator. If 0 denotes the integral operator defined by 


Of (x) = Pf. k(x, y)f(y)dy, forx € R, (4.79) 


and [0,t,] = 0, then the kernel function k(x,y) is a function of the difference 
coordinate x — y, that is, 


k(x, y) = g(x — y). (4.80) 
If 6 commutes with the dilation operator, [6, S,] = 0, then 
k(ax,ay) =a 'k(x,y), fora > 0. (4.81) 


Clearly both these conditions hold when 6 is the Hilbert transform operator. 

The translation and dilation properties are important for characterizing the Hilbert 
transform operator. If 1 < p < oo and the bounded linear operator 0 acts on functions 
of the class /?(R) and commutes with both translations and positive dilations, then 


6 =al + bH, (4.82) 


where J is the identity operator and a and b are constants. The reader is reminded that 
an operator 6 in a linear space £, whose domain is Dg C L, is bounded iff 


lOfll<Mlf ll, forall f € Do, (4.83) 


where M is a non-negative constant. For functions f € 2? (IR), the p-norm version of 
the last result is 


loll, <M If lp (4.84) 


The Hilbert transform operator is a bounded operator for p > 1; this is proved in 
Section 4.20. The norm of a bounded linear operator, denoted ||6]|, is equal to the 
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greatest lower bound of all M (the inf) for which Eq. (4.83) holds. For functions in 
L?(R) and 6 equal to the Hilbert transform operator, Eq. (4.84) is an equality with 
M = 1 (aresult discussed in Section 4.10), and so 


|Z ll2 = 1. (4.85) 


The proof of Eq. (4.82) runs along the followings lines (Stein (1970); see also 
McLean and Elliott (1988)). The following result is established in Section 5.2: 


FHf (x) = —isgn x Ff (x), (4.86) 


where ¥ denotes the Fourier transform. Suppose 0 is a bounded operator on L?(R) that 
commutes with translations and positive dilations and anti-commutes with reflection 
and negative dilations. A key starting result is 


FOf (x) = m(x) Ff (x). (4.87) 


If T is a continuous linear translation-invariant operator, then, for an appropriately 
selected function h(x),the following holds: 


Tf (x) = h(x) * fx), (4.88) 


which is a basic result from the theory of multipliers. If the Fourier transform of this 
last result is taken, and making use of the standard property for the Fourier transform 
of a convolution leads to 


Ff (x) = Fh) Ff (x). (4.89) 
On making the identifications 6 = T and m(x) = Fh(x), Eq. (4.87) is obtained. 
The function m(x) is called a multiplier. Let us set out to find its form, and along the 


way obtain a number of connections involving the Fourier transform operator and the 
dilation operator. For a > 0 it follows that 


oo . 
FS,f(x) =f flayre™ dy 
—0o 
[topo sins ef 
= -| f(ye "dy 
a J—oo 
=a!S Ff (x). (4.90) 
For a < 0, put a = —a witha > 0; then 


FSaf (x) = i f(-ay)ye“” dy 


= —a'S, Ff (x), (4.91) 
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and so 
FSaf (x) = al 'S,1 Ff (x). 

That is, 

FSq = \al\'S-1F. 
From Eq. (4.87), it follows that 

m= FOF! 

and hence that 

Sam = SgFOF~'. 
From Eq. (4.93), 

lal FS = BaF, 
and so 

Sm = |a\'FS,:0F |. 
Now, from the stated assumptions on 0, 
OSq = sgnaS,6, 


and hence 


Therefore, 
Sam =a! FOS,:F—'. 
Now, from Eq. (4.93) it follows that 
lal|F—'S, = SF, 
which, on insertion into Eq. (4.100), gives 
Sym = sgna FOF 'Sy. 
So, from Eq. (4.94) it follows that 


Sam(x) = sgn a m(x)Sa, 
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(4.92) 


(4.93) 


(4.94) 


(4.95) 


(4.96) 


(4.97) 


(4.98) 


(4.99) 


(4.100) 


(4.101) 


(4.102) 


(4.103) 
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that is, 
m(ax) = sgn a m(x)Sq. (4.104) 
Applying this operator identity to the unit function leads to the following equation: 
m(ax) = sgnam(x). (4.105) 
If only positive dilations are considered, the solution of this equation is given by 
mx) =a+ B sgnx, (4.106) 
for a and £ constants. From Eqs. (4.94) and (4.106), 
Of (x) = af (x) + BF~|{sgn w Ff (w)}(x), (4.107) 


which, on comparison with Eq. (4.86), yields Eq. (4.82). If the condition that 6 also 
anti-commutes with the reflection operator is included, then the case a = —1 is 
allowed, hence 


m(x) = B sgnx (4.108) 
is the solution of Eq. (4.105), and the operator 0 is given by 
6 = bH. (4.109) 


If the assumption that 0 commutes with positive dilations is modified to include both 
positive and negative dilations, then the only solution of Eq. (4.105) is 


m(x) =a. (4.110) 


To summarize: it has been shown that a constant multiple of the identity operator plus a 
constant multiple of the Hilbert transform operator is the only bounded linear operator 
on Z?(R) that commutes with translations and positive dilations, and a constant 
multiple of the Hilbert transform operator is the only operator that commutes with 
translations and positive dilations and reflection. The only bounded linear operator 
on Z?(R) that commutes with both translations and positive and negative dilations is 
a constant multiple of the identity operator. 


4.7 The Hilbert transform of the product x” f (x) 
If g(x) = Af (x), then 


1 [o@) 
H (xf (x)} = xg(x) — ~/ f (Ode. (4.111) 
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This result is obtained in a straightforward manner: 


Hf (x)} = “P / £0 a 
_ bp [* e-@ OO 4 
a —00 x—t 
Sep Lees [rou (4.112) 
a 9 x-t I Joo 


and hence Eq. (4.111) follows. The result generalizes for integer n > 0 as follows: 
1 n-1 oO 
F{x"f (x)} = x"g(x) — — ee), fy) "Ode, (4.113) 
m k=0 Fee 


and it is assumed that all the moments f mee tf (t)dt required for the evaluation of 
the sum converge. Equation (4.113) will be referred to as the moment formula for the 
Hilbert transform. If x” f(x) € L?(R), 1 < p < o, then the moment formula holds. 
The preceding result is obtained in the following manner: 


H{x"f (x)} = apf LO ay 


_ Pf feMLG/)" — WFO oy 


WU —oo x—t 


n—1 
oo BEX - DY CYTO 
ist dt 


fase ell 1 
= x'g(x) + 
TW J—oo x—t 


n—-1 00 
= x" g(x) — - pea / tif (t)dt, (4.114) 
j=0 ce 


and, with the change of summation index k = n —j — 1, the result in Eq. (4.113) is 
obtained. In Eq. (4.113) the standard summation convention, 


P 
S> hg = 0, for m > p, (4.115) 


k=m 


is assumed. As an example, consider the evaluation of 1 {2M @} for n a non- 
: 2 : 
negative integer and a > 0. Setting G(a,x) = H(e“ ) and applying Eq. (4.113) 
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leads to 


pos 


H{x2"e —ax? } = x"Gla, x) as oe ed pr 1-k gaat dt 


n—1 oO 
= x""G(a,x) — — an / POTD ea? dy. (4.116) 
# 5=0 ae 


where the summation index substitution A = 27 + 1 has been employed and the fact 
that the integral is zero for even values of k has been utilized. The result can be written 
as follows: 


ame 0° 
2 2; 2 
Hi{x2"e7 } = x"G(a,x) fant ne dX y2n—2k-1 i prkenat dt 
1s 


0 


rk + 1/2 
= x2"G(a,x) — 1s rs ae ) (4.117) 


In this derivation '(m) denotes the gamma function, defined by 
[o,@) 
r@= if t? 'e'dt, forRez> 0. (4.118) 
0 


The gamma function appearing in Eq. (4.117) can be expressed in terms of the double 
factorial function as follows: 


2"P(m + 1/2) 
ft 


and, for completeness, m!! is given by 


Om = W418 365 oe (2m—1), form>1, (4.119) 


(2m)! =2-4-6+--+- (2m) = 2”m!. (4.120) 


The determination of G(a,x) is considered shortly; the result will be given in 
Egs. (4.148), (5.28), (5.29), and (5.33). 

The extension of Eq. (4.113) to the case of ieee powers of x is now considered. 
A function belongs to the class L! (R), written fe L! (R), if, Va < b, 


loc loc 


b 
i | f@)|dx < oo. (4.121) 


Suppose x! f(x) € L!_(R); from Eq. (4.111) it follows that 


loc 


xHh(x) = H{xh(x)} + / 7 h(t)dt, (4.122) 
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and introducing h(t) = t~!f(t) leads to 


<H {| =1po)+— [crear (4.123) 
x (oe) 


This result can be rewritten as follows: 


{| = Af (x) =A), (4.124) 
x % 
In a similar manner, suppose ers (x) € Tans (R); from Eq. (4.113) 
H{x hx) = 2 Hh(x) — ~/ A(t)dt — - | th(t)dt, (4.125) 
T Joo Ht sks 


which, on employing the substitution h(t) = t~2f (1), yields 


en{ = Hf (x) + ~ / ” rod + - / * lewae. (4.126) 


This result can be recast as follows: 


5 (4.127) 
xX 


nf _ Af (x) — xH{t~'f(t)}(0) — Hf (0) 
x2 f : 


A pair of examples will illustrate the application of Eqs. (4.124) and (4.127). If 
f(x) = sin ax for a > 0, then 


sin ax ; 1 f% sinax dx 
xH | —— ) = H(sinax) + — 
x H Jo x 


= —cosax + 1, (4.128) 


and hence 


a(=*) _ 1 — eos ax (4.129) 
To evaluate H(x~? sin? ax) for a > 0, set f@M= sin’ ax; then 


aD OO asd 
sin dx 
eu") = H(sin? ax) + ~/ —— 
x ua 


-_ x 


+ — 
an ee x 


iT OOn a2 
/ ae (4.130) 


164 Basic properties of the Hilbert transform 


The last integral on the right-hand side of Eq. (4.130) is zero (the integrand is an odd 
function) and the other integral simplifies using integration by parts to yield 


© sin? ax dx °° sin 2ax dx 
—— = ——— =74. (4.131) 
= x Migs x 
Making use of H (sin? ax) = —(1/2) sin 2ax leads to 
(=) = 2ax — sin a (4.132) 
x 2x2 


In a similar fashion to the development of Eq. (4.127), if x73 f(x) € ay (IR), then 


loc 
FO) 1% 1 x x 
a{ >} =Hpo+ =f" so{7+ 545 fa (4.133) 


This result can be rewritten as follows: 


a{ _ Af) — Af 0) — xH{t'f O}O) — PH {tf (O}O) 
x3 a ( 


= (4.134) 


assuming each of the separate integrals exist. For further discussion on related results, 
see Section 4.19. As an exercise, the reader might try the evaluation of H (sin? ax/x>) 
fora > 0. 

The Hilbert transform of the product (x + a)f (x) can be simplified to yield 


A{a+af@}= =P | C+afO gy 


ue —00 x—t 
s af noe ee 22 BA (4.135) 
ue —00 x—t 
and hence 
1 lee) 
H{(x + af (x)} = & + ag) — -|/ Sf (Ode. (4.136) 


The generalization H {(x + a)"f (x)} for integer n > 0 is straightforward and is left as 
an exercise for the reader. 


4.8 The Hilbert transform of derivatives 
If gx) = Af (x), then 


(4.137) 


dg(x) _ {Z| 
dx dx |- 


This result can be verified by performing integration by parts on the right-hand 
side of Eq. (4.137) and comparing the result with the Leibnitz derivative of Hf (x). 
Equation (4.137) is a statement that the Hilbert transform operator commutes with 
the differential operator. For the latter calculation, the interchange of derivative and 
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integral is justified if the integrals ite nes (Oh(x, y)/dx)dy and an -(Oh(x, y)/dx)dy con- 
verge uniformly, where h(x,y) = (x — y)~!f(y). The generalization of Eq. (4.137) 
is as follows: 


(4.138) 


dgix) fafa) 
ier | dv" | 


Some examples are now considered. The Hilbert transform of a(a? +.x*)~! fora > 0 


is x(a* + x*)—!. Differentiating both functions leads to the following result: 
2ax x —@ 
H — . 4.139 
(x? + a*)? (x? + a*)? ( ) 


Suppose the Hilbert transform of sech ax tanh ax, where a is a real constant, is to be 
evaluated. Noting that this function is the derivative of —a~! sech ax, and using the 
result 


— (-1)* 
H(sechax) = 8ax > 


, 4.140 
oh (2k + 1)?x? + 4ax? ( ) 


which is derived in Section 4. 13, it follows that, on taking the derivative of Eq. (4.140), 


k Va ae 
eS 1)"[(2k +1) Aa’x?] 


H(sech ax tanh ax) = [Ok + D'n? 4 4a 


(4.141) 


Convergence accelerator techniques would prove to be a valuable technique for the 
numerical calculation of the alternating series in Eq. (4.141). Recall from Section 
2.16 that convergence accelerator techniques avoid the direct numerical evaluation 
of the sum; instead, these methods take into consideration the asymptotic behavior of 
the series or of sums of terms in the series (or try to approximate that behavior). This 
leads to algorithms that provide a much faster method of numerical evaluation for 
slowly converging series. In summing alternating series by convergence accelerator 
techniques, a very good choice is to select a convergence accelerator incorporating an 
embedded alternating sign; for example, the Levin (1973) transform. A cancellation 
of signs is thereby obtained, and this minimizes problems associated with numerical 
round-off. The end-notes to Chapter 2 provide some useful references to pursue on 
this topic. 

The Hilbert transform of sin*” ax cos ax, where ais areal constant, can be evaluated 
most directly by noting that this function is the derivative of [(2m-+ 1)a] —1 sin? +! ay 
The Hilbert transform of sin2”*! ax can be readily evaluated by using the series 
expansion for this function, the result is as follows: 


m 

2m +1 

H(sin2"*! ax) = i Wel ( ) eostiam — 2k + 1)ax], 
k=0 


(4.142) 
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where ( ) denotes a binomial coefficient. Hence, differentiating this expression 
n 


leads to 
sena = 2m+1 
H(sin*” ax cos ax) = on = 2 yee ( ‘ om a) ato 
x sin[(2m — 2k + 1)ax]. (4.143) 


The following example utilizes both the derivative property of the Hilbert transform 
and a result from the preceding section. The Hilbert transform of the Gaussian function 
2 ‘ : 
f@) =e fora > 0 is the next order of business. Let g(x) = Hf (x); then 


dH (e-®") 
dx 
= —2aH (xe) 


g(x) = 


2 1 oe 2 
= -2af xe" )- a7 i e@ a| F (4.144) 
—oo 
where Eq. (4.111) has been used to obtain the last result. Hence 


g(x) + 2axg(x) = 27/( ); (4.145) 


a 
1 
Multiplying through by e®” transforms this equation into the following: 


d{e® g(x)} 


aie 2/(=)e*. (4.146) 


This allows the solution to be written as follows: 
x 
g(x) =e {< as 2/(=) i: et” a| (4.147) 
mu?’ Jo 


where c is an arbitrary constant. Since f(x) is an even function in this example, g(x) 
must be an odd function (recall Section 4.2), and hence c = 0; therefore 


H(e-®) = 2/(=)er™ [ "ede (4.148) 


The integral appearing in this result can be expressed in terms of the error function 
with a complex argument; this is discussed in Section 5.2 (see Eqs. (5.27)-(5.28)), 
where this example is revisited using a different computational technique. 

The preceding approach can also be applied to deal with a generalization of the 
Gaussian function. Let 


fase", forn=1,2,..., anda > 0. (4.149) 
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Employing the definitions 


Myy(a) = 2n [ Pk mal” gy — So (4.150) 
and 
Enx (a,x) = [ peel at (4.151) 
leads to 
Af (x) = see 5 Mita) (@>. (4.152) 
k=0 


This result is left as an exercise for the reader to confirm. 
The Hilbert transform of a Gaussian is closely tied to the plasma dispersion function, 
which is defined by 


2 

1 feed 

z= — | oY withIma > 0. (4.153) 
af Jag. P= a 


The reader interested in this function can find further discussion in Fried and 
Conte (1961). 

Examination of the table of Hilbert transforms that appears in Appendix 1 will 
reveal a number of examples that have been obtained by taking the derivative of 
a simpler transform pair. Either direct differentiation of a known transform or an 
indirect approach, such as the one just outlined for the Gaussian function, can be a 
very effective strategy for the evaluation of Hilbert transforms. 
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If g(x) denotes the Hilbert transform of f(x), then a convolution formula can be 
written as 


g(x) = Hf (x) = {f * kK}@), (4.154) 
where the kernel function k(x) is given by 
1 
kx) = —. (4.155) 
UX 


This convolution must be interpreted as a Cauchy principal value integral, since the 
kernel function is not integrable in E!. In the same manner as the convolution for 
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Fourier transforms was defined (see Eqs. (2.53) and (2.54)), Eq. (4.154) can be written 
as follows: 


B(x) = {f * k} x) =P] Sf (s)k(x — s)ds 


= af OS (4.156) 


oo X—S 

The Hilbert transform of a convolution of two functions can be written in terms of 

a convolution of one of the functions with the Hilbert transform of the other function, 
that is 


Hf *h} (0) = (Af *h\(x) = Ef * HA}. (4.157) 


The left-hand side of Eq. (4.157) can be expressed as follows: 
1 coo ds 6% 
H{fxh}a= <P | =| fWMh(s — u)du. (4.158) 
HK Jo X—S Joo 


Now, 


{Hf * h}(x) = -{- ‘Lawes LO nd —u)du 


==P[ ole ftu-x+s)h(x — u)du 
a ox-s 


Jee 
= —P 
mT Joo X 


=H{f *h} (x. (4.159) 


The change of order of integration in Eq. (4.159) is justified if f and / belong to the 
classes L? and L/, respectively, and if p~! + g~! = 1 (see Eq. (2.220)). Ina similar 
manner, 


Uf Hh} (x) = is =P A OS. a 


ox-u-s 


ie fu) a h(t — u)dt Aa 

a. at 
wf dt 
Tu 


= Hif «h}\(o), (4.160) 


with the change of order on integration being justified as in Eq. (4.159). 
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An alternative approach to the convolution formula is to apply a Fourier transform 
technique. For f € L7(R) and h € L(R), 


F{f x h}(x) = Ff (x) Fh(x), ae. (4.161) 
The following identity is employed: 
F Af (x) = —isgn x Ff (x), a.e., (4.162) 


which is discussed in detail in Section 5.2. From the preceding two results it follows 
that, on setting m(x) = —isgnx, 


m(x) Ff (x) Fh(x) = Fh(x) FHf (x) = F {h * Hf}(x) (4.163) 

and 
M(x) FF (x)Fh(x) = m(x)F {hx f}(x) = FA {h x f}(X); (4.164) 

then 
FH{h * f(x) = F{h* Af}(x). (4.165) 


Taking the inverse Fourier transform of this equation leads to 
Ath * f}(x) = {th Af}(x). (4.166) 
Setting g = Hf in Eq. (4.157) and applying the Hilbert transform operator leads to 
HPC f « hye) = Hg * A\(x) = (g * Hh}(x), (4.167) 
and hence 
{Hf « Hh}(x) = —{f *«h}(). (4.168) 
The Hilbert transform of the convolution of three functions can be written as 
Af *« Hh * Hk = —H{f «xhxk}. (4.169) 
This result follows in a straightforward fashion, since 
—H(f xh«k} = —Hf *{h*k} = Hf * Hh Hk. (4.170) 


Extensions of this result can be obtained in a similar manner. 
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4.10 Titchmarsh formulas of the Parseval type 


It is possible to establish relationships for the Hilbert transform which have an anal- 
ogous structure to the Parseval and Plancherel formulas of Fourier transform theory. 
Plancherel’s (Parseval’s) identity for Fourier integrals takes the following form. If 
F(@) and G(q) are the Fourier transforms of f(x) and g(x), respectively, 


1 


[ feoeenas = = fe F(@)G(w)dow. (4.171) 


The reader is reminded that the bar signifies complex conjugate. Titchmarsh (1925a; 
1926; 1948, p. 123) — see also Hardy (1932) — proved the following result. If f 
belongs to L7(R), and g is the Hilbert transform of f, then 


[o,@) [o,@) [o,@) 
[_vreores [ tewmPar= furore. (4.172) 
—0o —0o —0o 
There is a generalization of Eq. (4.172) (see Titchmarsh, 1926; 1948, p. 138) that 
takes the following form. If the functions f, and f2 belong to the classes L?! and L??, 
respectively, with p; > 1 and p2 > 1, and 


| 
—+—=1, (4.173) 
Pi Pp2 
then 
/ Si) fr(x)dx = / Hf (x) Hf (x)dx. (4.174) 


This result has a form analogous to Eq. (4.171), with the Fourier transform replaced 
by the Hilbert transform (except for the need to take the complex conjugate). This 
result has been employed in practical applications, for example to find sum rules 
for optical constants and other properties, topics that are addressed in detail in later 
chapters. Using inner product notation this last result reads 


(A f2) = (Afi, Hf). (4.175) 


Clearly, H preserves the inner product. 
A related result is (Kober, 1943b) 


/ Him poune= / fil) Hinde, (4.176) 


with the same conditions for the functions /; and fo as stated in the preceding para- 
graph. From the formula for the interchange of integration order with a principal value 
integral incorporated (see Eq. (2.220)), and on setting f(x) = f, (x) and g(x) = fo), 
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yields 


[ fiepace [POO [toner [AO (4.177) 


Inserting the definitions for Hf2(x) and Hf\(y) into this result leads to Eq. (4.176). 
Nevai (1990) has given a proof, which he attributes to Harold Widom, that Eq. (4.176) 
can be established for the functions f, € L° and fi € Llog* L(R). The latter class is 
defined by the requirement that 


/ LAG) llog* |f(x)|dx < 00, (4.178) 


with log* | i(x)| = log | fx(x)| for | f2(x)| => 1 and zero otherwise. 
Equation (4.176) can be written as follows: 


[ fists --f[ . Hfiog@x)a, (4.179) 
On setting fy(x) = He(x), 
‘A = fil) Aas =-[ 7 Hfiog(x)de 
3 a : Hf (Hf (x)dx, (4.180) 


using Hf (x) = H7g(x) = —g(x). This is Eq. (4.174). The argument can be reversed, 
thereby obtaining Eq. (4.176) from Eq. (4.174). 
Let fj =f and take fo(t,x) = x(0,x) (0), then Eq. (4.176) becomes 


i; Hf ()dt = — ip fOH X0,x (t)dt 


= ~~ f_rolr f° one ja 
TH J—oo o f—y 
= -[ 40 log]! = lar, (4.181) 
TY) 66 t 


Differentiating this with respect to x leads to 


la se 
Hf) = al 0) log]! = “lar. (4.182) 
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This constitutes a proof of Eq. (3.16). Let fj =f and take fo(t,x) = Hx(0,x) (0), then 
Eq. (4.176) becomes 


i f(@dt = / Af (t)H x0, x) (t)dt 


=f. arco, [har 
TH J—oo 0 f—y 


lL ¢* x 
= / Hf (t) log|| = a. (4.183) 
a t 


Differentiating this with respect to x leads to 
ld se 
{GS --= | Hf (1) log] = lat, (4.184) 
mw dx J_oo t 


The analog of Eq. (4.176) for the even and odd Hilbert transform operators is now 
explored. The key result is the following: iff is an even function and g is an odd 
function, then it follows directly from Eq. (4.176) that 


/ ey @OsOuts— i ” fOHog (tat. (4.185) 
0 0 


To prove this result without recourse to Eq. (4.176), start with Eq. (4.11) and use 
Eq. (4.12), to obtain 


: ey ia © f(s)ds f° f(s)ds 
i; Heflogioat = — | ear P Ricerca | | 


ee he ~gtdt f° g@dt 
ia) ORE saa, | 


= i ” ¢OteOds, (4.186) 
0 


which is the required result. The interchange of integration order can be justified 
by the use of Eq. (2.220) for the interval (0,00), or by performing the following 
calculation: 


=f soap [LS + es} 
mu Jo 0 t—s o ¢tt+s 


1 £22 °° 1 1 
=f swf tre fon] + fas 
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Le of oe 1 1 
== [oa [rose = seo] + ja 
0 0 t—s 


oT t+s 


1 ¢* a 1 1 
--=| fesyas | co| — ~ ha 


re ie asp [O80 ap f FOO a| 
0 s—t 0 


20 Jo s—t 


lee) 1 oo 
= [ f (s)Hog(s)ds + 5 / A{ fg}(s)ds 


ae / ” f(s)Hog(s)ds, (4.187) 
0 


which is the required result. The interchange of integration order does not involve 
a principal value integral. The last line of the sequence follows on employing the 
orthogonality property of the Hilbert transform, a topic that is discussed shortly 
(see Eq. (4.204)). Equation (4.185) applies for f ¢ L?(RT) and g € L4(R*), for 
p>i,q>1,andp-!+q7!=1. 

Immediate consequences of Eq. (4.185) are the following relations: 


lore) 2 
Hef (0) = a f(t) log|1 — = dt (4.188) 


and 


ld ¢® 
Agg(x) = ah g(t) log 


t—x 
——|dt. 4.189 
t+x ( ) 


To establish Eq. (4.189), set f equal to the characteristic function on the interval 
(—x, x) and zero elsewhere; then 


[ Aog(t)X(—x,x) (Ode [ toswoat 


lee) 
= ef g(t)Hex(—x,x) (dt 
oF eas * ds f* ds 
-s ff eofe f+ fle 
] lee) 
-| g(t) log 
au JO 


t—x 
——|dt. 4.190 
t+x ( ) 
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Differentiating both sides with respect to x leads to Eq. (4.189). Equation (4.188) can 
be derived in a similar fashion, starting with g(¢,x) = sgnt x(—x, x) (4), so that 


/ ” Hef Ox(Odt = i "Hef (Oat 
0 0 
a i f Hox», (dt 
1 ¢® * ds * ds 
= al role | t—s =f fa 
1 [o-e) 
=— / f() log 
T JO 


Differentiating both sides with respect to x leads to the desired result. 


x2 
1— Ide. (4.191) 


4.11 Unitary property of H 


Suppose f and g € L”(R). Recall that the operator 0+ is called the adjoint of a linear 
operator 0 if 


(O" gf) = (g, Of). (4.192) 
From Eq. (4.176), setting f, = g* and fo =f leads to 
(H* g,f) = (g,—Hf), (4.193) 
which makes it clear that the Hilbert transform operator is skew-adjoint, that is 
Ht =-H. (4.194) 


Sometimes the terminology anti-Hermitian is applied to an operator satisfying this 
last equation. In Eq. (4.26) it was demonstrated that H~' = —H, and so 


Ht =H7!, (4.195) 
Since H satisfies the isometric condition (see Eq. (4.172)), 


Hf llo = If ll. (4.196) 


and, together with the condition given in Eq. (4.195), this establishes that H is a 
unitary operator in L?. 


4.12 Orthogonality property 


The Hilbert transform satisfies an orthogonality condition. Suppose f(z) is analytic 
in the upper half complex plane and let f| (x) and fo(x) denote the real and imaginary 
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parts of f(x), respectively. If f(z) vanishes like z~” form > 1 as z oo, and is 
Hélder continuous on every finite interval of the real axis, then 


/ Ai O)f2@)dx = i: Ai @)Hfi (x)dx = 0, (4.197) 
or, in inner product notation, 


(fh,Hfi) = 0. (4.198) 


This is the orthogonality condition for the Hilbert transform. This identity finds appli- 
cation in the development of sum rules for optical constants and other properties. The 
proof of Eq. (4.198) is as follows. Consider the integral fc f (2) dz, where C is a 
semicircular contour in the upper half plane including the real axis and center the 
origin; then from the Cauchy integral theorem, 


f ford= f° fra, (4.199) 
Gc —oo 
that is 

/ {fey — fax)? + 2ift (x0) far Zc; (4.200) 


Since f2(x) = Hf (x), it follows, on separating Eq. (4.200) into real and imaginary 
parts, that 


/ fie)? dr = i (Hf @)}? dx, (4.201) 


which is Eq. (4.172), and 


/ Si @)Hfi (x)dx = 0, (4.202) 


which is the orthogonality condition. Asymmetry argument yields a more straightfor- 
ward proof when /j (x) is an even or odd function. If f| (x) is an even or odd function, 
then, by the results of Section 4.2, the integrand of Eq. (4.202) is odd, and hence the 
integral evaluates to zero. 

Let f € L? for 1 < p < cand g € L! with q the conjugate exponent; then 


[o.@) [o,@) 
\ g(x) Af (x)dx = — i Ff (x) Hg (x)dx. (4.203) 
—cC —cC 
The choice g = f yields Eq. (4.202), and the choice g = Hf yields Eq. (4.201). 
To show that both integrals in Eq. (4.203) are bounded takes advantage of the Riesz 
inequality, a topic discussed in Section 4.20. The proof of Eq. (4.203) is given at the 
start of Section 4.23. 
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This section concludes with two additional formulas. For feZ?(R) with 
l<p<2, 


[o.@) 
/ Hf (x)dx = 0. (4.204) 

—oo 

A related result is as follows: 

[o,@) x 

/ ax | SO) (y)dy = 0. (4.205) 
—cC —cC 

If f is an even function, the result in Eq. (4.204) follows immediately from the 
even—odd property of the Hilbert transform discussed in Section 4.2. For a general f, 


Eq. (4.204) can be derived in a few different ways, of which the most direct involves 
a Fourier transform approach. Making use of Eq. (4.162), 


ioe) : ioe) 
lim FHf (A) = lim / e Hf (x)dx = i. Aff (x)dx. (4.206) 
41> 0 A>0 Jo —00 
Only the odd component of f need be considered, so that 
jim FHf (A) = jim {—isgn A Ff (A)} = 0, (4.207) 
and Eq. (4.204) is proved. 


To establish Eq. (4.205), let F(z) denote a function analytic in the upper half of 
the complex plane and on the real axis write 


F(x) =f (x) +i Af 0); (4.208) 
it follows that 
F(x)? = g(x) +iHg(x), (4.209) 
with 
g(x) =f x)" — {HF @)P (4.210) 
and 
Hg (x) = 2f (x) Hf (x). (4.211) 


Making use of Eq. (4.201) leads to 


/ : g(x)dx = 0, (4.212) 
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that is 
Fe(0) = 0. (4.213) 
It follows from Eq. (4.211) that 
lee) x lee) x 
2 | ax | ronepnar = f ax | Hg(y)dy 
—0o —0o —0o —0o 
lee) x 
=f af ig Ysenr Fe0OV(»4 
—0o —0o 
ji £® x lone . 
= =f. ax yf sente™” Fg(t)dt 
20 


= ml dx im, ee) el” dy 
a 


20 
as | ‘ ‘ 
= — = lim i. "sent Fg(t){e™ — ede 
20 A> 00 
—|1 f 
= ifs af? t~ |! sgnte™ Fg(t)dt 
2m J—oo —oo 
= =| fo sent Fe(tat | e™ dx 
20 J—oo —00 
Cc 
ae / t—! sent Fg(t) d(t)dt, (4.214) 
—Co 


where the Riemann—Lebesgue lemma has been employed to handle the limit involv- 
ing A. To deal with the last integral, first note Eq. (4.212), and, for the Fourier 
transform component of the integrand, use e” = (cosyt — 1) + 1 + isinyt, 
then employ the limit 


lim t! sgn t{cos(yt) — 1} = 0. (4.215) 
t> 


The integral in Eq. (4.214) then evaluates to zero, and hence Eq. (4.205) is established. 


4.13 Hilbert transforms via series expansion 


In a number of cases it is possible to arrive at the evaluation of a particular Hilbert 
transform by taking advantage of the linear nature of the Hilbert transform operator. 
Suppose the function f has a series expansion 


fG)= 2, (4.216) 
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then the Hilbert transform of f can be written as follows: 


Hf) = 0 Af). (4.217) 
k 


The series in Eq. (4.217) may or may not converge, and only those cases where 
this series does converge are of interest. The advantage of this approach is that the 
Hilbert transform of / may be much easier to evaluate than the Hilbert transform of 
f directly. Some examples to illustrate the approach are now examined. Suppose 


2 


f@) = sechax = em 4 en ax’ 


(4.218) 


where a is a real constant. The hyperbolic secant function has the series expansion 
(Hansen, 1975, p. 106) 


2D m(2k + 1) 
hax = — th b, = —————_. 4.219 
sechax = — z Pe with by 7a ( ) 


Make use of the result 


b x 
Nea pce 2) 


where b is a real constant, then from Eq. (4.219) it follows that 


H (sechax) = BS pea ( aa! 
ais by +x? 
_ 2 ED (4.221) 

am be + x? 


This result can be cast in terms of special functions as follows. The psi (or digamma) 
function y(z) is defined by (Abramowitz and Stegun, 1965, p. 258) 


I’@) 
T(z)’ 


W() = (4.222) 


where I'(z) is the gamma function. A series representation for y(z) is given by 


Wetda-r4 es. z#—1,z# 2,2 # —3,... (4.223) 
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Using this result and the series expansion for tanh x, 


(oe) 
1 
tanhx = 8 
a "Do Gat Dent ae 


(4.224) 


allows H (sech ax) to be written as follows: 


H(sechax) = ‘ ae = W(; + =I tanh ax. (4.225) 


Evaluation of Eq. (4.221) by a direct numerical assault is likely to be a particularly 
ineffective computational strategy. Instead, application of convergence accelerator 
techniques to sum this alternating series is a very effective evaluation approach. The 
end-notes to Chapter 2 include some suggested references on this computational 
technique. 

As a second example, consider 


1 2 1 
f(@) = eschax = : (4.226) 
ax 


e*~ —e*% ax 


where a is a real constant. The hyperbolic cosecant function has the series expansion 
(Hansen, 1975, p. 104) 


CO 


1 2 —1)* 
eschax = — += > s EA. Aaeee aes (4.227) 
ax a by + x2 


From the preceding two equations, it follows that 


= 1 _ ppc k x 
Hf (x) = H1(cschax ~) =- 2 1) (5 <) : (4.228) 


Employing the result 


x b 
H(z sr =) == ge (4.229) 


for b a real constant, leads to 


1 Dee (1h 
H1(cschax ) =-->)° eet (4.230) 
ax a 


ae 
ae i 
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Generally, the approach just outlined will work for series that take one of the 
following simple forms: 


or) oe) k oe) 
3 _ 5 eae y be- 
k2 + x2?’ k2 4 x2?’ k(k2 +.x?)’ 


k=0 k=0 k=1 
ys Ws 3 ela 3 Ie as 
= (k2 + x2)2’ SF (k2 + x2)2’ ma k2(k2 + x2)’ 
y 1 2% (—DF 3 (-1! 
SIGE: eae. See eee 


plus a number of related series. All of the indicated series can be evaluated in closed 
form in terms of hyperbolic functions or the digamma function. A number of series 
closely related to the preceding sums, for example, 


3 k 
(k2 + x2)?” 


k=1 


cannot be expressed in a convenient simple closed form, although it is often possible 
to express such series in terms of the polygamma function with a complex argument. 

Hilbert transforms of more complicated functions can be found if the function of 
interest can be expressed in a suitable series representation. For example, consider 
the determination of the Hilbert transform of the function 


sin x 


f(x) = (4.231) 


cosh a — cosx’ 


for a > 0. It will first be shown that this function can be cast in the following form: 


. [o,e) 
sin x 
= S22) Sine 4.232 
cosh a — cos x dX ( ) 


The proof of Eq. (4.232) is straightforward: 


00 oe) 
2 > sinnxe “” = -i = {e~ (@-)n = eo (atin 
n=l n=0 


Sap le PP ale ey) 
n=0 


. 1 1 
) pe @i) 7 ] —~ e-@ti) 
sin x 
= —____., 4.233 
cosh a — cosx ( ) 
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The series expansion 


lee) 
daa) = So 2") forlz| 21, (4.234) 


n=0 
has been employed to obtain Eq. (4.233). From Eq. (4.232), it follows that 
sin x i 
H\| ———— ]=2) Ai woe 
(—* - —) 2 Sue 


CO 


=2 pa {—sgnncosnx}e 


n=1 


lee) 
=-2) cosnxe™™. (4.235) 
n=1 


It can be shown by the same approach just sketched in Eq. (4.233) that 


e“ — cosx = 
—————— = 2) cosmxe™. 4.236 
cosh a — cosx 2 ae ( ) 


Hence, from the preceding two results it follows that 


( sin x ) e 7 —cosx ; sinha 


4.237 
cosh a — cosx ( ) 


cosha — cosx cosh a — cosx" 


The Hilbert transform of (e? — cosx)(cosh a — cosx)~! can be found in a similar 
manner, starting with the result given in Eq. (4.236). 


4.14 The Hilbert transform of a product of functions 


In this and the following two sections the topic of determining the Hilbert transform 
of a product of functions is considered. Unfortunately, there is no simple formula 
available to evaluate the Hilbert transform of a general product of functions, but 
in some special cases considerable simplifications can be obtained. Some of these 
special cases occur in applications in engineering problems. 

The first class of functions considered are those that are analytic in the upper half 
of the complex plane, have suitable asymptotic behavior as |z| — oo, and on the real 
axis can be written in the following form: 


ff &) = g(x) + ih), (4.238) 


where g and /h are real-valued functions and h is the Hilbert transform of g. The 
asymptotic behavior assumed for f(z) is such that the Hilbert transforms of g and h 
both exist. In the time domain in signal processing, signals that satisfy the preceding 
equation are called analytic signals. In this section the designation analytic signal is 
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used to describe functions that satisfy Eq. (4.238), even though time may not be the 
dependent variable of interest. 
The Hilbert transform of f gives 


Hf (x) = Hg(x) + iHh(x) 

= h(x) + iH g(x), (4.239) 

and, on using the iteration property of the Hilbert transform, it follows that 
Hf (x) = —if (x). (4.240) 

Consider the product of two analytic signals f; and 4, defined by 
Sie) = gi (x) + thi) (4.241) 
and 

fo(%) = g2(x) + iho (a), (4.242) 


with the product fj (x)f2(x) denoted by f(x). From complex variable theory, the 
product of two analytic functions is also an analytic function (in the common domain 
for which both functions are analytic). The function f is given by 


SQ) =fi@)f2) = g1(%)g2(x) — Ay &)ho(%) + ifgi &)h2(x) + g2(x)h1 ()}. 
(4.243) 


If f(x) is an analytic signal, then 
A{gi(x)g2x) — hi @)ha@)} = gi @)h2(e) + g2@)h1@). (4.244) 


This result follows from Eq. (4.240) ina straightforward fashion. If f(x) is an analytic 
signal, then 


AL Ai @pAa)} = i fi@)2@); (4.245) 
that is, 


A(gi(x)g2(x) — Ay (xyho(x) + if{g1 &)h2 (x) + g20)hi1 ()}) 
= —i{g1 (x) g2(x) — Ay who (x) + igi @)A2 (x) + g2(x)M1 @)]}. (4.246) 


Equating the real and imaginary parts of Eq. (4.246) leads to Eq. (4.244) and 
A{gi@)ho(x) + g2Qx)hi@)} = —{g1)g2%) — Ai )h2@)}. (4.247) 


Equation (4.247) is the second of the Hilbert transform pair. 
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It is possible to write the Hilbert transform of a product of analytic signals as 
follows: 


AA@A@} =AMAR®) = HMAC) = -ifi@Mpr@). (4.248) 
The proof is straightforward: 


Ai) Afr (x) = fi A {g2(x) + ihz(x)} 
= fi) {ha (x) — ign (x)} 
= -ifi@®AG), (4.249) 


and, similarly, 


Af (x) fale) = {Agi (x) + thy (x)} fa) 
= thie) — igi &)} AQ) 
= -if((@®) Al), (4.250) 


which establishes Eq. (4.248). A useful special case of Eq. (4.248) occurs when the 
two functions are the same; in this case, it follows for an analytic signal f that 


Hf? (x) =f (Hf (x) = -i f° @), (4.251) 


a result that also follows more directly from Eq. (4.240). The generalization to 
arbitrary powers is given by 


Af" (x) =f" |x) Af) = -if"@), (4.252) 


for integer n > 1. An immediate application of this expression is the evaluation of 
Hilbert transforms for selected functions. As an example, consider the calculation of 
H{(x* — a?)(x* + a’)~?} for a > 0. This transform can be evaluated directly using 
contour integration techniques. However, it can be determined more quickly if it is 
noticed that the function of interest is the real part of the analytic signal (x + ia)~?. 
Hence, from Eq. (4.240), 


H{(x + ia)~7} = -i(@x + ia)”; (4.253) 


that is, 


(~ —a@e— =~) _ —2ax — i(x* — a’) (4.254) 


(x2 + a’) (x2 + a’)? 
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Taking the real part of this result leads to 


2 2 
= 25 
n( aa ) ua (4.255) 


@+a2) +a)" 


Equation (4.248) has an obvious generalization for more than two distinct analytic 
signals. Suppose /{ (x), /2(x), and_f3(x) are analytic signals then 


AL AMAA} = (HAMAMA =AG){Hha}A) 
= fie\2~@)AA@), (4.256) 


and additional results for higher order products follow in a similar fashion. 


4.15 The Hilbert transform product theorem (Bedrosian’s theorem) 


The Hilbert transform of a product of functions of a different category is now consid- 
ered. The following result is due to Bedrosian (1963), and is referred to as the Hilbert 
transform product theorem, or Bedrosian’s theorem. Let f and g € L7(R). Suppose 
that the Fourier transform of f(x), denoted by F'(s), vanishes for |s| > a, witha > 0, 
and the Fourier transform of g(x), denoted by G(s), vanishes for |s| < a; then 


A{f (x)g(x)} = f @)Hg (x). (4.257) 


The Hilbert transform of the product is given in terms of the Fourier transforms F 
and G by 


MFO = se] [Fie as [Gee ar 
On LJ bas 


/ e F(s)ds i is GDH {elt} dt 


—oo 


~ (ny 


/ 7 F(s)ds / "3 G(t){—isgn (s + HelS+*}dt. (4.258) 


—oo 


~ Qn)? 


The reader should provide a justification for the interchange of integration order in 
the preceding sequence of steps. The last integral simplifies on noting that the support 
of F'(s) is [—a, a] and the support of G(4) is (—oo, —a] LJ [a, 00); hence 


Atf (x)g(@)} = nae [ F(s)e ds (f. G(e™ sgn(s + t)dt 
(27)? —0o 


—a 


+ / G(t)e™ sgn (s + nar} 
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—at+s 


= om? i : Fis)| [ Gv — s)e*” sgn(v)dv 


—a [o,@) 


+ ie G(v — sje” san(upae 
at+s 


i —a 


= a | Fine as{— f Ginedy+ f cine ay| 


a 


1 —a : oo 5 
= ff G(y)(-isgny)e™” a+ f G(y)(-isgny)e «| 


—a 


1 00 
= feo / G(y)H fe" }ay + i) attic yay} 


a 


= ial / ” Gye dy + | G(y)e"” ay| 
= f ®)He), (4.259) 


which establishes Eq. (4.257). The restriction on the class of functions for which 
Eq. (4.257) holds is rather severe, but there is an important practical application. In 
signal processing in the frequency domain, the function F would correspond to a 
low-pass filter, and the function G corresponds to a high-pass filter. An illustration 
of the behavior of F' and G is shown in Figure 4.2. 

Equation (4.257) can be employed as an effective strategy to evaluate the Hilbert 
transform of certain functions. The following examples will illustrate the approach. 
The sinc function is defined by 


sincx = ; (4.260) 


and the Fourier transform of sinc ax, where a is a real constant, is given by 


1 
F {sinc ax} = 5g Senta +x) + sgn(zra — x)}; (4.261) 
a 
ny 
F(x) 
¢ : : 4 G(x) 
—Xq -Xo XX x 


F(x) =0, |x| >XxX9 
G(x) = 0, |x| <Xqy 


Figure 4.2. F(x) is a low-pass filter and G(x) is a high-pass filter. 
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AY 


Ff 


Figure 4.3. Plot of sinc x and F {sinc x}. 


a plot of this is shown in Figure 4.3 for the choice a = 1. The sinc function therefore 
satisfies the condition that its Fourier transform has a support of a finite interval 
around the origin, specifically (—za, a), from which it follows that 


HA(sin ax sinc bx) = H(sin ax) sinc bx 


=-—cosaxsincbx, for0 < bm <a. (4.262) 
In a similar fashion, 
H (cos ax sinc bx) = H(cos ax) sinc bx 
= sinaxsincbx, for0 < ba <a. (4.263) 


A further example is furnished by the function sinc” 


transform is given by 


ax,a > 0, for which the Fourier 


1 | x| 
. —{l1———}, 2 
F{sinc-ax} = . a ( vt) anee 
0, 


|x| > 2az. 


(4.264) 


The Fourier transform of sinc? ax is often written in terms of the unit triangular 
function A(x), which is defined by 


_ J 1 xl, for |x| <1 
A(x) = | 0, fori ea (4.265) 
and so 
pr ee) 1 xX 
F {sinc“ax} = -A(—-) : (4.266) 
a \2na 
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Hence, 


A (sin ax sinc” bx) = H(sin ax) sinc? bx 


=—cosax sine” bx, for 0 < 2bx <a, (4.267) 
and 


H (cos ax sinc” bx) = H (cos ax) sine” bx 


= sinaxsince” bx, for 0 < 2bm <a. (4.268) 


Further examples can be constructed using the Bessel function of the first kind, 
the cosine integral function Ci(x), and others. Some additional cases are discussed 
for special functions in Section 9.6. A number of examples have been collected in 
Appendix 1. The interested reader can try to find other cases where Bedrosian’s 
approach is applicable. 

Equation (4.257) arises under a different set of conditions for polynomials with 
vanishing moments. The details are presented in Section 7.14. 


4.16 A theorem due to Tricomi 


The following result was derived by Tricomi (1951a). Suppose the functions f(x) and 
g(x) belong to LZ?! (IR) and L??(R), respectively, with p; > 1 and p2 > 1. If 


Eee ee p (4.269) 
Pl p2 
then, almost everywhere, 
At f x)Hg(x) + ga) Af (x)} = Hf (x) Hex) — fx)g). (4.270) 


Equation (4.270) can be derived in the following manner. Let 

Si) = uy (x) + iv1 (x) (4.271) 
and 

fx(x) = u2(x) + iv2(x), (4.272) 
with vj (x) = Huy (x) and v2(x) = Hu2(x), and make use of Eq. (4.245); then 


Alu (x)uz(x) — vy x)v2(x) + ify )v2 (x) + u2(x)v1 @)}] 
= uy (x)u2(x) + u2(x)u1 x) — i{uy )u2 x) — v1 X)v2(x)}. (4.273) 


188 Basic properties of the Hilbert transform 


Taking the imaginary part of this result leads to 
A {uy (x)v2(x) + up (x)v1 X)} = v1 (x)v2(x) — 1 (ua (x); (4.274) 

that is, 
H {uy (x) Hun (x) + un (x) Huy (x)} = Huy) Hun (x) — uy ()un(x). (4.275) 


With the identifications f(x) = u,(x) and g(x) = u2(x), Eq. (4.275) converts to 
Eq. (4.270). The real part of Eq. (4.273) leads to 


uy (x) Hu (x) + uz (x)Huj (x) = A {uy x)u2Q%) — Huy (x) Hu2(x)}. (4.276) 


Tricomi (1951a, 1985) proved Eq. (4.270) in the following manner. Define the 
following two functions, 


ae as i 
cae i esp. (4.277) 
271i J_| z—t 
and 
Ty. ft 
CS / wo) FO ay (4.278) 
201 J_4 z—t 


which are analytic for Imz > 0. For positive constants K, and K2, these functions 
satisfy 


CO 
/ 1 (e+ iy)! dx < Ky (4.279) 
[o-e) 


and 


[o,@) 
i, |Do(x + iy)|P? dx < Ko, (4.280) 
—0o 
with p; > 1 and p2 > 1. Setting r = pip2(p) + p2)~!, which satisfies r > 1 (by 
Eq. (4.269)), and ®(z) = ®,(z)®2(z), application of Hélder’s inequality for con- 
jugate exponents p and q leads, on setting p = r~!p; and gq = r—'po, to the 
following: 


00 00 l/p io 1/q 
i jour +inr ae =| f jer +t” dr} {f jeace + in ar} 


2K, (4.281) 
Hence, ® € L’ forr > 1. In the limit y > 0+ 


Re ®(x + 10) = —H{Im ®(x + 1i0)}. (4.282) 
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Equation (4.282) can be arrived at by a contour integration approach. The case r = 2 
is discussed in some detail in Section 4.22. From Eqs. (4.277) and (4.278), it follows 
that 


lim Re ®) (x + iy) = uw) (x) + iv} (x) (4.283) 
ya 
and 
ue Re ®2(x + iy) = u2(x) + iv2(a). (4.284) 
yn 


Hence, from Eq. (4.282) it follows that 


Uy (x)u2(x) — V1 (x)v2(x) = —A {uy (x) v2 (x) + u2Qx)v1 (@)}, (4.285) 


which can be rewritten as follows: 


A {uy (x)Hu2 (x) + uz (x) Huy (x)} = Huy (x) Hu (x) — uy (x)u2(x). (4.286) 


With the substitutions f(x) = uw; (x) and g(x) = u(x), the required result is obtained. 
An alternative approach to the Tricomi formula due to Rooney (1975) is now 
sketched. To proceed, suppose that ¢; € L?! (IR) and ¢2 € L??(R), where 


1 1 
—+4+— <1. (4.287) 
Pi P2 
Let 
= ee -1 
DP =P, +P2 > (4.288) 
then 
1 1 
Sh 1, (4.289) 
Pip P2p 


and Hdélder’s inequality (see Eqs. (3.78) and (3.79)) applied to the two functions 
fe" andg € LP? ', with 1 < pip7! < 00, yields 


00 oo “) \pPr! oo “| \ PP?! 
i; ireogcoiar = { f nova ar) (/ lex) Pr? ar) 


(4.290) 
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Employing the substitutions f(x) = |¢1(x)|P and g(x) = |@2(x)|P leads to the 
following: 


oo p! oo pi! oo D3! 
¢) \69)9(0)P dr) <(f i100" ar) (/ Joa ar) 


(4.291) 
This result can be expressed in the following more compact form: 
IPigellzraay < Willer aay ligzllz2@a~ > (4.292) 
which can be written more concisely as 
IPi dally < Iillp, Ib2llp. » (4.293) 


with the understanding that the integrals appearing in Eq. (4.293) are taken to be 
Lebesgue integrals. 

A second key idea in the proof that follows is the lemma: if ff € L'(R), 
he L?(R), and the Fourier transforms of the functions satisfy 


Ffi (x) = Ffr(x), (4.294) 
almost everywhere, then fj (x) = f2(x) a.e. This result can be established by taking 


the inverse Fourier transform of Eq. (4.294). Rooney proved the Tricomi identity for 
functions that satisfy ¢; € L?'(IR) and ¢2 € L??(R), where 


See eh (4.295) 


The proof for the particular case where the functions ¢; and ¢2 are continuous with 
compact support, which represents a straightforward situation to deal with, is now 
examined. Let 


Si (x) = Hoy (x) Hh2(x) — $1 (x) 2 (x) (4.296) 
and 
Ah) = Aldi @Ad2) + kA}; (4.297) 


then the essential feature of the strategy employed by Rooney is to show that 
Eq. (4.294) holds, and hence 


Ao ~)H b2(x) + G2) A 1 (x)} = Hoi) Hd2(x) — b1@)g2(%), ae. (4.298) 


4.16 A theorem due to Tricomi 191 


Let ¢ € L? for i = 1,2; because H is a bounded operator from L? to L? for 1 < 
p < © (discussed in detail in Section 4.20), Hg; € L*. It follows from Eq. (4.293) 
with p = | that 


bi (x)b2(x) € L! (4.299) 
and 
H\(x) Hgo(x) € L, (4.300) 


and from Eq. (4.296) it follows that f; €¢ L!. The terms ¢) (x)H 62(x) and ¢2(x)H 1 (x) 
are both in L? and hence so is the function H{ (x)H@2(x) + ¢2(x)H 1 (x)}; that is 
fo € L’. Recall the convolution formula for two functions f and g is: 


ifeei@ = | $@e@= Has, (4.301) 


provided the integral exists. The Fourier transform of the product of f and g can be 
written as the convolution of the Fourier transforms of f and g, 


1 
F{fg}(x) = a * Fg}(x). (4.302) 
Using the substitution 


g(x, t) = Foi (x — NFo2(0), (4.303) 


the Fourier transform of f| is as follows: 
1 
Fi (x) = Se eel * FH: — Fb * Fo2}(x) 


1 [o-e) 
=< i [FH (x — ) FH bolt) — (x, tle 
TU J—oo 
] CO 


=-— [sgn(x — t) sgnt + I]g(x, t)dt, (4.304) 
2m J_o 


and Eq. (4.162) has been employed to obtain the last line. Hence, 


Fhi(x) =— (4.305) 


1 fe t)dt, forx > 0 
a 


Sg, dt, for x < 0, 


and thus 


Ff (x) = —<san [ 80. t)dt. (4.306) 
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In a similar manner, 


Ffy(x) = FLA {oH d2 + b2Ho1}](%) 
= —isgnx F[{@i Hd. + MH di }1@) 


= SE Fp) » FHd2 + Fo» FHOI\(0) 

isgnx {% 
=. i (Fox — FH} 

TZ J—oo 
+ {Fo2}(OQ{F Ao} (x — 1) de 
=-— Beat 1 [sent + sgn(x — t)] g(x, t)dt 
2m Joo 
_ _ sgnx Io g@.0dt, forx > 0 
= | - pr g(x,t)dt, forx <0, ae 
and hence 
Ffy(x) = —Ssenx [ g(x, t)dt. (4.308) 
0 


From Eq. (4.294) it therefore follows that fj (x) = f(x) a.e., which proves the Tricomi 
identity for continuous functions with compact support. The proof can be extended 
to cover the case where ¢; € L7i(R),i = 1,2, with p; > 1 and p;! +p, <i. 

Love (1977) proved the following result: if f and g are complex-valued functions 
and f € L?,g € L4, withp > 1 andp~! + q7! = 1, then 


pf Or [- sO0 =P [scour f- J (s)ds 
wo X—S co S—t aes _o (s —x)(t —s) 


— nf (x)g(x), (4.309) 


which the reader will recognize as the Hardy—Poincaré—Bertrand formula. On using 
a partial fraction decomposition, it follows that 


pf Lote [ gtd _ pf g(t)dt 


-co X—S -—o St oy EG 


a | ro {— i ~ fas xf (x) g(x) 
—~oo S—X t—s 
[ g(dt, © f (s)ds 


-~o xX-t 90 X—-S 
-pf 20% f foe xf (gt). 
9 xX-t -o [-Ss 


(4.310) 
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The Tricomi identity for the Hilbert transform follows from this formula. Love’s 
approach extends Tricomi’s and Rooney’s results to include the case p~! + q7! = 1. 

Equation (4.270) can be recast, using the iteration property of the Hilbert transform, 
as follows: 


A{f (x)g)} = H{Hf (~)Ag(x)} +f @)Hg x) + g@) Hf (x), (4.311) 


which gives the Hilbert transform of a product of functions satisfying the conditions 
indicated in Tricomi’s theorem. In many applications, evaluation of the right-hand side 
of Eq. (4.311) will not represent a computational simplification, relative to the direct 
evaluation of the Hilbert transform of the product. Three examples are examined; the 
first leads to a more involved Hilbert transform to be evaluated, then two cases are 
considered in which a straightforward calculation arises. As a first example, consider 


f@)= Ree (4.312) 
and 
1 
a0) = (4.313) 
On using the results 
1 ( : )- = (4.314) 
1+x?2 1+x? 
and 
i ( : Jz wae . (4.315) 
1+x4 J/2(x4 + 1) 
Eq. (4.311) leads to 
ee 39 3 
ae aad | Toe ees * Joe HEED 
x (4.316) 


GAEL G2sE AY 


which simplifies on using 


H ae ee: 4.317 
(Jaarenaten | = ieee Gem) 


to give 


x(1 + 4/(2)) +27./2 +x? 


Hif@s0) = Ta pate 


(4.318) 
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which can be checked to be the correct result by direct evaluation. Clearly in this 
example, direct evaluation of the Hilbert transform of the product of the two functions 
would have been quicker and simpler. 

As a second example, consider the Hilbert transform of x(1 + x*)~*. From the 
product formula Eq. (4.311) and the identifications f(x) = x(1 +. x7)7! and g(x) = 
(Geer oo mae 


H x Sgr x 1 
(=)- (5a) 
_H —1 x x x 
= (2) ()}+ (Ge) GE) 
1 —1 
+(<5) (=): ia 


7 ym oars 4.320 
(3) =a a) 


In this example, the product formula Eq. (4.311) results in a straightforward calcul- 
ation. The essential reason for the simplification in this example is the fact that 


and hence 


AXHf (x)Hg(x)} = —H{f ~)g@)}. (4.321) 


The obvious question is what conditions apply for this expression to hold? The answer 
is easy to see by taking the Hilbert transform of this equation; the result is 


f@)gQ) = —Af (x)Hg(x), (4.322) 


which clearly follows if f and g form a Hilbert pair, so that f(x) = —Hg(x) and 
g(x) = Hf (x). When this situation applies, Eq. (4.311) becomes 


Hf @g(x)} = —Hig@ fo} — £70) + 27(x); (4.323) 


that is, 


1 
Atf@g@} = -F(P"@) - 8°). (4.324) 
The other member of the Hilbert transform pair is 
ALS? (x) — 8° (@)} = 4 @g@). (4.325) 


Equations (4.324) and (4.325) could obviously have been more directly determined 
by considering the analytic function h(z), with h(x) = {f(x) + ig(x)}’, and inte- 
grating h(z)(z — xo)~! around the appropriate contour. This bypasses the Tricomi 
formula. Equations (4.324) and (4.325) find application in the determination of 
integral constraints (sum rules) for optical constants. Parenthetically it is noted that 


4.17 Eigenvalues and eigenfunctions 195 


the Hilbert transform of x(1 +x*)~? can be most expeditiously evaluated by applying 
the derivative formula for the Hilbert transform: 


ld 
Ces) bet et | 


_ 1 2)\-1 
= Fae te) 


x21 


jae (4.326) 


As a final example of the application of Eq. (4.311), consider f(x) = sin ax and 
g(x) = cosax for a > 0. Since these two functions form a Hilbert transform pair, it 
follows from Eq. (4.324) that 


1 
H {sin ax cos ax} = 5 (sin? ax — cos’ ax}. (4.327) 


Using an elementary trigonometric identity, Eq. (4.327) can be written in the more 
familiar form H (sin 2ax) = —cos 2ax. 

The Tricomi formula finds applications in other areas. It can be used effectively 
for the solution of certain types of singular integral equations. Problems of this type 
are discussed in Chapter 12. An important application lies in the study of the finite 
Hilbert transform, and that topic is addressed in Chapter 11. 


4.17 Eigenvalues and eigenfunctions of the Hilbert transform operator 


The solution of the following eigenvalue equation is now considered: 
Hf =nf, (4.328) 
where 77 is a constant. Applying the operator H to Eq. (4.328), then 
H’f = nHf, (4.329) 
and application of the inversion property yields 
nf =-f. (4.330) 


The eigenvalues of the Hilbert transform operator are therefore 


n= i. (4.331) 


This result can be arrived at directly by contour integration techniques, without 
recourse to the inversion property of the Hilbert transform. 
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An alternative approach to the determination of the eigenvalues of H is now 
examined. For a function ¢ in L?(—oo, 00), define 


1 
o-= 516 —if¢} (4.332) 
and 
1 
g_= 3 + if 9}. (4.333) 


Then ¢ and ¢_ are eigenfunctions of the Hilbert transform operator: 
Hoy = ibs (4.334) 
and 
Ho_ = —id_. (4.335) 


The preceding can be generalized to functions @ € L?(—oo, 00), with | < p < w. 
The problem of determining the class of all functions that are eigenfunctions of the 
Hilbert transform operator is still an open question (Pandey, 1996, p. 215). 

The set of functions defined by 


$n (x) = en forn € Zt, (4.336) 


form a complete and orthogonal basis set for L*on the real line (Higgins, 1977). These 
functions are also eigenfunctions of the Hilbert transform operator with eigenvalues 
—isgnn, that is 


Hon = —isgnndn, for |n| > 1. (4.337) 


This result is now demonstrated. The case n > 0 is studied first. Consider the contour 
integral $c on(z)dz/(xo — z), where the contour C is shown in Figure 4.4. Using the 
Cauchy integral formula, 


bn(z)dz as. Onde R dn(x)dx 


Cc x07-2Z —R x0 — x xopte 0 —*X 


on(z)dz re on(z)dz = 


re %0 7-2 Tr *0 72 


0. (4.338) 
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ay 


—R Xo R x 


=i 


ad 
Pole of @, 


Figure 4.4. Semicircular contour in the upper half complex plane centered at the origin, with a 
suitable indentation to avoid the singularity at z = xo. 


In the limits R > oo and ¢ — 0, it follows that 


x0-€ R 
lim | / ODE eee = tH$,(x0), (4.339) 
aa —R x9 — xX xote *0 —*X 
lim Gn(e)dz = Tidy (x0), (4.340) 
e>0Jp, X09 —Z 
and 
lim On (2)dz = 0. (4.341) 


R> JPp X0 —Z 

Equation (4.338) simplifies to 

Hon(x0) = —idn(xo), forn >= 0. (4.342) 
For the case n < 0, set n = —m with m > 0, and consider the contour integral 
$c b_m(z)dz/(xo9 — z), where C is the contour shown in Figure 4.5. Evaluating this 
integral in a similar fashion to the steps shown in Eqs. (4.338) to (4.341) leads to the 
following result: 

Hén(x%o) =idn@o), forn <0. (4.343) 
Combining Eqs. (4.345) and (4.346) yields 


Agn(xo) = —isgnn b,(xo), with |n| > 1, (4.344) 


and Hd@o = —id¢o, which establishes that the ¢, are eigenfunctions of the Hilbert 
transform operator with eigenvalues —isgnn. 
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Figure 4.5. Semicircular contour in the lower half complex plane centered at the origin, with a 


suitable indentation to avoid the singularity at z = xo. 


The eigenvalue formula just given can be used to generate formulas for a number 
of Hilbert transforms of certain rational functions. For example, ifn = 2 it follows 


that 
H Re ¢o(x) = Im @2(x) 

and 

H Im $2(x) = —Re ¢2(x), 
where 

110x075 abe = 10? ha) 

$2(x) = 2 3 : 
(x* + 1) 
Hence 
1— 10x? + 5x4) (5x — 10x? + x°) 

(x2 + 13 G+ 13 

and 


5x—10x3 +x] (1 — 10x? + 5x4) 
(x? + 133 ~ (x? + 1)3 


(4.345) 


(4.346) 


(4.347) 


(4.348) 


(4.349) 


Equation (4.348) can be quickly checked by referring to Appendix | using the Hilbert 
transform table entries (2.28), (2.35), and (2.40), and Eq. (4.349) can be verified 


using the entries (2.33), (2.38), and (2.42). 


If f and g are both eigenfunctions of H with eigenvalues a and f, respectively, 
then, from the Tricomi formula for H, Eq. (4.270), and assuming a + 6 4 0, 
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it follows that 
ap —1 
Alf (x)gx)} = ——f @)g@), (4.350) 
a+ sp 
and for the case f(x) = g(x) anda = 6, fora £0, 
H{f (x)?} = se —a yf’. (4.351) 
The two cases are: a = B = i, which gives H{f(x)?} = if(x)*; anda = B = —i, 


leading to H{f (x)*} = —if(x)*. From the Tricomi formula, the case w = +i, B = 
+ i, leads to the identity 0 = 0, and Eq. (4.350) does not of course apply. 


4.18 Projection operators 


Projection operators involving the Hilbert transform can be set up in the following 
way. Define the operators P+ and P_ by 


1 
Py= 5 +i) (4.352) 
and 
1 ; 
P_= 5d — i), (4.353) 


where J denotes the unit operator. These are sometimes termed the Riesz projectors. 
From these definitions it follows that 


Py +P_=l. (4.354) 
These operators satisfy the idempotent conditions 
Pi = Px (4.355) 
and 
P2=P_, (4.356) 
since 
gst : 2 
ee = agi es ) 
— LG + 1H) 
a 


= Pi (4.357) 
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and the iteration property of the Hilbert transform has been employed. The idempotent 
condition for P_ is demonstrated in the same straightforward manner. 
The operators P+ and P_ are an orthogonal pair of operators: 


P,P_=P_P, =0. (4.358) 


Making use of the iteration property of the Hilbert transform, this result is 
demonstrated simply as follows: 


P.P_= vl +iH)U — iff) 
2 vl +H) =0. (4.359) 


Suppose the functions f and g satisfy f € L’,g € L4, for 1 < p < oo, and gq is 
the conjugate exponent; then the following results hold: 


[ . Pif @)Pse(a)dx = 0, (4.360) 
i i P_f (x)P_g(x)dx = 0, (4.361) 

and 
[ ie: (x)Ps.P_g(x)dx = [ f )P_Py.g(x)dx = 0. (4.362) 


The last result follows directly from Eq. (4.358). Equation (4.360) can be established 
as follows: 


CO 1 CO CO 
/ PSPs gar = 5 / fQeedx — / Hf ()Helx)dx 


i i {fO)Hg(x) + g(x)Hf ooiar| =0, (4.363) 


and Eqs. (4.174) and (4.176) have been employed. Equation (4.361) follows in a 
similar manner. 


4.19 A theorem due to Akhiezer 


Akhiezer (alternative spellings Achieser and Aheizer) (1956, p.129) established the 
following result. For f € L?(R) and y = a+ ib, with b ¥ 0, 


f(x) 
x—y 


Q— y)H = Hf (x) -Cly.f), (4.364) 
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where C(y,/) is a constant depending on y and f. Akhiezer also obtained the result 
that if y is real and both f and (x — y)~!(f(x) — a) € L?(R), for a a constant, 


@— yn] = Hf (x) —C@,y,f). (4.365) 


Akhiezer actually evaluated the case H{(x — i)~!f(x)} utilizing Fourier transform 
techniques, and indicated Eq. (4.365) as a concluding comment to this example. The 
transform H{(x — i)~!f(x)} can be simplified using the following result: 


G - nf =} - Hf (x) + — -{ Sods _ (4.366) 


o f- 


The following result is needed: 
1 [o,@) 
A(x + a)fi@)} = & + MAA) — - i} fide, (4.367) 


which was derived in Section 4.7 (see Eq. (4.136)). If the substitutions a = —i and 
fi@) = f(@)/( — i) are introduced into this equation, then Eq. (4.366) follows 
immediately. Assume that fi € ae Equation (4.366) can also be established by 
considering the contour integrals of the functions (z — i)~!f(z), (g — )~'f(@), and 
{(z — i)(z — t)}"'f(@), where the contour is the standard semicircle in the upper 
half complex plane, with center at the origin and a suitable indentation of the contour 
around the point ¢ on the real axis, for the latter two functions. It is implicitly assumed 
that the behavior of f(x) is such that by the Phragmén—Lindeléf theorem, the integral 
on the semicircular section of the contour can be deduced to vanish in the limit of 
infinite radius. 
Equation (4.364) can be derived in a similar fashion: 


HO—Y)fied=o—yHho-— f° Awd, (4.368) 

and hence 
Hf (x) = (« yn{ “ i (4.369) 
which is Eq. (4.364) with the identification that C(y,f) =—a7! [% (t¢— y)“'fdt. 


Equation (4.365) can be obtained in a similar fashion starting from Eq. (4.367) and 
using the substitutions a = —y and f,(x) = (x — y)~!(f (x) — a), leading to 


won -{- (f(t) — a)dt 
x-y¥ a ae 


A(f(x)-ay=( yn (4.370) 


Recalling that the Hilbert transform of a constant is zero, and identifying that 
Cay.f) = —m [2 ¢-y)!F@ — a@dt, gives Eq. (4.365). For y € R, 
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the preceding integral is taken in the principal value sense, and hence 


Ca, y,f) = Af (y). (4.371) 


Another pair of formulas of a similar type to Eqs. (4.364) and (4.365) is as follows: 


f(@) a 1 (°° @+x+a+t b)f (dt 
Ee: nal (x + a)(x + 5 = Ee A a (t+a)(t+)) 
(4.372) 
and 
2,2 SQ) 7 1 (© @4+x)f dt 
(x +a | | = Hf (x) + = ‘i @aa.’ (4.373) 


The derivation of these results makes use of Eq. (4.367), and is left as an exercise for 
the reader. 

Equation (4.373) finds application in the determination of selected Hilbert trans- 
forms. As an example, the Hilbert transform of f(x) = (x* + 1)~% fora > 0 is 
evaluated. This case was studied by Kochneff, Sagher, and Tan (1993), and their 
approach is now considered. Making use of Eqs. (4.111) and (4.137), it follows that 


dy 1 Sas x 
dx wane |- : leaps | 


1 1° dt 
= -2a{ 4] | -f- aa} (4.374) 


Let the constant C(a) denote the following integral: 


2a (% dt 
C = 4.375 
(@) == [ Rerss ct (4.375) 


and set g(x) = Hf (x). Making use of Eq. (4.373), with a = 1 and f (x) = (x* +1)~%, 
leads to 


pose 2ax Ee Be 1 / (x + f)dt + Cla) 


eee ae poh lye 
2ax C(a) 
; 4.376 
Pare” Bel ( ) 


which can be written as 


< [? + D%g@)| = (x2 1)" +C@): (4.377) 
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Integration of this equation leads to 


C(a) i ae -1 
=a C+ t+1)*'dtt, 4.378 
20) = pe {« ee) (4.378) 
where c is an arbitrary constant. The starting function is even, hence g(x) is odd 
(recall Section 4.2), and therefore the constant c is zero. The constant C(@) can be 
evaluated in terms of gamma functions (see Eq. (4.118)) as follows: 


2a T(a + 1/2) 


and hence 
Dewy 20 (@ + 1/2) a Sree Gate 
Hey = nae. PD dt. (4.380) 


The integral te (t? + 1)*—! dt can be expressed in terms of the hypergeometric 
function 2F; (1/2, 1 — a;3/2; — x’). A particular simple case of Eq. (4.380) occurs 
for a = 1/2, which leads to the following result: 


a( 1 )- 2sinh7'x _ 2log(x + /(@? + 1)) 


Vet) r/o? +1) m/(x? +1) G28) 


4.20 The Riesz inequality 


Marcel Riesz (1924, 1927) established the following result. If f belongs to the class 
IP(R) for 1 < p < o, then 


[o,@) [o,@) 
[ vrcorers in” [poorer (4.382) 
—cC —cC 
where ‘tp is the Riesz constant, which depends only on p. The notation C, in place 
of 3t, is also common. The Cy notation will be employed in this book when the 
Riesz inequality occurs in the middle of a derivation, and where no particular interest 
attaches to the value of the constants occurring. For p = 2,3, = 1, and equality 
holds (see Eq. (4.172)). Inequalities of the form 


ITfllp < Cllfllp> (4.383) 


where 7 is an operator, such as the Hilbert transform operator, are referred to as 
strong-type estimates. The best value of the constant Xt, for 1 < p < oo was found 
by Pichorides (1972) to be 


tan z/2p, 1<p<2 
= 4.384 
'» to mw/2p, 2<p<o. ( ) 
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The terminology best constant means that the result in Eq. (4.382) for some choice 
of f would be false if the constant in Eq. (4.384) were replaced by a smaller constant. 
The terminology sharp is applied to an inequality when the best constant is provided. 
The inequality constant is also called optimal when the best value is given. Equation 
(4.382) is one of the most important results in the theory of Hilbert transforms. 
Riesz’s inequality establishes that the Hilbert transform is a bounded operator on 
ZIP(R) forl <p<o. 

For vector spaces X and Y, a bounded linear operator L from X — Y is termed 
continuous if, for a sequence {/,}°°, in X, and as f, — f in X, it follows that 
Lfn — Lf in Y. The converse statement, a continuous linear operator is bounded, is 
also true. The Hilbert transform operator is a continuous operator, because as f;, > f 
in JP?(R), for 1 < p < «,Hf, — Hf in L?(R). The statements that the Hilbert 
transform operator is continuous and that the Hilbert transform operator is bounded 
are used synonymously, though the latter is more prevalent in customary usage, and 
this practice is adhered to in the present work. 

There has been a considerable amount of work associated with the Riesz result, 
and there exist a number of different proofs of this formula. In this section attention 
is focused on the result stated in Eq. (4.382), and in Section 6.17 the corresponding 
result for periodic functions is discussed. In both these cases complex analysis plays 
a central role. Riesz’s inequality can also be proved using real-variable methods, and 
that approach is discussed in Section 7.1. 

Before embarking on a proof of the general result, the particular cases p = 2 and 
p = 4are examined. The condition p = 2 is an important special case, for, as remarked 
previously, this leads to an equality with tz = 1 (Hardy, 1924b, 1932; Kober, 1943b; 
Titchmarsh, 1925a), and Eq. (4.382) reduces to Eq. (4.172). This special case also 
shows up in a number of practical applications. Suppose F’ € L?(R) and that F(z) is 
analytic in the upper half complex plane. Consider the contour integral /, ch)? dz, 
where the contour C is a semicircle in the upper half plane, radius R, centered at the 
origin. It is assumed that F(z)? vanishes sufficiently quickly as |z| — oo, so that the 
contribution from the semicircular section of the contour vanishes as R > oo. Then, 
by the Cauchy integral theorem, 


iz F(x)? dx = 0. (4.385) 
If 


F(x) = u(x) +ivQ@), (4.386) 


where u(x) and v(x) are real-valued and v(x) = Hu(x) (using Eq. (3.76)), then, for 
the case p = 2, it follows immediately from Eq. (4.385) that 


/ * u(x)? dx = { * v(x)? dx, (4.387) 
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which establishes the equality sign for Eq. (4.382) for this particular choice of p. 
Consider the case p = 4, then Eq. (4.385) yields 


/ ~ {u(x)* + u(x)* — 6u(x)*v(x)*}dx = 0. (4.388) 


Let C denote a positive constant, not necessarily the same at each occurrence, then 
the Cauchy—Schwarz—Buniakowski inequality yields 


i v(x)* dx = [. u(x)*{6v(x)* — u(x)*} dx 


0° 1/2 one 1/2 
{/ u(x)4 ar| {/ {6v(x)? — u(x)? }? ax| 

oe) 1/2 oe) 1/2 
| / u(x)4 ax| i {(34v(x)* — wcsy*var} 


00 1/2 ¢ poo 1/2 
<c{f wis) dx} {/ vtay* ax} : (4.389) 


IA 


and hence 


/ ~ v(x)* dx < C i, i‘ u(x)* dx, (4.390) 


which proves the Riesz inequality for the case p = 4. Some further discussion of this 
approach is deferred to the exercises. 

An extension of the preceding pair of results can be given. A digression is made 
for a moment to discuss the Minkowski inequality. For y > 0 and0 <a < 1, 


(l+y)* <1+y", (4.391) 
and substituting y = | f(x)||g(x)|~! yields 
If) + g@l" < |F@I* + le@l*. (4.392) 
Integrating this result gives (assuming the integrals exist) Minkowski’s inequality: 


b b b 
/ IP) + geo)|" de < / LPOol® det / Ie@l@dx, O<a <1, (4.393) 


For the case a > 1, 


b a! b a! b a 
{/ 769) + total <{/ nol | “f | 


(4.394) 


-1 
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This result can be obtained in the following manner. Start with the identity 


(FI + Ig)" = AIGA + IgD°! + Ig fl + gb? (4.395) 


integrate both sides and apply the Hélder inequality to both terms on the right-hand 
side of the equation, to obtain 


b b 
i (Lf @)| + le@)))% dx = / FOF + le@oD*7! dx 


b 
+ / le Fd] + le@))°! dx 


b as b q 
<| / rors] | i Lye econ as} 

b a b q' 
+| y, tora} | yes + geo as} 


(4.396) 


—1 


where p and q are conjugate exponents satisfying p~! + q7! 


yields 


= |. Setting p = a 


b 
/ (If @)| + le@)))% dx < 
b aa! b ao! b (a—la7! 
{/ hol a| “ff tors] Ie (yen lwo} 
(4.397) 


and hence, fora > 1, 


b aw! b aw! b awl 
{f yen loo} <{f hove a +f ea 
(4.398) 


from which Eq. (4.394) follows. 
Using the fact that F(z)? is analytic in the upper half complex plane, and noting 
F(x)? = u(x)? — v(x)? + 2iu(x)v(x), gives, on setting f = u, 


[Hf (~)P = f(x)? + 2H f HF @)}. (4.399) 
Suppose the following result holds: 


IAF ll, < GIF lp - (4.400) 
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Making use of Eq. (4.399) it follows that 


ioe) p! 
If 5) = i [7 (x) + 2H HP VCO? dx} 


1 


ioe) p! loo) Pp 
<{f Lfo/” dx} +2{ f HOR VOIP ax} 


ioe) p! 
<P], +20| [ancora 
< If 3p + 2Cyl lap lH lap (4.401) 


and the Minkowski and Cauchy—Schwarz—Buniakowski inequalities have been 
employed. The final result is in the form of a quadratic inequality for the variable 
|Hf llap- Solving this inequality gives 


Af llap S Copllf lap » (4.402) 
with 
Cop = Cy + (Ch + 1). (4.403) 


Hence, if Eq. (4.400) can be established for the special case p = 2, then Eq. (4.402) 
indicates the inequality holds for the cases p = 24 with g € N. 

A simplified proof of Eq. (4.382), without regard to establishing the optimal value 
of Rp, is now examined. The following is based on a proof due to Calderon (1950, 
1966). The proof is broken into two parts, the first having 1 < p < 2 and the second 
having 2 < p < oo. Suppose the complex function w = u + iv has u > 0, then, for 
1 <p < 2, the following inequality holds: 


|v? < Apu? — B, Rew), (4.404) 


where A, and Bp are positive constants that depend only on p. The proof of this result 
is as follows. Let w = Re'®, then Eq. (4.404) can be expressed as follows: 


|sin6|? < A, cos? 6 — By cos pe. (4.405) 


This result can be established as follows for —7/2 < 6 < w/2 and1 <p < 2. 
For 0 = +7/2,cosp0 < 0, and in a small neighborhood of these two values of 6 
the constant B, can be selected sufficiently large such that —B, cosp@ > 1. In any 
closed subinterval of (—z/2, 2 /2),cos?@ > 0, and on selecting A, sufficiently large, 
we have A, cos? 6 — B, cosp@ > 1, and hence Eq. (4.405) follows. This proves Eq. 
(4.404). A generalization of Eq. (4.405) is established in Section 6.17. Let 


w(z) = U(@,y) +iV(, y), (4.406) 
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id 
Cc 


Figure 4.6. Semicircular contour with center at (0, iy) and diameter parallel to the x-axis. 


where w(z) is analytic for y > 0 and satisfies w(z) ~ z~! asz > +oo, and obviously 


w(z)? ~ z-? asz — +00. Apply the inequality Eq. (4.404) followed by integration 
over the real axis to obtain 


/ ” We prdesd, 1 ” WEP a= 5, / * Relwoe-+ iy)P}dx. (4.407) 


—oo = 


Consider the integral $c w(z)dz, where C is the contour shown in Figure 4.6. Using 
the Cauchy integral theorem leads in the limit R > oo to 


i ne w(x + iy? dx = 0, (4.408) 


and hence 


i Re{w(x + iy)?}dx = 0. (4.409) 


Thus Eq. (4.407) simplifies to 


fe |V (x,y)? dx < Ap io |UG,y)IP de. (4.410) 


In the limit y > 0+, U(x,y) and V (x,y) can be expressed in terms of a function 
f € IP(R) as follows: 


lim UQ@,y)=f(x), ae. (4.411) 
y0+ 
and 
lim Va,y)=Af(x), ae., (4.412) 
y> 0+ 


and so Eq. (4.410) becomes Eq. (4.382) if Ae is identified with Rp. 

To complete the proof, values of p in the range 2 < p < oo need to be considered. 
If Eq. (4.382) holds for some | < p < ov, then it also holds for the conjugate 
exponent g. Recall that the conjugate exponent is given by gq = p(p — 1)7!. The 


4.20 The Riesz inequality 209 


following is termed a duality argument. First a digression. If f € L?(a,b) and 1 < 
Pp < ©, then 


b po 
| / ironras| = sup 
a & 


where the sup is taken over all g with 


b 
if S @)g(x)dx} , (4.413) 


b q 
{/ torte} <1, (4.414) 


and q is the conjugate exponent of p. To see how Eq. (4.413) is obtained, proceed as 
follows. Using Hélder’s inequality leads to 


1 


b b po b q' b Ds 
/ Foogoodr| < | / rors] | / torte} < | / rors] 
(4.415) 
As a particular choice for g(x) take 
=1 
TAG) aii? ee eee (4.416) 


So(x) = ane 
{fr LFeP arp” 


it is straightforward to show that 


-1 


b q 
{f invnirs| = 1. (4.417) 


Using Eq. (4.415), pick a g(x) > go(x) such that equality holds for 


b (1—p)/p 
| i hoy wf 

b b (1-p)/p 
x / rors | i. ironras| 


-1 


b P 
Ss {/ iroras| . (4.418) 


which establishes Eq. (4.413). From Eq. (4.176) it follows that 


b b 
i, Fees = | / FOOLP OP! sen(f dx 


sup 
g 


(4.419) 


/ Hoga = i Sf (x)Hg(x)dx 
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and, by Hélder’s inequality, 


ioe) q} ioe) p! 
<{f ror ax} {f He? a| 


ioe) qd loa) p! 
<4, [ For ax} {/ eco? axl 


q} 


< Ap ff Fer ax} : (4.420) 


| i Sf (x)Hg(x)dx 


where Eq. (4.414) has been employed. Using Eqs. (4.413), (4.419), and the preceding 
result yields 


IAF lq < Apllf lla. (4.421) 
where gq is the conjugate exponent to p. The following results have been established: 
Af lp SApllflp, 1<ps2, (4.422) 

and 
lAflp< Gilfllp, 2<p<™, (4.423) 


where for convenience the constant in Eq. (4.421) has been written using a different 
designation, that is Cy = Agg—1)-! for 2 < q < oo. Equations (4.422) and (4.423) 
represent Eq. (4.382), with 


Ay. Tee ps2 
a ee 7 4.424 
va le 2<p<o. 


To determine the optimal constant requires only one of the two ranges, 1 < p < 2 or 
2 < p < &, to be investigated. Evaluation of the optimal value of 3, is treated in 
Section 6.17. 

Using the iteration property a simple lower bound for ||Hf'|, for p > 1 can be 
found. Starting from 


IZ Oll, < Nplloll,. (4.425) 


and inserting ¢ = Hf, leads to 


If lp < XIAP, » (4.426) 


and hence 


(IMS lp SMF lly < Npll fl - (4.427) 
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The isomorphic structure of the mapping of Z’(R) onto itself under the action of 
the Hilbert transform operator becomes an isometry for the case p = 2, which is 
immediately apparent from the last equation, since itz = 1. 

Because of the importance of the inequality of Marcel Riesz, there has been some 
interest in the chronological development of the ideas that led to Riesz’s key theorems 
and some of the related results. For readers with a curiosity about these historical 
developments, there are several sources available. Garding (1970) gives some of 
the details of Riesz’s work; in particular, an excerpt from a letter of G. H. Hardy 
demanding the proof of Riesz’s theorem. A concise summary of the evolution of the 
key ideas is given by Asmar and Hewitt (1988), including a personal recollection of the 
latter author on some of Riesz’s remarks. A detailed discussion, including extensive 
quotations from personal letters between Riesz and Hardy, is given by Cartwright 
(1982). It took a considerable time (about three years) for Riesz to publish detailed 
proofs of his principal results. In the intervening years, Riesz’s work was available 
to Hardy and others. Some questions have arisen as to whether Riesz was given 
appropriate acknowledgment in an early work of Titchmarsh (1926) on reciprocal 
formulas involving integrals and series. Titchmarsh was a student of Hardy and had 
read the Riesz theorems and proofs given in one of Riesz’s letters to Hardy. Cartwright 
covers these issues in detail. As a parenthetical aside, Hardy must have been worried 
that Riesz would move in on one of his (and his student Titchmarsh’s) areas of research, 
for he writes in an undated letter to Titchmarsh (Cartwright, 1982, p. 506) “You will 
observe that R shows symptoms of getting on to ‘Hilbert transforms’ himself -— all the 
more reason for pushing on with your paper.” In this quote R is Riesz. This letter of 
Hardy was probably written in late 1923 or early 1924. 


4.21 The Hilbert transform of functions in L! and in L© 


An obvious omission from the discussion of the previous section and earlier parts of 
the book is the case of Hilbert transforms for functions that belong to L!(R). The 
reader is reminded, following the standard custom, that L! is abbreviated to L. Some 
specialized results are now considered for this class of functions. 

If f and g = Hf both e L(R), then the following Hilbert transform pair is obtained: 


g(x) = tp Tans (4.428) 
mw Jo X-S 
and 
¥esal ep i eels (4.429) 
HT JioxX-Ss 


(Hille and Tamarkin, 1935). For the case of functions in Z?(R), p > 1, it is only 
necessary to assume that one of the functions f or g belongs to Z?, in contrast to 
the requirement just stated that both functions € L(R). The reason, as the reader 
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will recall, is that, for p > 1, f € Z?(R) implies Hf (x) € LP (see Section 4.20); 
however, for f € L(R), Hf (x) in general does not belong to L(R). Consider the case 
f(x) =a(a2+x?)~! fora > 0.Nowf € L(R) and 


xX 
g(x) = Af(x) = Page’ (4.430) 


which does not belong to L(R). 
Kober (1942) gave the following result. If f ¢ Z(R), a necessary condition that 
Hf € L(R) is 


[foun =0. (4.431) 


That this condition is not sufficient is attributed by Kober to H. R. Pitt. The latter 
result can be established as follows. Let 


0, —0o <x <0 
f(x) = 4x7! log? x —2/log2, O0<x<1/2 (4.432) 
0, 1/2<x<o@. 


Using the change of variable x = e~” (or otherwise noting that the integrand is an 
exact differential) leads to 


oo 1/2 1 
/ sonar = f x! log~? x dx — — 
—oo 0 
1 


log 2 
od 
eg 
log 2 log2 Y 


Zi. (4.433) 


so Eq. (4.431) is satisfied. For p > 1, the integral i cane [f (x)? dx diverges. Now 


f € L(R) since 
00 1/2 
/ Uf@ide = [ 


2 
x os 24 = —— 


log 2 
2 2 4x2 — 
= eee), (4.434) 
logx. logx, log 2 


where x; * 0.026 042 and x7 © 0.389 208 are solutions of x! log~* x—2/log 2 = 0. 
Let g(x) = Hf (x); for x > 0 it follows that 


Pf f (@dt 


14 -~o X+t 


2 dt 2 ple de 
P / 5 / ; (4.435) 
0 (x+Atlog?t mwlog2Jo (+2) 


g(—x) 
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and, since (x + t)~! > (2x)~!_ fort € (0,x), 


= 1 is dt 2 \ (Ae 
x) > 0 
2 2nx Jo tlog?t mlog2 El oy 
1 7 2 2x+1 
=-— | d{flog¢]'} - | 4.436 
sx | loge m log2 on ( 2x ) ( ) 


The second contribution in the final result is not important for the argument that 
follows, so this term is dropped. Hence, for x € (0, 1/2), 


g(—x) > (4.437) 


2nxlogx 


Now, 


0 1/2 1 1f2 1 
/ Ig (x)|dx = |—g(—x)|dx > =| dx = 00; (4.438) 
-1/2 0 ma Jqo xlogx 


that is, Hf (x) ¢ L(—1/2, 0), and since 


oo —1/2 0 oo 
‘ Af @)|dx = ih lex) |b / peldet [ lg@)|dx, (4.439) 


then Hf ¢ L(R), which proves that Eq. (4.431) is not a sufficient condition. 
To establish Eq. (4.431), suppose f € L(R), Hf € LCR), and 


F(x) = f(x) +i Af (x). (4.440) 
Taking the Fourier transform of this result yields 


FF (x) = Ff (x) + Fibf (x) 
= (1+ sgnx)Ff (x), (4.441) 


and Eq. (4.162) has been employed. The function F(z) is analytic in the upper half 
complex plane, and, by the Cauchy integral theorem, 


§ F(z)dz = 0, (4.442) 
Cc 


where the contour C is a semicircle in the upper half plane centered at the origin and 
including the real axis. From Eq. (4.442) it follows that 


/ * F(x)dx = 0, (4.443) 
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and hence 

FF (0) = 0. (4.444) 
From Eq. (4.441) it follows that 

Ff (0) = 0, (4.445) 


and this establishes Eq. (4.431). 


4.21.1 The L©® case 


The argument leading to Eq. (4.413) can be modified to include the case p = oo, and 
the reader is left to ponder this assertion. A duality type argument is now employed. 
Starting with Eq. (4.413) applied to R with the choice p = oo, and with f replaced 
by Hf yields 


I4fllie = sup | / Hoge}. (4.446) 


ge 
lglz=1 


If vs ee Aff (x)g(x)dx is bounded, then a Parseval-type formula (see Section 4.10) can 
be written: 


[ treecac=- [ sooteoar. (4.447) 


The reader will recall that, for g € L', Hg does not in general belong to L', but the 
additional assumption that Hg € L! is imposed, in which case the right-hand integral 
of Eq. (4.447) is bounded, and an interchange of integration order can be made (refer 
to Section 2.13). Equation (4.446) can be written for a positive constant C as follows: 


If i~ = sup | ‘i es) Hetaye 


gE 
lglp=1 


= sup IF llcollHe llr (4.448) 


ge 
Igiz=1 


and hence 


If llz20 S Clif lize. (4.449) 
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To summarize: iff € L°(R), then Hf € L°(R), provided that the Hilbert transform 
operator is bounded on L!. In general, if f € L©(R) then H is an unbounded operator. 
Kober (1943a) gave an extended definition of the Hilbert transform operator for the 
case f € L° (IR), and this is discussed in Section 16.3. 


4.22 Connection between Hilbert transforms and causal functions 


In this section a result that has found many applications is discussed. Its significance 
stems from the fact that it links Fourier transforms of a certain class of functions with 
considerable physical importance directly with the Hilbert transform. The following 
result is most commonly called Titchmarsh’s theorem, but a number of authors have 
made contributions, including Hardy (1908, 1932), Titchmarsh (1925a), Riesz (1927), 
Paley and Wiener (1934), and particularly Hille and Tamarkin (1933, 1934, 1935), and 
the results are collected together in Titchmarsh’s seminal work on Fourier transforms 
(Titchmarsh, 1948, pp.125—129). 

Let F € L?(R). If F(x) satisfies any one of the following four conditions, then 
it satisfies all four conditions. The real and imaginary parts of F(x), Re F(x), and 
Im F(x), respectively, satisfy the following: 


(i) 
1 °° Re F(s)ds 
Im F(x) = —P ———; (4.450) 
Uw Jug Xs 
(ii) 
1 °° Im F(s)ds 
ReF(x) = P : (4.451) 
wT Joc XS 
(iii) if f(t) denotes the inverse Fourier transform of F(x), then 
f@®=0, fort < 0; (4.452) 


(iv) F(x + iy) is an analytic function in the upper half plane and, for almost all x, 


F(x) = lim F(x +iy) (4.453) 
y0+ 
and 
CO 
/ IF(x +iy)|? dx < co, for y>0. (4.454) 
—oo 


A simple example of a function satisfying these conditions is given by 


1 


F(z) = ————_— 
@) ztatib 


(4.455) 
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where a and b are constants and b > 0. Many additional examples can be quickly 
obtained by examining the table of Hilbert transforms in Appendix 1. A square inte- 
grable function satisfying one of the conditions (i)—-(iv), and hence satisfying all four 
conditions, is sometimes called a causal transform. That is, if the square integrable 
function f(t) is zero for ¢ < 0, then F(x) is a causal transform; and conversely, if 
F(x) is a causal transform, then f(t) is a causal function. 

Before embarking on a proof of these results, it is useful to have a preliminary 
notion of the context in which these ideas find application. Many physical processes 
“turn on” at some particular time, and there is no realizable information transmission 
prior to the turn on time. Such processes are discussed in detail in Chapter 17. If the 
variable ¢ in Eq. (4.452) is interpreted as time, then the theorem makes a connection 
between the causal nature of a physical process and the underlying analytic structure 
of the function describing this process. Functions satisfying Eq. (4.452) are referred 
to as causal functions, with time usually being the implied variable when this name is 
attached. With ¢ selected as a time variable, dimensional considerations imply that x is 
a frequency, and the interpretation of the physical meaning of negative and complex 
frequencies is postponed to Sections 17.7 and 19.2. 

That Eq. (4.450) implies Eq. (4.451) and vice versa, the reader will instantly 
recognize as the Hilbert transform pair relationship; this has been discussed in Section 
3.4. In Section 12.2 the same link between these two equations arises in the discussion 
of singular integral equations. The connections (i) => (ii) and (ii) = (i) have already 
been dealt with, and therefore no additional remarks on this part of the theorem are 
considered. 

The connection (111) => (iv) is now examined. From the definition of F(x), 


F(x) = / . f(pe™ dt 


as / i. fe de, (4.456) 
0 
and hence 
F(x +iy) = i i. f (tye dt. (4.457) 
0 


The additional factor e~™ that appears as part of the integrand can only improve the 
convergence of the preceding integral relative to the integral in Eq. (4.456). Note that 
this last statement would not be true in general if the function f(¢) did not vanish on 
the interval (—oo, 0), and in fact, for most functions, the integral representation for 
F(x + iy) would diverge. So the causal nature of the function is a key ingredient in 
the argument. Equation (4.457) represents the analytic continuation of F(x) from the 


4.22 Connection with causal functions 217 


real line into the upper half of the complex plane. Now, 
oo . 
lim F(x+iy) = lim i; foe dt 
y> +0 y> +0 Jo 
0° . 
= i; lim f(t)e™™ dt 
0 yO 
= F(x). (4.458) 


To justify the interchange of the limit and integral, a sequence of functions gy, is 
constructed, and the limit n — oo is examined. Let g,(t) = f (ee! and sup- 
pose there exists a measurable function h(t) such that |gp(t)| < A(t) a.e. and that 
limp—+oo Zn(t) = g(t), then Lebesgue’s dominated convergence theorem allows the 


interchange of limit and integral. Now 


/ : |F (x + iy)? dx = [ : dx [ ‘ f (per dt [ si f * (s)e7 9 ds 
=2n [ 7 f (De de [ io f * (s)eS(s — tds 

=2n [ - Ife" dt 

<2n [ i“ If ()/? de. (4.459) 


Recalling Parseval’s formula, and noting that F € L?(R), yields f € L?(R), and 
hence, for a positive constant C, 


CO 
i. IF (x +iy)|? dx < C. (4.460) 
CO 


The relationship (iv) => (i) and (ii) is now examined by considering the contour integral 
Te F(z)dz/(z — xo), where I denotes the rectangular contour shown in Figure 4.7. 


Figure 4.7. Rectangular contour with a suitable indentation to avoid the singularity at (z = x9). 
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Application of the Cauchy integral theorem yields 


[ep o eee FOG , [Fed 
rz—x0 7 —a X — X0 xote * — X0 xm 2—X0 


F i F@)d | i Fede / FNS cag, (4.461) 
r r r 


1 2—%0 , 2—X0 3 2 — X0 


The integral along I'2 simplifies as follows: 


i F(e)dz _ i F(x + ib)dx 
T = 


5 Z—X0 a X—x0 +ib 


- io F(x + 1b)(x — xq — ib)dx (4.462) 


~ _a (x — xo)? + b? : 


and, on using the Cauchy—Schwarz—Buniakowski inequality for a finite interval, 


B 2 B B 
v {f(e01as) <| [ F09? dr | / jecn?ae (4.463) 


then, 


es : py |2 . dx 
eel e| [1Fe+in ar|| "as. (4.464) 


If the limit a + oo is examined in this last result, the first integral on the right-hand 
side is bounded by a constant (Eq. (4.460)), and the second integral yields 7b~!. 
Therefore the integral along 2 vanishes in the lim a, b > oo. Similarly, the integral 


on I; simplifies as follows: 
b b d 
: y 
[F(a + iy)? d i, EECSEG ES: 
| To @= x0) +? 


Est <3 b 
_ tan“ !(b/(a ~ 0) / WF(a+iyyP dy. (4.465) 
a— xo 0 


b DOL Soe 
/ F(a+t+iy)idy 
0 a-—xo+iy 


In the lim a > on, the last integral must be bounded, and hence the right-hand side of 
Eq. (4.465) approaches zero in this limit. A similar argument applies for the integral 
on the contour 3. Taking the lim ¢ — 0 in Eq. (4.461) yields 


|p / eke iF (x), (4.466) 


uw Jioo S—X 


which yields Eqs. (4.450) and (4.451) on taking the real and imaginary parts. This 
completes the connection (iv) => (i) and (ii). 
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The connection between (i) and (ii) and (iii) is now investigated. Multiply 
Eq. (4.466) by (277)~!e~* and integrate with respect to x to obtain 


1 os F 1 SN. ot 1 °° F(s)ds 
ae F(xe™ dx = al eta [ (s) 
20 Joo 271 Joo 


wT Jig S—X 
1 oe) 1 ioe) —ixt dy 
oe idee / : 
271 Jo HT Jo Sx 
1 fe 
= — F(s){isgente “Ids 
2701 J—oo 
tf F 
— SE | Fe ds, (4.467) 
2m Joo 


and the Hilbert transform of e~*“can be evaluated most quickly by expressing the 
exponential in terms of cosxt and sinxt and using the results for H(sinxt) and 
H(cosxt). The reader is invited to justify the change of integration order in the last 
sequence of steps. Equation (4.467) simplifies to 


f@®=0, fort <0, (4.468) 


which verifies that f(¢) is a casual function, and hence the connection (1) and (ii) > 
(iii) is established. 

In order to see what is involved in the implication (iv) => (iii), start with the Parseval 
identity to obtain 


/ ~ |F (x +iy)|? dx = 2x / i" If@ Pre ™ dt. (4.469) 


For y > 0 the integral involving |F (x + iy)|? is bounded; however, the second integral 
in general diverges at the lower limit. Intuitively, it is clear that one way to avoid this 
divergence is to have f(t) vanish faster than e~*” as t  —oo. Consider the Gaussian 
fO= ena? , with a > 0, as an example of a function for which the right-hand side of 
Eq. (4.469) converges. The Fourier transform of a Gaussian function is a Gaussian, 
and hence the integral over |F (x + iy)|? is unbounded as y > oo. By requiring f (f) 
to be causal, it is clear that the right-hand side of Eq. (4.469) will converge. Suppose 
a function exists that is square integrable on R and is the boundary value of a function 
analytic in the upper half plane. Is this function the Fourier transform of a causal 
function? The aforementioned example — the Gaussian function — makes it clear that 
the answer is no for a general function. In addition to the two stated conditions, the 
key requirement that must also be satisfied in order that the function represent the 
Fourier transform of a causal function is that Eq. (4.454) should also hold. 

A more rigorous demonstration of (iv) => (i) is now considered following an argu- 
ment of Titchmarsh (1948, pp. 125-127). If ee |F (x + iy)|* dx exists and is bounded 
for y in the interval yj) < y < yo, then, for positive 6, lim, —. 40 F(x + iy) > 0, 
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for y) +6 <y < yz — 6. This can be proved by considering the Cauchy integral 


F@) => 


1 
/ SUAS ee (4.470) 
| 


w-zl=p WZ 


On employing the substitution w — z = pe!’ and applying the Cauchy—Schwarz-— 
Buniakowski inequality yields 


1 20 aD 
IF(z)/? < = | Fe + e™)| dé. (4.471) 
20 0 
Multiplying Eq. (4.471) by p and integrating over this variable gives 


ie ; 1 é 20 
~d°|F < — d 
5 Fer ss | ode | 


Converting from polar to Cartesian coordinates with the change of variable z+ pel? = 
u + iv, and noting that u € (x — 6,x + 4) and v € (y1, 2), leads to 


; 2 
Fet+ pel)| do. (4.472) 


1 ; é 1 y2 x+6 ; 
~§2 |F(z)? < — i dv if IF (u + iv)|* du. (4.473) 
2 20 VI x—8 


The integral cs |F (u + iv)|? du is bounded in the interval yi <y <2 and vanishes 
as x — -too; hence, 


lim F(x +iy) > 0. (4.474) 
xX =00 


This result is now used to establish the connection (iv) = (i). The contour inte- 
gral rf (z)e—“” dz is evaluated around the rectangular contour in Figure 4.8, with 


—a 0 a x 


Figure 4.8. Rectangular contour with vertices located at (—a, yz), (a, v2), (4,1), and (—a, y). 
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the result that 


a 5 2 . 
} F(x tive"! dx +i / F(at+iyje@t% dy 
a y 


1 


a : y2 F 
— / F(x + iyn)e OT ™ dx —i F(-a+iy)e“*" dy =0. (4.475) 
a nal 


Taking advantage of Eq. (4.474), then, in the lim a > ov, the integrals along I’; and 
T3 vanish, and hence 


lim {/ Fat iyjje tM dx— Fat+ iyp)e ton ar| = 0. (4.476) 
a>oo a ty 


Let 
(t,y) : fr + iyye™ dx (4.477) 
‘all, = — x lyje 4 
cama 0 a 
and 


then, from Eq. (4.476), it follows that 
e” g(t,y1) =e? g(t, ya). (4.479) 


The right-hand side of this equation is independent of y; and the left-hand side is 
independent of y2; this is only possible if both sides of the equation equal some 
function of time, hence 


eg(t,y) =f (0), (4.480) 
and therefore 
a(t,y) =e FO. (4.481) 


Parseval’s theorem yields 


/ . If()|\7e77 dt = / * IF (x + iy) |? de. (4.482) 
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Both integrals are bounded as y — oo, and since e~7+)” > 1 for t € (—00, —4), 
it follows that 


= = 
/ Urol? at < e-2 / Uren de 


< Ce~* 
=0, asyroow. (4.483) 
Since 6 is arbitrary, take 6 — 0+; then 
f@®=0, fort <0. (4.484) 


Equation (4.453) is now investigated. If F € L*(R), and F(z) is analytic in the 
upper half complex plane, and Eq. (4.454) holds, then 


_ 1 f° yF@ade 
Fa= = ie Gant 52 (4.485) 


The reader will recognize this result as the Poisson integral formula for the half plane 
(see Section 3.2). Taking advantage of the Dirac delta distribution leads to 


Se 1 F (t)dt 
lim F(x +iy) = / fie 
y>0+ co p04 Hm (t— x)? +y? 


= / F(t)d(t — x)dt 


= F(x), (4.486) 


and Eq. (2.252) has been employed. Here F'(¢) is treated as a suitably well behaved 
test function, and the interchange of the order of the limit and the integral is done in 
the sense of the definition of the Dirac delta distribution. Alternatively, the following 
approach, which avoids the Dirac delta distribution, can be taken. Starting with 
Eq. (4.485) leads to 


Fe =2 / eee sc i * elu r (udu 


Tf pg 8 EI es 


No es yds Os 5 
a= li 1SUu 
N00 7 ie (s—x)*+y? [. eos 


1 oo N yelus ds 
= ili = d —— a 
N00 7 [fo “f (s—xP+y? 


1 oo N . oo i t-yldl 
= ji ius i(v—s)t—y 
Noses 20 [foo J wf e e 
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JPN of Or. N | 
= lim =| _fwau [ eitt—yitl ar | eili—Ds dy 
N>o 27 J_ a _N 


pe oO : - 
= im + _f wae [. eixtyle| SIN = ON 
> 00 TT 


Noo = (u— t)N 
ates, ie eitt—yld [lr J(u) sin(u — t)N 
= lim — fe dt Saat du. (4.487) 
Let 
© f(u) sin(u — t)N 
Inf) = =f. G@—)N du, (4.488) 
then 
vim lLiv@® —FOll > 2, (4.489) 
so that 
F(z) = / * eb! ll a) dt. (4.490) 


Taking the limit y > 0+ gives 


os) . 
lim F(z) = Pan eI (dt 
y>0+ —0o 


= i ef (t)dt 
= F(x). (4.491) 


The theorem stated at the start of this section can be extended to cover the case 
of functions € L?, with p > 1. See the end-notes for references on this point. When 
Eq. (4.454) is replaced by 


/ : [F(x + iy)? dx = O(e”), (4.492) 


where k is a real constant, a statement similar to Eq. (4.452) follows, but the bound 
on ¢ in this equation depends on k. This is discussed in Section 17.8 (see Eq. (17.99)). 


4.23 The Hardy—Poincaré—Bertrand formula revisited 


In this section the Hardy—Poincaré—Bertrand formula is revisited and advantage is 
taken of some of the results obtained in Section 4.22. Let f € LZ? forp > 1, g € L’, 
where gq is the conjugate exponent, and set @(s,z) = (s — z)7! ‘f (s), where as usual 
z =x+1y. The corresponding Hilbert transforms of these three functions are denoted 
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by F(s),G(s), and ®(s,z), respectively. The function ®(s,z) can be written as 
follows: 


- _1,/° _ f@de 
®(s,z) = H¢(s,z) = =P i ae 
oe gl fd 1 ‘ 
 (s — 2) i {= a4 ro ' 
Stone [Foo =f. ot. (4.493) 
(s —z) HT Jo t(-Z 
Let 
W(z) = (f@ +iF@Hez) + iG@}, (4.494) 


then, from the initial theorem at the start of Section 4.22 (see part (iv)), it follows that 
i W(z)dz = 0, (4.495) 
Cc 


where C denotes a semicircular contour in the upper half complex plane, with center 
at the origin and diameter along the real axis. It follows directly from Eq. (4.495) that 


[ reoeeoax = i F (x)G(x)dx (4.496) 
and 


/ ‘a f)G(x)dx = — / F(x)g(x)dx (4.497) 


which are results that have already been encountered (see Section 4.10). Using 
Hdlder’s inequality in the form 


ee) p! oe) q' 
<| [ Foor ax} | [ eco as| (4.498) 


it follows that the left-hand side of Eq. (4.496) is bounded. Similarly, 


8 p! 66 gq} 
< {/ IFoor ax} {/ jowoitar| : (4.499) 


Employing the Riesz inequality in this result proves that the right-hand side of 
Eq. (4.496) is also bounded. A similar argument can be applied to establish that 


| i f(x)g(x)dx 


Ve F(x)G(x)dx 
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both integrals in Eq. (4.497) are bounded. Using Eqs. (4.497) and (4.493) leads to 


[. o(s,z)G(s)ds = — ie ®(s,z)g(s)ds 


a [. F(s)g(s)ds ~| g(s)ds i f(Odt 


-~o %S-Z HW Joo S—Z 


: (4.500) 


ooh Sz 
and hence 
ie (s —x + 1y)f(s)G(s)ds 4, ie (s —x + 1y)F(s)g(s)ds 
—0o (s — x)? +y? —oo (s — x)? +? 


_ -|- cae (t—x+iy)f(Hdt 
digg = (s—xP? +r Jin (t- x)? +? 


(4.501) 


Consider the limit y + 0+, and employ the result for this given in Section 4.22 (see 
Eq. (4.486) or Eqs. (4.487)-(4.491)); then 


Pf OCR gh [ORCS = 1/0600) + FON) 
mT Jo SX x Jo S-x 
— fig) — Ge) — FO). (4.502) 


In terms of distributions, the second integral on the right-hand side of Eq. (4.500) can 
be simplified by noting that 


1 


S—Z 


1 
=P (=) +ind(s—x), asy—> 04. (4.503) 
S—X 


From Eq. (4.502), it follows that 


ae f el” godt _ aPf oer f 


a? —90 SX -~o [-S ue —co S—-Xx -o t-s 


+ FQ@)G@) —f@)g@) 


1 lee) lee) 
=-sP[ sar [ro 
uv —0o —oo 


«| : + : : dt + F(x)G(x) 
S—X t t—x 


—f(x)g(x) 

ee On, oS f (OHdt 

= sah [acoder f @—n@—) 
—fx)g), (4.504) 


which is the Hardy—Poincaré—Bertrand formula. 
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4.24 A theorem due to McLean and Elliott 
The norm ofa linear operator 6 : L? — L? is defined for f € Z?(R) by the relationship 


ll, = sup |l@fll,. (4.505) 


fllp=! 


and 1 <p < ooisassumed, anticipating what is to come. In this section the following 
result is established: 


[Helly = Alp» (4.506) 


where Hg is used to designate the truncated Hilbert operator defined by 


Hef @ES -P i) 7 = Py oh (4.507) 


In Eq. (4.507) E denotes a measurable subset of R, and it is explicitly assumed 
that |E| 4 0. Two choices for £ that show up in applications are the finite Hilbert 
transform defined on (—1, 1), which is discussed in detail in Chapter 11, and the one- 
sided Hilbert transform defined on the interval (0,00), which is treated in Section 
12.7. The approach of McLean and Elliott (1988) is employed to prove Eq. (4.506). 
These authors use a different sign convention for their definition of Hz f; they also 
employ a factor of 1 in place of wz in Eq. (4.507), and they use a slightly different 
definition of the dilation operator. None of these changes alters the outcome in an 
important manner. Some preliminary results are required before proving Eq. (4.506). 

Let X~_ denote the operator corresponding to multiplication by the characteristic 
function of the measurable set £,, so that 


f@), xéFk 


Xef x) = | 0 SOE. (4.508) 


McLean and Elliott gave the following result. Suppose £ is a measurable subset of R 
then, (i) if the operator 6 commutes with translations, 


Oa+ell, = llOzll,, foralla eR, (4.509) 
and (ii) if 0 commutes with dilations, then 
Omellp = l|Ozllp, for all m > 0, (4.510) 
where the truncated operator Og is defined by 
On = X£OXE. (4.511) 


The reader is reminded that the translation operator was defined in Eq. (4.64), and 
the definition of the dilation operator given in Eq. (4.77) is employed (the prime 
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superscript is dropped to simplify the notation). The term a + F is interpreted as 


a+E={a+x:xeEF}; 
and mE is interpreted as 


mE = {mx :x € E}. 


To establish Eq. (4.509), the following preliminary result is required. Now 


f@-a), x-aeE 
0 


Xetafo) = kefr— a) = | x-a€¢E 


and 


toXaseS tt) = to 4 x¢atE 


from which it follows that 
TaX at ES (x) = Xetaf (). 
In a similar fashion it follows for S,, : L? — I? that 


f(mx), mxékE 


XESmf (x) = m? Xe f (mx) =m? | 0, mx ¢ E, 


SinX mEf (x) = Sin | 


f@), xek | m?'f (mx), meek 
0, x€éE, = 0, mx € E, 


and hence 


XESmf (x) = SinX mEf (x). 


SQ), xeatE —_|fx—-a), x-ack 
~ 10, x-—aébE, 


(4.512) 


(4.513) 


(4.514) 


(4.515) 


(4.516) 


(4.517) 


(4.518) 


(4.519) 


Carrying on with the proof of Eq. (4.509), it follows from Eqs. (4.511) and (4.516) 


that 


TaOa+E = TaX a+ EOX atk 


= XEROX aLE 


= X FOX atE 
= X FOX ET 


= OFTa, 


(4.520) 
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and so 
OurE = 1) ORTa- (4.521) 


Equation (4.521) leads to 


lOotef llp = 


1106 t |. (4.522) 


Equation (4.522) simplifies on noting that t! = t_, using the isometric nature of 
Tq, that is IItaf lp — If lp , and on taking the sup over all f € Z?(R) with If lp =1, 
This yields 


Oa+ell, = zllp (4.523) 


which completes the proof of part (1). To deal with part (ii), start with Eq. (4.511) and 
use Eq. (4.519) to obtain 


SmOmE = SinX mEOX mE 


= X ESmOX mE 
= X EOS X mE 
= XfOX Sm 
= O£Sm, (4.524) 
and hence 
Ome = Sy! OESm- (4.525) 
Equation (4.525) leads to 
lOnzf lly = |SnteeSn/| (4.526) 


Equation (4.526) simplifies, on noting S/ ' — § -1, using the isometric nature of 
Sins Smif lp = If llp , and on taking the sup over all f € Z?(R) with If lp = 1, so 
that 


OmEllp = llOcllp » (4.527) 


and hence part (ii) is established. 
The concept of the density of E is now introduced. The Lebesgue measure of E is 
denoted by |£|. Let Js denote an open interval centered at x and having length 26: 


J3(x) = (x —6,x+6), ford >0,xeER. (4.528) 
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The density is defined by 


a ENS 
dg (x) = ae EG (4.529) 


assuming the limit exists. If the interval Js does not overlap FE, then dg(x) = 0, and 
if E includes the interval Js then [EN Js(x)| = |Js(x)| and so dg(x) = 1, and hence 
0 < dg(x) < 1. If E is the interval (a, 8), then dg(a) = dg (8) = 1/2. If |E| 4 0, 
then intuitively it is expected that the set £ has a large number of points where the 


density is one. Just consider the evaluation of dg (2), wherea < 4 < B. The preceding 
idea is summarized in the Lebesgue density theorem, which states that 


dg(x) =1, for almost every x € E. (4.530) 
Let J denote a bounded interval centered at zero, then 
lim |J 1 mE| = dg(0)|J|. (4.531) 
m—>co 
Take m > 0, then |mE| = m|E|, and for measurable sets E; and £> it follows that 
mE, 1 E2) = (mE\) N (mE2). If J is taken as the interval (—a,@), witha = m6, 


then using Eq. (4.528), J = mJ; (0). From Eq. (4.529), 


_ |ENJs(0)| 
dr(0) = | ——__—_ 
Be abe ECON 


fi (4.532) 


and hence Eq. (4.531) follows. 
The next result required is the following. If f ¢ Z?(R) for 1 < p < o, then the 
following statements are equivalent: 


(i) de(0)=1, (4.533) 
(i) tim [Xmefllp = IF lip (4.534) 
Git) tim I = Xme i lly = 0. (4.535) 


First note that 


WANE = Wn f + — Xne) S12 = We FP + A — Xe) f IB. (4.536) 
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Hence, if (iii) holds part (ii) follows, and if (11) holds part (i11) follows. To establish 
(i) from (ii), let J be as defined previously and set f = X71; then 


[o@) 
i= f Pdr VI, (4.537) 
—0o 
and hence 
stim (JA mE| = lim Ime f 2 = IPI = WI, (4.538) 


and (i) now follows on using Eq. (4.531). It remains to show that (i) = (ili) or (ii); 
the former of this pair is selected. Let g denote a continuous function g : R > R 
having compact support and satisfying ||f — gl, < ¢, fore > 0. Let J be as defined 
previously, and let it contain the support of g; then 


(1 — Xme)f = 1 — XmE\S — 8) + 1 — XmeE) XIE. (4.539) 
Employing Minkowski’s inequality followed by Hélder’s inequality leads to 
1 = Xme)f lip <A — med = lly +A — Xme)X sly 


<IICf — 2)llp + — Xe) Xs pp» llellpp: 


<¢+|J\mB|!/??2 ||g| (4.540) 


PP\? 


where p; and p2 are a pair of conjugate exponents. Making use of Eq. (4.531) and 
keeping in mind the starting assumption that dz(0) = 1, yields 


lim |J\mE| = |J|— lim |J A mE| = |J| — dg(0) |J| = 0. (4.541) 
m—>oo m—> oo 
Taking ¢ as an arbitrary constant, it follows that 
1 — Xme MV lly = 9, (4.542) 
which is the required result. 
A principal result of McLean and Elliott is the following. If dg(0) = 1 and 6 
commutes with dilations, then 


lOzlly = llAllp- (4.543) 


To establish this result, let f ¢ Z?(R) with 1 < p < oo and satisfying || /|| pal, and 
let ¢ > 0 such that 


lll, < Of ll, + &- (4.544) 
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Employing Eq. (4.511), 


Of = OmEf + ad — X mE)Of + XmEOU — XmE)f - (4.545) 


Using Minkowski’s inequality and applying Hélder’s inequality with conjugate 
exponents p; and p2 leads to the following: 


IOP lly <NOmef lly + — XmeE VF lip + XmeO0 — XmeV lp 
< [Ome lly + IL — XmEVF lly + I Xme0llyp: I — XmEV Ilpp» (4-546) 


Using Eq. (4.527), taking the limit m — oo and employing Eq. (4.535), leads to 
Of ll, < lleelly- (4.547) 
Utilizing Eq. (4.544) gives 
All, < llOzllp +8, (4.548) 
and since ¢ is an arbitrary constant, it follows that 
lll, < llOzll, - (4.549) 


But ||Oz||, < ||6l|, is an obvious inequality, and combining this with the preceding 
equation leads to the desired result, Eq. (4.543). 

The central result of this section can now be established. If |E| 4 0 then Eq. (4.506) 
holds. From Eq. (4.530) for almost every x € E£ it follows that dg(x) = 1 holds and 
hence d_y+¢(0) = 1. Making use of Eqs. (4.523) and (4.543), and using the fact that 
the Hilbert transform operator commutes with the translation and dilation operators 
(Section 4.6), leads to 


Ze llp = lH—-x+ellp = ll Ip (4.550) 


which is the desired result. 


4.25 The Hilbert-Stieltjes transform 
The Hilbert—Stieltjes transform of the function F’ is defined by 


AgF (x) = af. on. (4.551) 
a Jiox—t 

At the risk of making the notation overly cumbersome, an appropriate subscript has 

been added to designate this transform. In the literature the notation for the standard 

Hilbert transform is also employed to denote the Hilbert—Stieltjes transform. This 

transform is sometimes defined with the opposite sign convention, and occasionally 

the factor of pi is omitted. 
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Two key results are established in this section. For the appropriate class of functions 
F,, the Hilbert—Stieltjes transform exists a.e. From this result the existence of Hf a.e. 
for f € L(R) is deduced. Further, a bound is established for the measure of the set 
of points where the Hilbert-Stieltjes transform exceeds a positive constant. A few 
background details are required. 

Let f € L'[a, b] and suppose that F(x) is defined by 


*. 
F(x)= i f@dt+c, (4.552) 
a 
with C a constant. The function F' is absolutely continuous on [a, b], and 
R 
F(x) —F(a)= / f(@dt, forx € [a,b]. (4.553) 
a 


If for any subdivision of [a, b] the sum 77_, |F (x,) —F (xx-1)| is bounded, then F 
is said to be of bounded variation on the interval [a,b]. The total variation of the 
function on the interval [a,b] is the sup of these sums. The total variation of F on 
[a, b] is denoted by V. It can be shown that 


b 
Ge, Lf )|dx, (4.554) 


which is left as an exercise for the reader to consider. The class of functions that have 
bounded variation on [a, b] is denoted by BV ([a, b]). 

To establish the results indicated for the Hilbert—Stieltjes transform, some prelimi- 
nary lemmas and some background on distribution functions are needed. The notation 
E(f) is used to designate the set of points 


E\x(f) = {x ER: |f@)| > A}. (4.555) 
The distribution function of f is defined by 


m(f) = m({x eR: |f@)| > A}), (4.556) 


where m() denotes the measure of the set £,(f). The alternative notation |{x € R: 
| f (x)| > A}| is also commonly employed to denote the distribution function, and it is 
used in various sections of this book. The designation of the real line is dropped unless 
some misunderstanding is likely. This distribution function is not to be confused with 
the use of the same term employed with the connotation of a generalized function. 
A few of the basic properties of the distribution function that are employed in this 
section or in later chapters are now presented. Since £y,(f) C E,,(f) for 1 < A2, 
then m, (f) is a decreasing function as A increases. For two functions fj and fo, if 


IN| <lA@!, (4.557) 
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then £,(f,) C F4,(f2), and so 


my (fi) < m(f2). (4.558) 
If the function f is written as a sum, 
SQ) =f) +f), (4.559) 
then £2, (f) C Ex, (ft) U Fx (2), and hence 


mo(f) < m(fi) +m(f2)- (4.560) 


Iff € L, then 


IFW =p [Wee fool > aye a, (4.561) 


To see what is involved in this last equation, treat f as a simple function. For simplicity 
take f = X;, where J denotes an interval, and 


0, ifa>l 


Wl, if0<A<1, 50) 


fx 1f@)| > AR = | 


then || f I = ||. The right-hand side of Eq. (4.561) simplifies as follows: 


le) 1 
rf Ix: FG) > ayaPe! da =p [ Ix: [f(@x)| > apa?! da 
+p { fx: [f(x)| > apaP! da 
1 
1 
=pini | wl da 
0 
=(|1|. (4.563) 


Now take a simple function to examine the general result. 
The first lemma that is required to establish the key result of this section is as 
follows. If b; > 0,4 > 0, and the function f is defined by 


n bj 
(oa: ; (4.564) 


X— Aj 
i=1 
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then the set of points where f(x) > A consists of n intervals whose total length is 
ATS bj; that is, 


1 n 
mx i f(x) >A} = - d, bi (4.565) 
and 
1 n 
Oe a (4.566) 


This result is often referred to as Loomis’ lemma (Loomis, 1946), though a number 
of authors call it Boole’s lemma (Boole, 1857). As an example, consider 


3 2 1 
ff) = + 
= 


: 4.567 
a a ae, 


which is shown in Figure 4.9. Equation (4.565) is illustrated for the choice A = 2. 
The roots of f(x) = A are 1.267949 19245, 2.5, and 4.732 050 80741, so that 
the left-hand side of Eq. (4.565) is the sum of the values 0.267 949 19245, 1, and 
1.732 050 807 41, which are the three horizontal sections shown in the figure, and 
this sum equals 1~! S™_, by. 

To prove Eq. (4.565), proceed as follows. First note that lim,_.,,_ f(x) = —oo, 
lim,-.a4.f (x) = 00, and f’(x) < 0; that is, f(x) is monotone decreasing in each 
interval (a;, aj4). There are exactly n points where f(m;) = 4, which are denoted by 
mj, and the points are positioned such that a; < mj < aj+; fori = 1,2,...,n—l;ay, < 
m,. Reference to Figure 4.9 should help with a visualization of the aforementioned 


Figure 4.9. Plot of the function f(x) = 3(x 171 4+2 3/2)! t (x —3)7! showing the points 
for which f (x) > 2. 
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statements. The set where f(x) > A is given by the sum of the intervals (mj; — a;) and 
has a total length of 


mix f(x) = A}= D> (m; - aj). (4.568) 
i=l 


The m; values are the roots of 


oe Di (4.569) 


xX — a; 
i=1 J 


which on multiplication by []j_, (x — ax) gives 


S bj [[@ —a)=h I] (x — ag), (4.570) 
PT as at 


and this can be written in polynomial form as follows: 


n n 
ee Satya feta mo (4.571) 
i=] i=l] 
The roots m; satisfy 
n 
[ [@- ma) =, (4.572) 
i=l 


and comparing the coefficient of x”~! for the last two equations leads to 


n n n 
d, ai + . d, bj = d, mi, (4.573) 
l= I= i= 


and hence 


n 


S > (mi = ai) = d, bi. (4.574) 


i=1 


Alternatively, Eq. (4.573) can be obtained directly from Eq. (4.571) using the 
Viéte—Girard theorem. The required result follows immediately from Eq. (4.568). 
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The proof of Eq. (4.566) follows in a similar manner. Therefore 
2 n 
mix :|f@)| == > d, bi. (4.575) 
i= 


The second lemma required is also due to Loomis (1946). Let F(t) be a non- 
decreasing function with finite total variation V. Let (xj — 4;, xj +4;), 7 = 1,2,...,1, 
be disjoint intervals such that 


[. ee) +f Ger ee (4.576) 
Pj day by FH 
then 
8V 
Ieee ae . 
os er, (4.577) 
J 
To establish Eq. (4.577), consider 
4-5 dF(t) %° dF(t) 
4 saree Y eet (4.578) 
—oo t Xj xj +6, t j 


and first note that the integrands in Eq. (4.578) are continuous over the integration 
intervals, and hence the integrals can be approximated by Riemann-Stieltjes sums. 
Let ¢;,i = 1,2,...,N, be a subdivision of the real line that includes the points x; — 4;, 
xj, and x; + 6;. IfJ; denotes the set of indices for which (¢;, ti+1) © Qj — 6.x; + 4;), 
then Eq. (4.578) can be written as follows: 


AF; 
g(v=>, =o (4.579) 


for y = x;, where AF; = F(t;41) — F(t;). Since g;(y) is an increasing function of 
y for x; — 5; < y < xj + 4;, Eq. (4.579) is satisfied for x; < y < x; + 6;. Let A satisfy 
0 << 1 and suppose that 


AF; 
hj(y) = > ——~ = -AM, (4.580) 
rye ied 
ie]; 
then it follows that 
N-1 AF, 
= gi(y) +hj(y) > M—2dM. (4.581) 


T 
at 

| 
< 
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Let S; denote the set where the preceding result holds, that is 


N-1 
AF; 
a pe eee aan. (4.582) 
— ui-y 
n=1 
Let S; denote the set where 
AF; 
a SoM, (4.583) 
iel; ivy 
that is 
AF; 
Sj =}: > —— <-dM}. (4.584) 
ie]; iy 


For Vy € (aj, x; + 6;) implies y ¢ S; U S;. From the first Loomis lemma it follows 
that the measure of the set S; is given by 


N-1 
AF; 
m{Sz}=myy: y > —>(1-aM >0 
pane ti—y 
N-1 
1 V 
Se A 4.585 
Ma» & ES Mle aye ( ) 
and, for the set S;, 
AF; 1 
Si} = —-AM <0$ =—Y= AF, 4.586 
m{S;} =myy a eer < wee i ( ) 
ie] ielj 
Now, 
n 
LU o4 +8) CS (J (4.587) 
ja j 
and 
n n n 
my (J (yx) + 5) t = D_ mby.xj + 5} < m{Sy}+ )~ m{S}}. (4.588) 


j=l j=l j=l 
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It follows that 
6; = 5} < AF; AF;. (4.589 
ys = Lome Nea 5% i> (4.589) 


This result simplifies on using the following inequality: 


3 yo AF < a AF; (4.590) 


J=1 ie]; 


N- 
V 
mss ene ma ST RETTs ea) 


Hence with the optimal choice of A, that is A = 1/2, 


n 


pe (4.592) 


This covers the situation for the intervals (x;,x; + 4;). Including the entire interval 
(x; — 6;,x; + 6;) leads to 


: 5; < ae (4.593) 
=e i 
ysl 
which corresponds to considering 
—5 dF(t co dF(t 
in © + @ >M>0. (4.594) 
t— xj xj+8; t—xj 
The preceding discussion can be repeated for the case where 
%-5 dF (t co dF (t 
/ 2 +f © < —M, (4.595) 
-co Fx xy; t— xj 


by making the change of variables F(t) > —G(—t) and x; > —x;. Denote the 
sets that arise (the analogs of S; and S;) as S_ and Ss; . The reader is asked to fill 
in some of the details for this case. For a given j either (xj,x; + 6;) C Sy US; or 


(x; — §;,x7) C S_U Si, and hence 


Lay ayant Dan <= ys (4.596) 
j= 


j=) iel; i=1 
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A corollary due to Loomis follows from the previous lemma. Let F(t) in the 
preceding lemma have bounded variation on the interval (—oo, co); then 


um 
du i agua (4.597) 


A function F of bounded variation can be expressed as the difference of two increasing 
functions (called a Jordan decomposition) F and F'2 of bounded total variation, thus, 
F(t) = F(t) — F(t). Let Vi, k = 1,2, denote the total variation of F;, then the total 
variation of F is V = V; + V2. If Eq. (4.595) is satisfied by F(A), it is satisfied by 
F\(t) and F2(t) with M replaced by M/2. The preceding lemma can be applied to 
F\(t) and F2(¢), and if the sets of 7, where Eq. (4.595) holds for these two functions, 
are denoted by J; and J2, respectively, then 


16V;, 
ee a ae oe 
» = ara (4.598) 
JESk 


From this result it follows that 


we 18 oy + V2} = e (4.599 
rar ae aie — 


which gives the desired result. 

The third lemma required is classical. Let F(t) be a singular function of bounded 
total variation that is constant almost everywhere. Given a constant ¢ > 0, there exists 
a function G of bounded variation on an open set S that is constant on the intervals of 
S, such that the total variation of F — G is bounded above by «. It is left to the reader 
to construct a proof of this result. 

The key result of this section is the following theorem due to Loomis. The Hilbert— 
Stieltjes transform of the function F' of bounded variation exists almost everywhere. 
For every M > 0, the set Sy, given by 


Su = {x : |HsF(x)| > M}, (4.600) 
has measure bounded above by 32V/M. To establish the first part of the theorem it is 


sufficient to show that, for a given e and sufficiently small 6 and 7, with O < n < 6, 
and every x except in a set of measure less than «, 


x— x+6 
és ea xtn X— FE 
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The function F' can be written in terms of its absolutely continuous part F, and its 
singular part F, (the Lebesgue decomposition of a function) as follows: 


t t 
FO= / F'(s)ds + [Fo -{ F'| = F,() + Fy (0). (4.602) 


The function F, is of bounded variation and has a derivative that is zero a.e. There 
exists a constant «’ > 0 such that F’ can be approximated to within e’ by a step 
function h, that is 


[o@) 
/ |A(t) — F(t) |dt < &’. (4.603) 
—0o 
The function F is introduced by the definition 
t 
Fi(j = / h(s)ds, (4.604) 
—C 


then F(t) — F(t) has a total variation bounded above by «’. The preceding lemma 
implies that there exists a function F2 whose variation is confined to a closed set 
of measure zero and is constant on the open intervals complementary to the set of 
measure zero, such that the total variation function of F(t) — F(t) is also bounded 
above by «’. The function F' is decomposed as follows: 


F(t) =F,(t) + Fo() + F3(0), (4.605) 
so that 
F3(t) = F,(t) — F\(t) + Fst) — Foc). (4.606) 


Equation (4.601) is satisfied when F'(¢) is replaced by F(t) or F(t) with e replaced 
by ¢/3. It is therefore necessary to establish that if F(t) is replaced by F3(¢) in Eq. 
(4.601) then the set where the result fails to hold has a measure e. Let ¢’ = ¢7/384. 
The reason for this choice will become apparent momentarily. The total variation of 
F(t) denoted by V3 satisfies V; < ¢7/192. Let E, be the set of x where the inequality 


[ Se, [Be 
x—65 x—-t x+n x-t 


holds for arbitrarily small 6 and 7. There exists an arbitrarily small A such that, for 
every x € Eg, 
[. 4 dF3(t) +f dF3(t) 
bce xtA xX-t 


A disjoint sequence of intervals [x; — Aj,x; + Aj] satisfying this inequality can be 
found to cover the set E, except for a set of measure zero. This is an application of 


> : (4.607) 


E 
= 4.608 
a5 (4.608) 
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Vitali’s covering theorem, which takes the following form. If a collection of closed 
sets J is a Vitali covering of a set S in £”, then there is a finite or countably infinite 
sequence of pairwise disjoint sets belonging to J, whose union contains all of S except 
a set of measure zero. A Vitali covering is defined in the following manner. For each 
x € S there is a positive number a(x) and a sequence of sets A, with arbitrarily small 
diameters each containing x and belonging to J, and for each n there is a cube C, 
such that m(4,) > a(x)m(C,) and C, contains Ay. 
From the corollary previously given, it follows that 


16V. 192V 
| = a tees (4.609) 


€/6 g 


mE.) <2 A <2 


Since the Hilbert transform of a step function exists except at a finite number of 
points, which can be added to the set E,, it follows from Eq. (4.604) that the Hilbert— 
Stieltjes transform of F' exists except at this same finite set of points. The function 
Fis constant on the intervals of an open set and its Hilbert—Stieltjes transform exists 
except on the complement of the open set, which may be added to E,. Hence, if x 
does not belong to the enlarged set E,, there exists a A withO < 6 < n < A such that 
Eq. (4.607) holds for F', 2, and F3, and therefore Eq. (4.601) holds. This establishes 
that the Hilbert—Stieltjes transform exists almost everywhere. 

The second part of the theorem can be proved by employing the second lemma and 
its corollary. The intervals (x; — 5;,x; + 4;) are selected to cover almost all of the set 
of x where |(HsF’)(x)| > M. The measure of this set is given by 


m(Sy) = *dL8 < os (4.610) 


An immediate important consequence of the preceding theorem is the following. 
Iff ¢ Z(R) and 


t 
F®= 7 f(s)ds, (4.611) 


then dF'(t) = f(f)dt a.e. and hence Hf exists a.e. 
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The distribution function for the Hilbert transform of the characteristic function of 
a Lebesgue measurable set of finite measure of the real line depends only on the 
measure of the set, not on how the set is spread over R. This interesting result was 
established by Stein and Weiss (1959), and it is proved in this section. 
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The following lemma is required. Let a, and by,k = 1,...,n, be real numbers 
such that ay < by < da) < bp <--++ < ay < by, and let 


n 


fo) =[[—*. with rer. (4.612) 
Fare oe by 


Suppose the real constant & is not equal to one, and denote the roots of the equation 
f@) = & by rg,k = 1,...,n, and let the roots of the equation f(x) = —é be sz, 
k =1,...,n. Then the following three results hold: 


n 1 n 
de — 1) = aay De - 8), (4.613) 
k=1 a k=1 
Ix: f(x) > él = —< y (by — ax), foré >1, (4.614) 
k=1 
and 
Ix: f(x) < -€|= = IC —ax), foré>1. (4.615) 
§ = 1 k=1 


Reference to Figure 4.10 shows the arrangement of the x-axis intercept points az, 
the points b; where f(x) diverges, the points r, where f(x) = &, and the points s; 
where f (x) = —&. To prove Eq. (4.613), first note that f(x) = & can be written in the 
following form: 


n n 
po) =[]@-a)-é]]@-m& =0. (4.616) 
k=1 k=1 
Alternatively, p(x) can be written as follows: 


p@) =|[[@- =0. (4.617) 
k=1 


Figure 4.10. Plot of the function f defined in Eq. (4.612) showing the points for which f(x) > & 
and f(x) < —é. 
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Expanding the two preceding equations yields 


ae eeaen pceroS ae (4.618) 
k=1 k=1 
and 
ax Sy + = 0. (4.619) 
k=1 


Multiplying Eq. (4.618) by (1—&)~! and comparing the coefficients of the x”~! term 
leads to 


n 1 n é n 
= b 4.62 
= Tail roe ou (4.620) 
k=1 k= k=1 
This last result can be rearranged to give 
n n n 
> eax) + (1-8) Dre = - &) De, (4.621) 


k=1 k=1 k=1 


and hence Eq. (4.613) follows. 

The following approach can be used to establish Eq. (4.614). From Figure 4.10 the 
required calculation geometrically corresponds to adding all the segments on the line 
y = & that are shown in bold. Hence, 


Ix: f@) > l= J @e74) 
k=1 


= 0 (re — bx) 
k=1 


1 n 
eat Y> (bk = ak), (4.622) 
k=1 


which is the required result. The last line follows on using Eq. (4.613). 
Equation (4.615) can be established in a similar manner. With reference to Figure 4.10, 
the calculation involves the addition of all the segments shown in bold on the 
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line y = —é. Therefore 


n 


Ix f@) < -€1= LU (x. be) 


k=1 


n 
= \> (hk — 5). (4.623) 
=1 
Repeating the same type of argument used to prove Eq. (4.613) gives 


n 1 n 
= ai0p): 4.624 
S > (k = s&) i+t 2 ak) (4.624) 


k=1 
From this result it follows that 


1 n 
Ix: f@) < —§| = Ite DSi (bg — ax), (4.625) 
k=1 


which completes the proof of the lemma. 

The Stein—Weiss theorem is stated as follows. Let E denote a Lebesgue measurable 
set of the real line of finite measure, then the distribution function of the Hilbert 
transform of the characteristic function X ¢ satisfies 


2|E| 
ER: |HXg| > Al= 5) Ae 4.626 
|x ee eae oaienree rere a (4.626) 


where |E| denotes the measure of the set £, and the associated characteristic function 
of E is denoted by X¢. The union of a finite number of disjoint intervals can be 
expressed as 


El = VU (ae. de). (4.627) 
k=1 


The characteristic function X ¢ can be viewed as the simple function resulting from 
the sum of the characteristic functions for each of the intervals (a;, b;). The Hilbert 
transform of the characteristic function of FE is given by 


HX g(x) = apf Maks) ds 


iene be ds 
--ye| 
Wey ak Nes 


«0 X-S 
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axe X— az 

k=1 — bk 

ba X— ak 
=-—lo 

e x — by 


First consider the contribution |x € R: HXg > A|. Let 


fo=T] (=*), 


k=1 


then, from Eq. (4.628), 


ec TX g(x) = f(x)’. 
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(4.628) 


(4.629) 


(4.630) 


Taking the square root of the preceding result means that the condition HX ¢ > d is 


replaced by 
feos" 
and 


f(x) < -e™. 


From Eq. (4.627) and using € = e™* in Eqs. (4.614) and (4.615) leads to 


|E| 


|x : f(x) > e™*| + |x f(x) < —e™| a 


|E| 
sinh wd’ 


and therefore 


|E| 
sinh A’ 


IxE€R:AXg> d= A> 0. 


Proceeding in much the same fashion it follows that 


E 
|x sfx) < e7™*| + |x sf@) > -e7™*| = z | 
sinh 7A 
and hence 
; |E| 
IxE€R:AX- < -Al=—- , A>O. 
sinh 7A 


Combining Eqs. (4.634) and (4.636) gives the required result, Eq. (4.626). 


(e7* — 1) “te (e7* + 1) 


(4.631) 


(4.632) 


(4.633) 


(4.634) 


(4.635) 


(4.636) 
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There is a version of the Stein—Weiss theorem for the circle. Let £ C [0, 277] denote 
a Lebesgue measurable set, then the distribution function of the Hilbert transform of 
the characteristic function X g satisfies 


(4.637) 


in(|E| /2 
Ix eT :|HXe| > Al =4 tan! Gar A> 0. 
sinh A 


The interested reader can pursue the proof in Stein and Weiss (1959). 


Notes 


§4.2 Early work on H, was carried out by Hardy and Littlewood (1936), and 
there were later contributions for the even and odd Hilbert transform operators from 
Babenko (1948) and Rooney (1972, 1980). For the inversion of the even and odd 
Hilbert transformations, see Heywood and Rooney (1988). 

§4.5.1 Ideas related to the work of Hardy and Glasser can be found in Boole (1857). 
Similar nonlinear scale changes can be made for integrals other than the Hilbert 
transform; see for example Glasser (1983). 

§4.6 An advanced discussion of the theory of multipliers can be found in Larsen 
(1971). Duggal (1980) has studied operators that satisfy 7s, = m(a)sq, where 
Saf (x) = f(ax) for —co < a < &, a € 0, and m(a) = 1 or sgna. The Hilbert 
transform and some of its extensions satisfy this equation. 

§4.8 Early work on the derivative form of the Hilbert transform pair is due to Hardy 
(1924a, 1932). The approach used in this section to work out the Hilbert transform 
of the Gaussian function is based on Kochneff ef a/. (1993). The Hilbert transform 
of a Gaussian function is also evaluated in Calderon and Sagher (1991). Kochneff 
(1992) and Kochneff, Sagher, and Zhou (1992) take advantage of some results about 
the Hilbert transform of the Gaussian function to establish homogeneous solutions of 
the heat equation, u(x, t) = ux, (x, f). 

§4.9 The Hilbert transform can be studied by replacing the usual convolution with 
(2x) ~! by convolution with (ax) 7! |x| i” where y isaconstant. It might be expected 
that this would be an easier kernel to study, by virtue of the less singular nature of this 
choice, and with the expectation that the properties of the Hilbert transform could be 
recovered in the limit y — 0. This notion turns out not to be so simple. For some 
further reading on this idea, see Jones (1992). 

§4.10 Equation (4.176) can be proved under different conditions than those stated 
in this section; see Nevai (1990). 

§4.12 See Kober (1943b) and Butzer and Nessel (1971, p. 316) for different 
approaches to the proof of some of the results of this section. Equation (4.205) is 
discussed in Matsuno (1984, p. 204). 

§4.13 Avery good source for series expansions that would be useful for the approach 
discussed in this section is Hansen (1975). A well organized short collection of series, 
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one that is particularly useful for hyperbolic functions, is Wheelon (1968). Some refer- 
ences that the author has found to be useful reading on using convergence accelerator 
techniques to sum series are given in the §2.16 end-notes. 

§4.15 Bedrosian’s theorem (Bedrosian, 1963) as originally stated also included a 
second set of conditions that would be sufficient, namely that the functions f and g are 
both analytic signals. This aspect of the theorem and a generalization were discussed in 
Section 4.14. For some additional reading, see Urkowitz (1962), Bedrosian (1966a, 
1966b, 1972), Nuttall (1966), Rihacek (1966), Stark (1971, 1972), Cain (1973), 
Carton-Lebrun (1979), and Hahn (1996c). Brown (1986) and Xu and Yan (2006) 
discuss necessary and sufficient conditions for the Bedrosian theorem to apply. 
§4.16 An alternative derivation of the Tricomi theorem is given by Carton-Lebrun 
(1977, 1987), and additional discussion can be found in Glaeske and Tuan (1995). For 
further reading on the convolution properties of the Fourier transform, see Titchmarsh 
(1948) and Champeney (1987). 

§4.17 Higgins (1977) is a useful reference on basis functions for different spaces. 
Weideman (1995) makes use of the functions defined in Eq. (4.336) to develop an 
algorithm to compute the Hilbert transform on the real line, a topic explored in detail 
in Section 14.14. Kober (1943b) exploits the eigenfunctions of the Hilbert transform 
operator to prove a number of the basic properties satisfied by this operator. 

§4.20 Riesz’s key papers on the topic of this section can be found in his collected 
papers edited by Garding and Hérmander, in Riesz (1988). An early textbook account 
of the Riesz inequality can be found in Hobson (1926, p. 610). A real-variable proof of 
the Riesz inequality for even integral values of p was given by Cossar (1939). O’Neil 
and Weiss (1963) and Gohberg (alternative spelling Gokhberg) and Krupnik (1968) 
gave upper and lower bounds, respectively, for the best value of the constant 3. 
Pichorides (1972) proved that the Gohberg—Krupnik result is actually the best value 
for Rp for 1 < p < oo. For some further reading, see Bochner (1959b), Petczynski 
(1985), Krupnik (1987, chap. 2), Grafakos (1997), and Hollenbeck, Kalton, and 
Verbitsky (2003). The best bounds for the Riesz inequality given in Eq. (4.384) are also 
the best bounds for the norm of the operator defined by Sf(x) = ee Ff (yer dy; 
see De Carli and Laeng (2000). For extensions beyond the Lebesgue space, see Boyd 
(1967). 

§4.21 Additional discussion can be found in Jodeit, Kenig, and Shaw (1983). 
§4.22 The key theorem of this section for functions € L’, with p > 1, is discussed 
by Hille and Tamarkin (1935) and Titchmarsh (1948, p. 139). For further reading, 
see Kawata (1936) and, in particular, Toll (1956), where some additional statements 
are established beyond the four given in the version of Titchmarsh’s theorem proved 
in this section. The extension to cover the case where distributions are involved has 
been considered by Taylor (1958). 

§4.23 The discussion of the Hardy—Poincaré—Bertrand formula given in this section 
is based on a derivation of Love (1977). For further reading, see Levinson (1965) and 
Okada (1992a). 


248 Basic properties of the Hilbert transform 


§4.24 For an alternative approach to characterize the Hilbert transform, see 
Arcozzi and Fontana (1998). A generalization of the McLean-Elliott results to the 
n-dimensional Hilbert transform has been given by Pandey and Singh (1991). 

§4.25 For proofs of the Loomis lemmas see, in addition to Loomis (1946), Garsia 
(1970, p. 113), Butzer and Nessel (1971, p. 307) Zygmund (1971, p. 7), and Bennett 
and Sharpley (1988, p. 128). The proof of the Loomis theorem can also be found in 
the latter two references. The Viéte—Girard theorem says, in part, that the sum of the 
roots of the polynomial equation ajx” + an—\x"~! +--+ + a,x + ay = 0, is equal to 
—Ady—1/An; see Girard (1629) and Viéte (1646). A translation of the latter two sources 
can be found in Schmidt and Black (1986). Part of the discussion of this section 
reflects ideas given in an unpublished proof of the Loomis theorem and lemmas by 
Roger L. Cooke. For a proof of the Vitali covering theorem, see, for example, Cohn 
(1980, p. 177). 

§4.26 The key paper for this section is Stein and Weiss (1959). The form of 
Egs. (4.626) and (4.637) differs slightly from the final results of Stein and Weiss. 
Equation (4.626) includes an additional factor of 7, whereas Stein and Weiss omit 
the factor of 1/z in their definition of the Hilbert transform on R, and Eq. (4.637) 
includes a factor of 277; Stein and Weiss omit a factor of 1/2z in their definition of 
the Hilbert transform on T. Short proofs of the Stein—Weiss theorem using complex- 
variable methods can be found in Calder6n (1966) and Garnett (1981, p. 115), and 
additional discussion can be found in Bennett and Sharply (1988, p. 129) and Sagher 
and Xiang (1996). The Stein—Weiss theorem has been discussed for the ergodic Hilbert 
transform by Ephremidze (2004). 


Exercises 


4.1 Determine the relationship between Hf[¢(x)] and {Hf}[@()] when ¢(s) = 
as — b(s +c)~! for a > 0,b > 0, and c a constant. 

4.2 Prove that Hf[¢(x)] = Hf (0) — {Hf }[@(@)] holds if (s) = ae aj/(s + bj) 
with a; > 0. 


4.3 For constants a and 6, 6 > 0, prove the following: 
H B _ @&— cot x—!){a(x + a — cot x~!) — p?} 
(x+ a —cot x-!)2 + p2] > w(a? + B2){( +a — cot x~!)? + B2} ° 
(4.638) 


4.4 Find an expression for H[(x + a)”f(x)] for integer n > 0. What assumptions 
need to be made on f? 

Show that a linear operator that commutes with the translation operator must 
be of the form of a difference operator. 

4.6 Taking advantage of (Hf’) = (Hf)’ or otherwise, determine the following: 


4. 


Nn 


(i) H[cos” ax sin ax] for integer m > 0; 
(ii) H[(3x? — a*)(x* + a*)~3] for a > 0, 
(iii) H[x~* {x cosx — sin x}]. 


4.7 


4.8 
4.9 


4.10 
4.11 


4.12 


4.13 
4.14 


4.15 


4.16 


4.17 
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Prove that 


HA {sech ax} = ={¥(; =) WG + =|] tanh ax. 


Prove that for f(x) = ena ,withn = 1,2,...,anda > 0, Eq. (4.152) follows. 
Show using contour integration techniques that if f(z) is analytic in the upper 
half plane and vanishes like z~? with p > 1 as |z| — oo, then f is an eigen- 
function of H with eigenvalue —i. If f(z) is analytic in the lower half plane and 
has the aforementioned asymptotic behavior, show that f is an eigenfunction 
of H with eigenvalue i. 

Prove Eq. (4.365) using a contour integration approach. 

Prove for a > 0,b > 0 that 


HU 02 + B2) eo] = (xe? +B)! fe xb! 1 — erf(ba)} 


—ie erf(ix./a)]. 
If p € (0, 1] and 


0, -—c0 <x <0 
fQ)= 1 


C4022" 0O<x<w, 


determine if Hf € L(R). 
Prove Eq. (4.302). 
Let 


0, —0o <x <0 
f QO = {a7 log x= 2/ log 2: Oe x 1/2 
0 


> 1/2<x<o@. 


Prove that the integral uo | f x)? dx diverges for p > 1. 

Prove that @,(x) = (1 + ix)"*™/(1 — ix)"+!+* form a complete and orthogonal 
basis set for L*(R) for t real and n € Z. 

Do the functions @,(x) = (i — x)"/./a (i+ x)""! forn € Z form an orthogonal 
basis on Z?(R) for 1 < p < 00? If the basis is orthogonal, is it orthonormal? 
Prove that for an f(x) € Z?(R) with 1 < p < ©, there are rational functions 
on of the form 


n 


oe ae 
(O25 SS. GAO Te, 


i k+a’ 
k=-n (+z) 
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4.18 


4.19 


4.20 


4.21 


4.22 


4.23 
4.24 


4.25 


4.26 


4.27 


Basic properties of the Hilbert transform 


with a > l1,for 1 < p < ow, anda > 2, for p = 1, such that 
If @) — bno)||, > 0.as n 00. 

By employing the substitution x = tan(@/2), show that x € [—oo, oo] is 
mapped to 6 € [—z,, 7] and find the form of the function (1 — ix)f(x), where 
fX) = re 55 andn(x) and ¢, (x) is defined in Exercise 4.17. 

Iff € LP(R),g € L4(R), with p~! + q7! < 1, and 


[o,@) 
nay =P fy Meo) +F Ye) — FEI. 
—0o 
show that Hh(x) = Hf (x)Hg(x). 

For the following choice of functions, determine if they are eigenfunctions of 
the Hilbert transform operator, and if they are, determine the corresponding 
eigenvalue. (i) f(x) = (x + ia)~!,a > 0; and (ii) f(x) = x (el — 1),a > 0. 
Let M,, denote the operator M, f(x) = x" f(x) for n € R. Show that MM, = 
My+p- Prove that the even and odd Hilbert transform operators, He and Ho, 
can be expressed as He = MH ,M_, and Hyp = M_| HM). 

If f € L?(R) and Py Ff (x) = h(x) Ff (x), where P is the Riesz projector, 
determine h(x). If P_ Ff (x) = h(x) Ff (x), find A(x). 

Derive Eqs. (4.372) and (4.373). 

For positive constants a, b, and c, show that 2ab < ca’ +c7!b*, Starting from 
Eq. (4.388) and by appropriate choice of a, b, and c, show that Eq. (4.390) 
follows. How does the constant C in the inequality you find compare with that 
in Eq. (4.390) and with that given by 3t4? 

Let F(z) be analytic in the upper half complex plane and suppose F (z)° vanishes 
sufficiently quickly as z > 00, so that the integral of F (z)° along a semicircular 
contour of radius R and center the origin goes to zero as R > oo. If f denotes 
the real part of F(z), show that 


Co 
[7008 - fetter er + 1570 HF Cort — EHV eI ae = 0. 
—0oo 
For positive a, b, and c, show that c(a*b — ab”) < c~!a3+.0°b°. For a suitable 
choice of a, b, and c, deduce that ||[Hf lg < C If ll6- 

Let pn(x) denote a polynomial and suppose the following conditions hold for 
the function f: py(x)f(x) € L?, for 1 < p < 06; [oF @x* dx =0,k = 
0,1,...,nand f°. | f(@)| (1 + [x])” dx < 0. Prove that 


/ Pax) Hf Ce)? dx <C i, LOOP Ipn@OP dx, 


where C is a positive constant. 

Making use of C2 = 1, compare the constants obtained from Eq. (4.403) with 
p= 2'-! for k = 1,2,3,..., with those obtained from Rap = cot(m/4p) 
(Eq. (4.384)). What conclusion can you draw? 
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4.28 If F(z) = el /(z+a+ib) witha < 0, is this function the Fourier transform 
of a causal function? 

4.29 For the function f(x) = 3(x — 1)7! + 2(@@ — 3/2)7! + (@@ — 3)7!, show that 
m{x : f(x) < —6} = 1, and hence verify 


1 n 
mx :f(@) < —A} = > So be 
i=1 
4.30 Show that if f ¢ Z?(R) with 1 < p < o, then, for y > 0, 


fe t(t? +1)! f(« — yt)dt = a (7 + 1)7 Af (x — yt)dt. 


4.31 Given that the one-sided Hilbert transform is defined by 


1 oe d 
Hf = =P fe. 


with 0 < x < ow, does there exist a Riesz-type inequality for H)f, where 
f €TP(R) for 1 <p < Ww? 
4.32 Iff = xj0,1], find Hf, and determine whether Hf € L'(R). Does Hf € L®(R)? 
4.33 Determine Hf if f = x(0,1) — xX(~1,0) and indicate whether Hf ¢ L'(R). Is 
f €L'(R)?7 Is Ff (0) = 0? 
4.34 Are there Riesz-type inequalities for the operators H, and H,? Specify any 
restrictions that must be placed on the class of functions that are involved. 
4.35 For anyr > 0, define the “gap” Hilbert transform by 


i oe, . 
A+) f &) = -— {X(r,00)(y)— X(—00,-1) (Ff (ye™ dy. 
QTG Jee 


Determine a bound for the operator norm of the gap Hilbert transform. 
4.36 Determine whether the Hilbert transform operator is a compact operator. 


5 


Relationship between the Hilbert transform 
and some common transforms 


5.1 Introduction 


In this chapter the relationship between the Hilbert transform and some other 
commonly employed transforms is considered. The most important connection is with 
the Fourier transform, and this relationship has already been utilized in Chapter 4. 
These interconnections play three important roles. First, they allow a number of 
Hilbert transforms to be evaluated from tables of other transforms. Second, they offer 
the possibility of an alternative means to the numerical evaluation of the Hilbert trans- 
form, which often avoids the issue of dealing with the singular structure of the kernel 
function of the Hilbert transform. In this latter case, the connection with the Fourier 
transform plays a particularly key role. The third area of application occurs where 
the Hilbert transform arises in the determination of another transform. For example, 
the inverse Radon transform can be written in terms of the Hilbert transform of the 
derivative of the projected function. 


5.2 Fourier transform of the Hilbert transform 


The convolution formula for the Hilbert transform was given in Eq. (4.154). On taking 
the Fourier transform of both sides of this equation, yields 


F {g(x)} = F{F@) * kQ@)} 
= F{f@) F{k@)}, (5.1) 


using Eq. (2.54). The Fourier transform of k(x) is given by 


Ftk(@)) a ie es ds 


co | 7S 


© sin xs ds 


= —isgnx. (5.2) 
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The cosine contribution of the Fourier transform vanishes (it is an odd function), and 
the remaining integral can be evaluated using a contour integration approach, or by 
other means. Combining Eqs. (4.154), (5.1), and (5.2) leads to 


F Hf (x) = —i sgn x Ff (x). (5.3) 


The reader should quickly spot the abuse of rigor that has just taken place. More care 
is needed with the singular structure of the kernel function that arises. To that end, 
a considerably more refined approach based on Neri (1971, p. 56) (see also Butzer 
and Nessel (1971, p. 310)) is presented. At the same time, a class of functions for 
which Eq. (5.3) holds is established. Momentarily, this class is generalized to cover 
the case that f € Z?(R) for 1 <p <2. 

The singular structure can be dealt with by using a limiting process. Let 


l/mx, O0<e < |x| <n <o 


Ken) = | (5.4) 


0, elsewhere, 


f(Odt 


> 
<|x—t|<n * — t 


Aen f (x) = . / (5.5) 


IU 


and f € L?(R). From Egs. (5.4) and (5.5), it follows that 


XE Xx+ 
Hag fts) = =| / UL i aaed| 


—n x—t +e x-t 


x— 


€ x+n 
= I Oke n(& — dt + i S Oke n& — Hdt 
X+Eé 


x7 
[o,@) 
= Sf Oken( — t)dt 
—oo 
=(f* Ken) (x). (5.6) 
Since ke, € L and f € L’, the convolution belongs to L* and so H,,f € L*. The 
assertion employed at the start of the preceding sentence is developed as Exercise 
5.22. On taking the Fourier transform of Eq. (5.6), it follows that 
FH en f (x) = Ff (x) Fken (x), ae. (5.7) 


The term Fk, can be evaluated as follows: 


edt 


FRe,n (x) -|/ 


é<|t|<n mt 


—& @ itt dy 1 eit dy 
SG 
=n rt € mt 
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21 [” sinxt dt 


a Je t 
Zz 2isgnx fe sintdt (5.8) 
“a elx| t 


The integral in this last result is uniformly bounded and takes the value 2/2 in the 
limits ¢ + 0 and n — oo. Hence, there exists a constant C depending on « and 7 
such that 


\Fken(x)| < C (5.9) 
and 


lim lim Fke»(x) = —isgnx. (5.10) 


€é>0n>0O 
From Eggs. (5.7) and (5.9), it immediately follows that 
IF Hef lla < CllFF lo, (5.11) 


and Parseval’s formula (see Eq. (2.55)) yields 


Hen f lla < Clif ll2. (5.12) 


On taking the limit 7 — oo in this last result, leads to 


[He fll2 < Cllfll2. (5.13) 


which is the Riesz inequality for the truncated Hilbert transform for the choice f € L7. 
Equation (5.13) can be extended to the case of f ¢ L? with | < p < «; this topic is 
considered in Section 7.10 (see Eq. (7.324)). 

By the Lebesgue theorem of dominated convergence, and using Eq. (5.10), yields 


é 


lim lim ||FA, f(x) — {—isgnx}Ff()|| 
20> CO 
= lim lim ||[Fke (x) — {-isgnx}] Ff @)|| 
e000 
= 0, (5.14) 
and hence in the sense of L* norm, it follows that 


lim lim FHe»f (x) = lim lim F Ken @)FFf (x). (5.15) 
é>0n> 


é>0>0O 
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Making use of Eq. (5.10) and of 


lim lim FH,)f(x) = FHf(x), ae, (5.16) 


€>0>0o 


yields 
FHf (x) = —isgnx Ff(x), ae., (5.17) 


which holds for f € L7(R). This is the desired result. 

The preceding formula can be generalized. If fe Z?(R) for 1 < p < 2, then 
Eq. (5.17) holds. Equation (5.17) also holds for the particular case p = 1 if both f and 
Af belong to Z(R). Let h € L(R), then, from the convolution formula Eq. (4.166), 
it follows, on taking the Fourier transform, that 


FH{h * f}(x) = F th * Hf }(x). (5.18) 


With hx f € L*, and hence H{h « f} € L? (by the Riesz inequality), and using 
Eq. (5.17), the left-hand side simplifies to 


F(A fh x f}\(x) = —isgnx F{h x f} (x) 
= —isgnx FH (x) Ff (x). (5.19) 


The right-hand side of Eq. (5.18) leads to 
F lh * Hf \(x) = FH (x) FA (x), (5.20) 
and hence 
Fh(x) FHL (x) = —isgnx Fh(x) Ff(x), ae., (5.21) 


and the required result, Eq. (5.17), follows provided Fh(x) 4 0. 

There is an issue of phase connected with the determination of Eq. (5.3). If the 
Fourier transform is evaluated using the opposite sign in the exponent in the integral 
in Eq. (5.2), then the sign in Eq. (5.3) is reversed. The version of this formula 
with reversed sign occurs widely in the scientific literature. In later sections, when 
the variables of interest are time and frequency, the convention adopted is that the 
Fourier transform over frequency is taken with a negative exponent, and hence the 
inverse Fourier transform over time has a positive exponent. This choice also has a 
bearing on the domain for which the function is analytic in the complex frequency 
plane. This issue is discussed further in Section 17.7. 

Equation (5.3) is a particularly useful result. In a number of cases, it provides an 
effective means to evaluate Hilbert transforms. To see this, take the inverse Fourier 
transform of Eq. (5.3), 


Af (x) = -iF~'[sgny Ff (10), (5.22) 
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where the integration variable for the inverse Fourier transform is y. Titchmarsh 
(1925a, p. 114) gave this formula, stated in a slightly different but equivalent manner, 
for functions f € L?(R). In addition to being a valuable technique for the analytic 
determination of Hilbert transforms, Eq. (5.22) is also important as a computational 
strategy for the numerical evaluation of Hilbert transforms. When the function f 
is even or odd, this formula reduces the calculation of the Hilbert transform to the 
evaluation of Fourier sine and Fourier cosine transforms. The Fourier sine and Fourier 
cosine transforms are defined in Section 5.3. Extensive tabulations of these two 
transforms are available (see, for example, Erdélyi et al. (1954, Vol. I)). Two examples 
will illustrate the approach. As a first example, consider f(x) = a/(a? +.x7), for 
a > 0. The Fourier transform of f is given by 


FF (x) - a | e Ms ds 


6 @4+s? 
© cos xs ds 

= 2a > oR 
0 as+s 


= me, (5.23) 
Using Eq. (5.22) leads to 


Af (x) = -iF {sgn ye }(X) 


1 


oo . 
= -~ | seny me “le? dy 
LI J 66 


1 Co 
== i sgny sinxye “2! dy 
2 J—oo 


[o,@) 
= i sinxye ” dy 
0 
x 
—- @+x2 . (5.24) 
Equation (5.24) has been obtained by noting that the cosine contribution to the integral 
vanishes (sgn s cos xs is an odd function in the variable s), and the final integral is the 
Fourier sine transform of an exponential function. Alternatively, the final integral can 
be evaluated simply by expressing the sine factor in terms of complex exponentials. 
As a second example, consider the case of a Gaussian function, f(x) = ene for 
a > 0. The Fourier transform of a Gaussian is a Gaussian: 


s (=) en /4a (5.25) 
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and, hence, 
H(e-®’) = —-iF—! {senxy(=) erie 
a 
1 cae —y?/4a 
= —— sinxye ” /"" dy. (5.26) 
(a) Jo 


Using the definition of the error function, erf(z), 


2 a 
erf(z) = —— i e ds, (5.27) 
Jt Jo 
Eq. (5.26) can be written as follows: 
H(e®) = -ie~® erf(iV(a)x), (5.28) 


or, in terms of Kummer’s confluent hypergeometric function, ; F(a; B;x), 


H(e-®") = 2/(= ) xe a Fy (5:5: ws?) 


3 
= 2/(=) x ‘Fj (1:3:-a?). (5.29) 
8 2 
The hypergeometric function can be readily evaluated using the series expansion 
oo k 
(a) xz 
1F'1 (a; B3z) = )_ ———__, (5.30) 
dX (Buk! 


where (a); denotes a Pochhammer symbol, which is defined in terms of the gamma 
function by 


Ta+k 
CECT oe Cy ae oe (5.31) 
(a) 
Dawson’s integral is defined by 
2 [* 2 
D(x) =e e dt, (5.32) 
0 


. : é 2 
and hence the Hilbert transform of the Gaussian function e~ “~~ 


follows: 


can be expressed as 


HE) == DU @s: (5.33) 
ft 
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From the connection between the Hilbert and Fourier transforms, the iteration 
property given in Section 4.4 can be obtained for functions of the class Z?(R) for 
1 < p < 2. Suppose 


Af (x) = g(x), (5.34) 
then 
H?f (x) = Hg(x) = -iF {sgn y Fe(y)} (x) 
= ~iF |[sgny {FAP} (y)](x) 
= —iF—|[sgny{F[-iF | {sgn w Ff (w)}]}(y)]@) 
= —F~'[sgny sgny Ff (y) |x) 
= —F~|[Ff](x) 
= —f (x). (5.35) 


Symbolically, the relation between the Hilbert transform operator and the Fourier 
transform and inverse Fourier transform can be written as 


H = F~'o(A)F, (5.36) 
where o (/7) is called the symbol of H, and 
o(AH)(x) = —1sgnx. (5.37) 


The factor o(#) is the principal value Fourier transform of the kernel of H. The 
iteration property just proved is an immediate consequence of the result 


o(H)* =—1, (5.38) 

that is 
FH{Hf}(x) = 0 (H)FHf (x) = 0 (HY Ff (x) = —Ff (x). (5.39) 
Taking the inverse Fourier transform yields the required expression. On comparison 


of Eq. (5.3) and Eq. (4.87), it is clear that o(H) is the multiplier for the Hilbert 
transform operator. 


5.3 Even and odd Hilbert transform operators 


This section explores the connection between the even and odd Hilbert transform 
operators and the Fourier sine and Fourier cosine transform operators. The Fourier 
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sine and cosine transforms are defined, respectively, as follows: 
2: [o,@) 
Fs f(x) = v(=) / sin xt f (t)dt (5.40) 
a} JO 
and 
: [o,@) 
Fof (x) = v(=) / cos xt f (t)dt, (5.41) 
0 


and it is assumed throughout this section that f € L*(R) unless an alternative state- 
ment on is given. The Fourier sine and Fourier cosine transform operators are often 
defined without the prefactor ./(2/7r) (see, for example, Erdélyi et al. (1954, Vol. I)), 
but the preceding choice simplifies the appearance of the following results. The 
operator identities 


He = FsFe (5.42) 
and 
Hy = —FeFs (5.43) 
are now established. Starting with the definitions for ¥; and Fo, it follows that 
2: Ce CO 
Fr Feo fo) = =f sinatdt [ cos ts f (s)ds 
Tu JO 0 
] Co (oe) 
=— vt fords | {sin[(x — s)t] + sin[(& + s)t]}dt 


=— im nfo rioas f {sin[(x — s)t] + sin[( + s)t]}dt 


= 1 fag “f0){4 — cos[(x — s)A] fe 1 —cos[(x + s)A] has 
TT A>00 Jo x—S x+s 
1 og 1 1 
= =P | ro + Jas 
cf 0 X-S xX+S 
ef (x), (5.44) 


where the Riemann—Lebesgue lemma has been used to evaluate the limy_.oo, and 
Eq. (4.11) has been employed. The reader should justify the interchange of integration 
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order. Equation (5.43) is established in a similar fashion: 


Fo Fs f(x) = = [costar f~ sin ts f (s)ds 
0 0 
ee) Xr 
= = i lim n | a {sin[(s — x)t] + sin[(s + x)t]}dt 
= h a Pse {> — cos[(s — x)A] a 1 —cos[(s + x)A] has 
Jl A>00 S—xX S+X 

eS ie 1 1 | 

oT i, a S x+s 

= —Hof (x), (5.45) 


and Eq. (4.12) has been employed. 
The operator identities 


HH, = H)H. = —I, (5.46) 
where / is the identity operator, are now established. The operator relationships 
g2 _ 
fest (5.47) 
and 
g2 _ 
feat (5.48) 


will be needed. These are proved as follows: 
2 ff 2 oo 
Ff oS wah sinar dt [ sin ts f(s)ds 
0 0 


— lim = roo sin ts sin xt dt 


= lim 1 ie f(s | snl _ s)X] sin[ (x + s)A] Jas 


A>0o —Ss x+5s 


= [ f (s){8@ — s) — 6@ + 5) }ds 
0 
= f(x), (5.49) 
and Eq. (2.256) has been employed. In Eq. (5.49) the delta function 6(« — s) con- 


tributes for x > 0 and d(x + s) contributes for x < 0. Equation (5.48) follows 
immediately. Equation (5.47) is obtained by a similar calculation. Using Eqs. (5.42), 
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(5.43), (5.47), and (5.48), 


HeHy = —F Fe Fe Fs = —I, (5.50) 
and a similar calculation proves H)pH, = —I. Hence, 
A. Hy = Hoe, (5.51) 


and the operators H, and Hy commute. 
If f is an even function and f €L'(R) N L?(R), then it follows directly from 
Eq. (5.17) that 


Fs Hf (x) = sgnx Fe f(x), (5.52) 
and for x > 0 it follows that 
Fs Hf (x) = Fe f(x). (5.53) 
Similarly, if f is an odd function and f € L'(R) N L?(R), then 
Fe Hf (x) = —sgnx Fs f(x), (5.54) 
and for x > 0 


Fo Hf (x) = —Fs fx). (5.55) 


5.4 The commutator [F, 7] 
A result for H¥f will prove to be useful when the generalization of Eq. (5.3) to 
cover the case of distributions is considered in Section 10.11. This short section gives 
the required formula, and also allows the commutator [¥, H] of the Fourier and 
Hilbert transform operators to be evaluated. To evaluate the commutator, it suffices 
to evaluate HF¥f and employ Eq. (5.3). Start with 


1 oO dt 
HE (x) = —P / = 
—CO = 


lee) 1 CO ,—ist 
= i f(s)ds =P | e dt 
—0o a 266 —t 


=i / sens f(s)e”* ds, (5.56) 


ea eS F(s)ds 


and hence 
AFf (x) = Flisgny f(y)](@). (5.57) 


The reader is requested to justify the interchange of integration order in Eq. (5.56). 
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5.5 Hartley transform of the Hilbert transform 
In this section interest is focused on the connection between the Hilbert transform 
and the Hartley transform. Not surprisingly, there exists a relationship similar in 
form to Eq. (5.3), with the Fourier transform replaced by the Hartley transform. It is 
assumed throughout this section that f € L(R), although a pair of examples will be 
considered which fall outside this class. 
The Hartley transform of a function f is defined by 


Ha f(@) = i cas xs f (s)ds, (5.58) 


where cas denotes the Hartley cas function, defined by 
casx = cosx + sinx. (5.59) 


It is common to use the notation H to symbolize the Hartley transform, but in this 
work H has been reserved for the Hilbert transform, and so the notation Ha for the 
Hartley transform is adopted. The inverse Hartley transform is given by 


Hy 'f@) = se / . cas xs f(s)ds. (5.60) 


As with the definition of the Fourier transform (see Eqs. (2.48)-(2.50)), there are 
alternative definitions employed where the 27 factor is distributed in different ways. 
An obvious feature of the definition is that if f is a real-valued function, then so is 
its Hartley transform. 

First recall that the Hilbert transform can be written as the convolution 


g(x) = Hf (x) =f (x) *k@), (5.61) 


with k(x) defined as (7x)~!. The Hartley transform of a convolution of two functions 
f and h can be expressed as follows: 


1 
Half @) *h@)} = 5 tHaf@)Hah@) + Haf(—x)Hah() 


+ Ha f (x)Hah(—x) — Ha f(—x)Hah(—x)}. (5.62) 


This result can be obtained as follows: 
lee) lee) 
Ha{f@) *h@)} = i; cas xs as [ f(@ACs — t)dt 
—oo —oo 
[o.@) lee) 
= i seo [ h(s — t) cas xs ds 
—0o —o 


=) roa [ h(y) cas[x(y + t)]dy, (5.63) 
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where it has been assumed that the order of integration can be interchanged. Using 
some elementary trigonometry, 


casx(y + t) = cos(xy + xt) + sin(xy + xf) 


= cos xt(cos xy + sinxy) + sinxt(cos xy — sin xy) 


= slteastet + cas(—xt)}cas(xy) + {cas(xt) — cas(—xt)}cas(—xy)]. 
(5.64) 


Inserting this last result into Eq. (5.63) leads to the desired expression. Equation 
(5.62) simplifies as follows: 


Ha{f (x) * ACx)} = Ha f@)HAh@), if f or his even; (5.65) 
Ha{f() * A@x)} = —Haf(x)HaA(x), if f andhare both odd; (5.66) 
Ha{f(@) * h@)} = Ha f(x)HaA(—x), if fis odd and / is neither odd nor even; 
(5.67) 
Ha{f(x) * A@x)} = Ha f(—x)Hah(x), if his odd and / is neither odd nor even. 
(5.68) 


For the particular case of interest here, that is, identifying h(x) with A(x), and noting 
that the kernel function & is odd, then the case in Eq. (5.67) does not arise. The Hartley 
transform of the kernel function k is given by 


Hak(x) = i cas xs k(s)ds 


_ [© casxs ds 
=| TS 

1 (© sinsx ds 
= ae 


= sgnx. (5.69) 


Taking the Hartley transform of Hf, using the convolution result Eq. (5.62), and then 
taking the inverse Hartley transform, leads to the following result: 


Hf (x) = Hy" (sgny Ha f(—y)}@). (5.70) 


This result simplifies in an obvious fashion if f is an even or odd function. By employ- 
ing the limiting argument of Section 5.2, a more satisfying and rigorous approach to 
Eq. (5.70) can be given, which accounts for the singular behavior of the kernel 
function at the origin. The reader is requested to construct the necessary details. 
Equation (5.70) can be used effectively to evaluate the Hilbert transform of some 
functions. As a first example, consider f(x) = cos ax, where a is a real constant. First 
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note the following result: 
1 [o,@) 
6(x) = al cos xs ds; (5.71) 
20 Jo 


then the Hartley transform of cos ax is given by 


Ha (cos ax) = ie cos as cas xs ds 
=7{d~-—a)+d(x+a)}. (5.72) 


Since f is even, 


Af (x) = Hy! {sgny Ha f (”)} x) 
1 


[o,@) 
— =| casxy senym{d(y — a) + d6(y+a)}dy 
DX san es 


1 
= 7 ioas ax sgna + cas(—ax) sgn(—a)} 
= sgnasinax. (5.73) 


In a similar fashion, it can be shown that H {cos(ax + b)} = sgnasin(ax + b), for a 
and b real constants. 
As a second example, consider the following function: 


0, for -w<x<a 
f(x) = ~h, for a<x<b (5.74) 
0, for b<x<om, 


where /: is a constant. This function represents a rectangular pulse. The Hartley 
transform of f(—s) is given by 


Ha f(-s) = ie cas (—st) f (t)dt 


=h ‘i {cos st — sin st}dt 
= “(cas bs — casas). (5.75) 
From Eq. (5.70), it follows that 
Hf (x) = Hy! {sgny Ha f(—y)}@) 


ball is sgn y(cas by — cas ay) cas xy dy 
Did 68 J 
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_ 2h [ sin[(2x — b — a)y] sin[(b — a)y|dy 
1 0 y 


(5.76) 


This result is obtained by considering the different regions in Eq. (5.74) and evaluating 
the last integral in Eq. (5.76) with sine functions of positive argument. 


5.6 Relationship between the Hilbert transform and 
the Stieltjes transform 


The Stieltjes transform is defined as follows: 


Sp ee (5.77) 
0 


X+Z 


where z is, in general, a complex variable. The complex z-plane is assumed to be 
cut along the negative real axis, for a reason that will become apparent when a more 
general definition of this transform is given. An extended definition of the Stieltjes 
transform is discussed in Section 7.1. Consideration is first restricted to the class of 
functions that are causal. The support for causal functions is [0, 00), and hence 


fx) =0, for x <0. (5.78) 


The connotation “causal” is employed when a temporal variable is of interest, so the 
reader can think of f as a function of time in the sequel. In place of the term causal 
function, the reader can substitute the following descriptor: function with support 
restricted to the interval [0, 00). For a causal function /, it follows directly from the 
definition of the Hilbert transform that 


Sfx) = —a(Af)(-x), x= 0, (5.79) 
provided the integral converges. 


When the function f is not causal, the following connections between the Hilbert 
and Stieltjes transforms can be made: 


1 1 : 1 : 
Hf (x) = ~ Sf t))(x) ~ Sf)(ae™) — 5, fee”), x>0, (5.80) 


2 


and 


1 1 Sn oti 
Hf (x) = CAC MG)+s— SFC d))(Ixle™ )+5—SS(-o) ele), x <0. 
(5.81) 
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To obtain Eq. (5.80), proceed as follows: 


Hf) = =p f {2 + by 
4 0 x—y x+y 


Bee \a SF) (x) 
Ot Jo #) yrxe™ * ypxenm™ ae f is 
1 : 1 : 1 
= — 5 SA) re) — —(Sf)(xe""”) + —(Sf(—1))(@). (5.82) 
IU 20 cA 


In the preceding sequence, the average denominator across the branch cut on the 
negative real axis has been taken. That is, xe!” is employed on the upper side of the 
branch cut and xe~'” is used on the lower side of the branch cut. Equation (5.81) can 
be derived in a similar manner as follows: 


df FON. FE 
cae =a CS ea 


1 a ae 1 1 

— SA nto | f( »\ +o 
1 1 
= -—(Sf)\(-x) + 


cr On | 


1 
Sf(—2))([xle"") + 5 OF) ele™). (5.83) 


Equations (5.80) and (5.81) can serve as an alternative means to evaluate the Hilbert 
transform of a function. To illustrate the use of these formulas, two examples are 
considered. Let 


f@M= for a> 0, (5.84) 


x2 + gq?’ 


then 


Sfx) = = — log(x/a) ; (5.85) 


x2 + a2 ee 


(Sf(—t))(x) is also given by Eq. (5.85). Hence, from Eq. (5.80), it follows that 


7 | ua log(x/a) 


m(x2 +.a*) l 2a 


1 JUX in UX Mig 
ae) | Da log(ve’"/a) — rae log(xe /a)| 


x 


= FC ORTar for x > 0. (5.86) 
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In a similar fashion, it follows from Eq. (5.81) that 


1 UX 
Hf (x) = Tees oa log( x/a)| 
ieee | 7 — log(trle"/a) — = tog(te"/2)| 
2m (x2 + a*) 2a 
x 
= ie for x < 0. (5.87) 


As a second example, suppose 
xX 
f@) = age for a> 0, (5.88) 
then 


Sf) = as + xlog(x/a)} ; (5.89) 


fe 
x27+a2l 2 


(Sf (—t))(x) is minus the preceding result (since f is an odd function). Hence, from 
Eq. (5.80) it follows that 


ma 
Af (x) = TGA @) | 5 + xlog(x/a)} 
: we in ee: in 
In (x2 + a2) | 2 x log(xe™/a) + a8 — x log(xe /a)| 
a 
2 + a)’ (5.90) 


and the same result follows from Eq. (5.81). A large number of additional Hilbert 
transforms can be generated using the table of Stieltjes transforms given in Erdélyi 
et al. (1954, Vol. II, p. 213). 


5.7 Relationship between the Laplace transform and 
the Hilbert transform 


The Laplace transform of the function f is defined by 


Lf (x) = i 7 f(s)e* ds. (5.91) 
0 


Equation (5.91) is sometimes referred to as the unilateral Laplace transform. For 
comparison, the bilateral (or two-sided) Laplace transform is defined by 


Lof (x) = 7 f(s)e ds. (5.92) 
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A subscript has been added to distinguish the bilateral from the conventional (unilat- 
eral) Laplace transform. Attention in the sequel is focused on the normal Laplace 
transform because of its much wider occurrence in practical applications. The 
connection between the Hilbert and Laplace transforms is now examined. Con- 
sider first the case of causal functions, as defined in Eq. (5.78). From Eq. (5.79) 
it follows that 


© f(s)ds 
—1(Hf)(—x) = mes 


= / * f (s)ds / * O90 ay 
0 0 

= / ete / * f(s)e~® ds, (5.93) 
0 0 


where it has been assumed that f is sufficiently well behaved so that Fubini’s theorem 
applies, and hence the order of integration can be switched to obtain the final equation. 
The final result can be written in condensed notation as follows: 


m(Hf)(—x) = -(LLf)(x), for x > 0. (5.94) 


The iterated Laplace transform result for the Hilbert transform given in Eq. (5.94) 
does not have the same practical significance as the connection between the Hilbert 
transform and the Fourier transform (see Eq. (5.22)). For Hf(x) with x > 0, there 
is no simple result expressing this case in terms of Laplace transforms. A simple 
illustrative example for Eq. (5.94) is the following. Suppose 


0, -—0 <x <0 
f(x) = i (5.95) 


; 0O<x<aM, 


where a > 0. The Laplace transform of f is given by 


ep = f° sore as 
0 
= (+0, (5.96) 
and, from Eq. (5.94), 


—n(Hf)(—x) = L{(a+x)'} 
=e“E\(ax), x> 0, (5.97) 


where £) (y) denotes the exponential integral (Abramowitz and Stegun, 1965, p. 228): 


[oe) tq 
Ey= f = ; E. (5.98) 
y 


5.8 Mellin transform of Hilbert transform 269 
So, from Eq. (5.97) it follows that 


Hf (x) = —n~'e*E,(—ax), x <0. (5.99) 
For completeness, the result for (Hf)(x) for x > 0 is given by 
Hf (x) = 17 !e-Ei(ax), (5.100) 


but this is not obtained by the use of a Laplace transform. In Eq. (5.100), Ei( vy) denotes 
another exponential integral function (Abramowitz and Stegun, 1965), defined by 


. © e! dt 
Ei(y) = -P [ — y>0. (5.101) 
-y 


An obvious question that might occur to the reader is the following: can the class 
of functions be broadened beyond those of the causal type, while maintaining the 
relationship given in Eq. (5.94), or leading to a modified connection between the 
Hilbert and Laplace transforms? There appears to be no simple connection between 
the Hilbert transform and the Laplace transform for a general function. Clearly, it is 
not possible to express the kernel function (x — s)~! as an integral of an exponential 
function, as was done in Eq. (5.93). 


5.8 Mellin transform of the Hilbert transform 
The Mellin transform of the function f is defined by 


g(z) =Mf() = je | £()dt, (5.102) 
0 


for Re z satisfying a < Rez < b, where the constants a and b depend on f. The 
Mellin transform of Hf can be written as 


MHf (p) = [efor [- fon ae (5.103) 
0 


a oo *—t 
For the class of functions such that 


f@®=0, for t <0, (5.104) 
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Eq. (5.103) can be simplified in the following manner. Assuming the interchange of 
integration order is justified (refer to Section 2.13), then, for0 < Rep < 1, 


MHf (p) = i xe! | apy oe jax 
0 


ua 0 x-t 


oo lee) —1 
7 - | role | il = fa 
wT Jo 0 ane 5 


1 lee) oo ,,p-1 
~ =f wolf nae f ee (5.105) 
Tw JO 0 u—1 


The reader is requested to attempt to evaluate the integral 


p [> ote 
0 u— 1 


that arises. From Eq. (5.105) it follows that 


MHf (p) = —cot zp Mf (p). (5.106) 


This result holds for 0 < p < 1. 

The variable p can be written as p = a + if, fora and 6 real, witha; <a < ap. 
The constants a; and a2, which depend on the function f, define the strip of definition 
for the Mellin transform. The inverse Mellin transform, denoted M~|, is given by the 
result 


1 c+ioo 
f(x) = M"'!g@~) = — / g(s)x * ds, (5.107) 
21 Je— ico 
where c is a real constant and it is assumed that g(s) is absolutely integrable on the 
line Res = c. Taking the inverse Mellin transform of Eq. (5.106) leads to 


Hf (t) = M“!{—cot xp Mf (p)}(2), (5.108) 


which can be written as follows: 


1 a+ioo 
Hf (t) = -— t-’ cotzp Mf (p)dp, (5.109) 
271 Ja—ioco 
subject of course to the condition given for f in Eq. (5.104). The term cot zp Mf (p) 
of the inverse Mellin transform will be holomorphic in some strip of the complex 
plane, say Re ep € (aj, a2), and the value of a is selected so that aj < a < ap. 
An example will illustrate the key formula just established. Let f(¢) be given by 


0 t<0 
-—}” 5.110 
f@ ee 0<t<n, ( ) 
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then a straightforward direct calculation of the Hilbert transform yields 


logt 


WO = Fata’ 


for ¢ > 0. (5.111) 


The evaluation of the integral in Eq. (5.109) requires a somewhat higher energy invest- 
ment. The transform Mf is needed, which can be evaluated by contour integration 
techniques or, more directly, by a change of integration variable. If the definition of 
the beta function is introduced as 


1 
B(a,b) = / “(1 —n?"'dt, Rea>0, Reb>0, (5.112) 
0 
and the substitution (1 + x)~! = (1 — t) employed, then, for 0 < Rep <1, 
Ce 
Mite) = [Pata tee 
0 


1 
= / oi 4y-" de 


0 
= B(p,1—p). (5.113) 


The beta function in Eq. (5.113) can be related to the gamma function via 
B(p, 1 — p) =T(p)FA — p), (5.114) 


and using a well known relationship for the gamma function, 


P(p)Prd — p) = 


3 5 (5.115) 
sin 17 


this leads to 


IU 


Mf(p) = (5.116) 


sin 7p - 

To evaluate the integral in Eq. (5.109) the case ¢ > 1 is examined first. Con- 
sider the contour shown in Figure 5.1. The integrand has poles of order two at 
p = 0,+1,+2,+3,... arising from the term sin”? zp. The constant a is selected 
such that 0 < a < 1, and with this choice the required inverse Mellin transform is 
independent of the value of a. Set 


g(z) = —mt * cot wz escrz, (5.117) 


then, from the Cauchy integral formula, 


a—1i00 


a+ioo N 
i. g(z)dz + / g(z)dz + 277i ) | Res{g(2)}z=n = 0, (5.118) 
TR 


n=1 
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rv 


Figure 5.1. Semicircular contour with the diameter taken along x = a and enclosing the poles at 
PSs 


where Ip denotes the semicircular section of the contour and N denotes the number 
of poles enclosed within the semicircle of radius R. Fort > 1 and0 < 6 < m/2, 
or 32/2 < 6 < 2m, it can be shown that the contribution from the semicircular arc 
vanishes in the limit R + oo. The residue at the pole z = n of order two is given by 


Res(g(z)}z<n = lim a — ny’g@)} 


_ ("te logt 


: (5.119) 
TT 


and so in the limit R — oo it follows that 


YRageia > == he 


n=1 n=1 ss 
logt 
Se ee (5.120) 
m(1+t) 
where the following result has been employed: 
1 [o,@) 
aa Yio, for t> 1. (5.121) 
n=0 
From Eq. (5.118) it follows that 
1 a+ioo lost 
-= t* cots cscms ds = eee, (5.122) 
21 Ja—ico m(1+ 4%) 


which is in agreement with Eq. (5.111). For the case 0 < ¢ < 1, the integration 
contour is modified as shown in Figure 5.2. 
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2 >x 


Figure 5.2. Semicircular contour with the diameter taken along x = a and enclosing the poles at 
p=0,-1,-2,... 


Applying the Cauchy integral formula yields 


at+ioo N 
i g(z)dz + / g(z)dz = 2mi ) Res{g(z)}2=—n. (5.123) 
a TR 


—100 n=0 


For 0 <¢ < 1 anda/2 < @ < 3m/2, the integral around the semicircular contour 
vanishes in the limit R > oo. Making use of the expansion 


1 [o@) 
i —t)", for |¢t| <1, 5.124 
a 2! )", for |e| < (5.124) 


and taking the limit R > ov, allows Eq. (5.123) to be simplified to Eq. (5.122) for 
0<t<l. 

As the preceding example illustrates, working out Hilbert transforms via Eq. (5.109) 
is not likely to be the most useful evaluation strategy. There may be circumstances 
when this relationship can be effectively utilized to evaluate inverse Mellin trans- 
forms. For integrand factors of the inverse Mellin transform that take the form 
cot zx g(x), where g can be recognized as the Mellin transform of some function 
jf, then the inverse Mellin transform can be obtained directly from Hf. The latter 
transform may be somewhat easier to evaluate than the inverse Mellin transform, 
depending on the complexity of the function /. 

The Mellin transforms of the functions H. f and Hy f, where the operators H, and 
Hy are defined in Eqs. (4.11) and (4.12), can be worked out in a similar manner to 
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the approach taken for Hf. The transform MH, f is evaluated as follows: 


mito) = fo xe =p ee fe 
0 Xt 


mz Jo 
Ds 2 oo xP dx 
=— P 
ef POUR, zoel 
hoe © uP du uy? du 
=— p=) P 
Sa eras Meal 


= {csc pm — cot px [ 1?" ¢ (dt, (5.125) 
0 


and hence 

MH. f (p) = tan(1p/2)Mf (p). (5.126) 
This result holds for —1 < p < 0. If f is an even function, then 

MHf (p) = tan(1p/2)Mf(p). (5.127) 


Similarly, 


MHy f(p) = ea eae | a 
0 ue 0 xt 
2 fe OO gP—T dy 
= et) rofr [ 2 {e 
1. f 2 00 0-1 dy 0 YP! dy 
Se p-l 
--f : reoar {Pf u—1 i u+1 


[o@) 
= —{cot pm + csc pm [ | ¢ (dt, (5.128) 
0 


and hence 
MH, f (p) = —cot(rp/2)Mf (p). (5.129) 
This result holds for 0 < p < 1. If f is an odd function, then 
MHf (p) = —cot(p/2)Mf (p). (5.130) 
Consider the example f(t) = (1 + t#)~!. Then Eq. (5.126) yields 


MA, f(p) = tan(rp/2)Mf(p) 
= = seo(pm/2). (5.131) 
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For an example of an odd function, let f(t) = ¢(1 + #*)~!; then 


MH, f (pe) = —cot(rp/2)Mf(p) 
= -= ese(px/2). (5.132) 
If the functions f and g form a transform pair, with g(x) = He. f(x) and f(x) = 
—HA g(x), then it follows from Eqs. (5.126) or (5.129) that the ratio of the Mellin 
transforms of f and g satisfies the following: 


a - = tan(p/2). (5.133) 
For the example discussed in the preceding paragraph, f(t) = (1 + #7)7!, 
Mf(p) =  esc(ox/2), (5.134) 
and, with g(f) = ¢(1 + 27)71, 
Mg(p) = 5 sec(o7/2), (5.135) 


and Eq. (5.133) follows. 


5.9 The Fourier allied integral 


Closely associated to the Fourier integral approach discussed in Section 5.2 are the 
Fourier allied integral formulas. These were developed in Section 3.12 and take the 
following form: 


2 [oe Cc 
f@M= = [ cos xt ar [ g(s)sinstds, for g(s) odd, (5.136) 
0 0 
and 
2D, CO CO 
g(x) = =| sin xt arf f(s) cosstds, for f(s) even. (5.137) 
wT JO 0 


These expressions are equivalent to the formulas for the Hilbert transform pair of 
conjugate functions given in Eqs. (4.14) and (4.15), with the additional simplifications 
resulting from the even—odd character of the functions just stated. That is, for g an odd 
function, Eq. (5.136) is equivalent tof = Hg, and, for f an even function, Eq. (5.137) 
is equivalent to g = Hf. These results also connect with the formulas given in Eqs. 
(4.11) and (4.12). In many cases the allied integral formulas are often very useful 
in the evaluation of the Hilbert transform of more involved functions. Typically, 
Fourier cosine, Fourier sine, or Fourier transforms are required, and there exist some 
extensive tabulations of these transforms for many of the common functions (see, for 
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example, Erdélyi et al. (1954, Vol. I)). An advantage of these formulas is that the 
singular structure is absent. The obvious disadvantage is the need to solve a double 
integral. 

Consider the evaluation of H (cos bx ena), witha > 0. This represents a somewhat 
more complicated case than most of the examples previously considered in this book. 
Since the function is even, it follows from Eq. (5.137) that 


2 2 f & : me 2 
H(cosbxe™ ) = =f sin xt ar [ cos ste “ cos bs ds 
m Jo 0 
] lee) lee) . : 2 
= ah sin xt arf felts 4 gilt—4)s) 6-45" gy 
T JO —oo 


1 [o,@) 
= Taw [ sin xtfe (79) /44 4 eb Mardy (5.138) 
where the last result has been obtained using 
2 99 ee uA 214 
Fle} = / ee dia, (Se (5.139) 
- a 


Further simplification of Eq. (5.138) can be made using the following Fourier sine 
transform (Erdélyi et al., 1954, Vol. I, p. 74): 


eee 1 (7), (p—ix)?/(40) eet ee 
/ no * sinas ds = —2V/(=){e 0/40) erfc[2—!a71/?(B — ix)] 
0 a 

— (FH) /4%) erfef2-la-/2(B + ix)}}, (5.140) 


where erfc(z) denotes the complementary error function, which is defined by 
2 nee’: 
erfc(z) = —— e dt. (5.141) 
Vx Je 


This function is related to the error function, erf(z), which was defined in Eq. (5.27), 
by the following formula: 


erfc(z) = 1 — erf(z). (5.142) 


The alternative notations Erfc(z) and Erf(z) are in wide usage. Two properties of the 
error function that will be useful are: 


erf(—z) = —erf(z) (5.143) 
and 


erf(z*) = {erf(z)}". (5.144) 
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Equation (5.138) can be simplified using Eq. (5.140) to yield 
—ax? i —ax? —ibx b : 
H(e cos bx) = —-e e erfc | /(a) {| — — ix 
4 2a 
ibx b : ibx b : 
—e™ erfc| /(a) ( — +ix)}] +e erfo] —/(@ | — +ix 
2a 2a 
—ibx b : 
—e* erfc | —/(a) {| — — ix 
2a 
= me —ax* J ,ibx ; b 
a 5° {° ert| Via) (+ =) 


see ert] Via (i = =) ; (5.145) 


which is the required result. Using the connection given in Eq. (5.144), it can be 
shown that the term in braces in the preceding formula is purely imaginary, so Eq. 
(5.145) can be written as follows: 


He te ea? lin ie erf [vio (= + ix) |} : (5.146) 


5.10 The Radon transform 


The fundamental problem of determining a function f(x,y) in the plane from line 
integrals over the function arises in important applications. The solution to the prob- 
lem was published by Johannes Radon in 1917. The related problem of determining a 
function on a sphere from line integrals of the function over the great circles was pub- 
lished by Funk (1916). About forty years after the appearance of Radon’s work, Allan 
Cormack, initially working alone, and then in collaboration with Godfrey Hounsfield, 
was interested in refining X-ray radiography. Cormack wanted to determine a two- 
dimensional cross-sectional map of the absorption of X-rays for a slice of the human 
body, from the absorption of X-rays along lines through each thin slice. It was some 
years before the importance of Radon’s early work on this problem was recognized. 
The significance of the work of Cormack and Hounsfield was acknowledged by the 
award of the Nobel Prize in Physiology or Medicine in 1979. 

From these beginnings, and in parallel with them, computer aided tomography 
emerged, where sequences of projections are used to reconstruct an object. This 
technique plays a pivotal role in medical imaging. The reader may be familiar with 
this by the well known acronym “CAT scan.” 

Important applications of the Radon transform occur in image reconstruction and 
image analysis. The Radon transform can be used to locate lines in an image, which 
has application in computer vision, seismic work, and image processing. The Radon 
transform also finds application in astronomy. Here the focus of attention is centered 
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on the inverse Radon transform, which allows the reconstruction of the function f (x, y) 
to be carried out. This reconstruction can be cast in terms of the Hilbert transform. 
The motivating problem is as follows. Consider an X-ray passing through a slice 
of inhomogeneous material along a line of length L. Suppose over the line segment 
Aé; the absorption coefficient is a;, then the emerging beam intensity is given by 


IT =Ipexp[—(aj Al, + a2 Alp + 03A03+---+ anAley)], (5.147) 
where Jp is the incident beam intensity and 
N 
La AG, (5.148) 
j=l 
Proceeding to the limit A€; > 0 allows Eq. (5.147) to be written in terms of a line 
integral: 
T=Ihe ke, (5.149) 


where the absorption coefficient a depends on £. 
A line in the xy-plane can be represented by 


p=xcosé+ysind, (5.150) 


which is illustrated in Figure 5.3. 
Taking the logarithm of Eq. (5.149) and introducing the definition P(p,0) = 
— log(/Io) yields 


Pp.) = f asa (5.151) 
L 


The quantity P(p, 0) can be thought of as a projection of the absorption coefficient in 
the xy-plane, along the line L, to the point (p, 0). Keeping 0 fixed, p can be varied by 
moving the radiation source and the detector, which are located at the terminal points 
of the line L, and constructing a profile of the projections, that is, a plot of P(p, 9) 
versus p for the material under investigation. 


Figure 5.3. Variables p and @ characterizing the line L in the xy-plane. 
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Generalizing the preceding problem leads to 


Af (p,6) = [ f@,yds, (5.152) 


where the integration is taken along the line ZL. This equation defines the Radon 
transform operator A. It is common practice to work in the rotated coordinate system 
characterized by (p,s). In matrix representation, this is 


P\ _ [(cos@ sin@\ /x 

() 7 ee =) @ (5.153) 
x\  (cos@ —sin@\ (p 
(;) ~ (ee cos @ ) (a (5.154) 


These variables are illustrated in Figure 5.4. 
The definition of the Radon transform can then be written as follows: 


and 


[o,@) 
Af (p,9) =f f(pcoos@ —ssind, psin@ + scos6)ds. (5.155) 
[o.@) 


As an example, the Radon transform of the function f(x,y) = (1/ Jaen ty *) ig 
evaluated. From Eq. (5.155) it follows that 


[o,@) 
Af (p,9) =f f(pcos@ — ssiné,psind + scos6@)ds 
—0o 


! i ets) ds 


at ae 
= cay hy gos ds 
VK Joo 
Lig (5.156) 


Figure 5.4. The line in the rotated coordinate system. 
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(b) 1 


P 2 2 : 


Figure 5.5. (a) The function f(x, y) and (b) its Radon transform Af (p, 9). 


Figure 5.5 illustrates the behavior for f (x, y) and the corresponding Radon transform. 
Equivalently, the Radon transform is also defined in terms of the Dirac delta 
function as follows: 


Af(p.0) = [ / f@,y)d(p — xcos 6 — ysin €)dx dy. (5.157) 


This particular form is useful when the inversion of the Radon transform is considered. 
The Radon transform can be generalized further to an n-dimensional operator, but 
this topic is not pursued here. 

In order to guarantee that the Radon transform exists, it is assumed that f € Li (R?). 
In practical applications it is common to require that f is infinitely differentiable with 
an appropriately rapid decay at infinity. Alternatively, f is supposed to be locally 
integrable with compact support. An important question concerns the information 
required in order to recover f given the function g = Af. 

The connection between the Fourier transform of the Radon transform and the two- 
dimensional Fourier transform of the function is considered first. The notation F> is 
used to denote a two-dimensional Fourier transform. Employing the definition of the 
two-dimensional Fourier transform of f, introducing u = qcos@ and v = qsing, 
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where g > 0, and making use of Eq. (2.258), leads to 


oo oo . 
Fof (u,v) = i; / e HY) £Cx, y) de dy 
=O =o 


= / / S (x, y)dx a | e'8(t — gx cos — gysing)dt 


oo oo lee) : 
/ / S (x, y)dx dy / e'?5(qp — qx cos — gy sin b)q dp 
—0o J—00 —0o 


yr [ rounerar [ e'?5(p—xcos@ — ysin @)dp 


2 i e-™ dp / / F0x,y)8(p — xeosg — ysin @)dxdy 


—c 


[e,¢) i 
Zs / oP A F(p, b)dp, (5.158) 
=o 
and so 


Fof (u,v) = FAS (q, ¢). (5.159) 


This result is called the central slice theorem. 
Inverting the relation given in Eq. (5.155) is now considered; that is, the inverse 
Radon transform is determined. Formally, writing g = Af, yields 


f=A7'g. (5.160) 


Starting from Eq. (5.159) and writing g(u, v) = (F2f)(u, v), introducing u = qcos@ 
and v = qsing, employing the simplifications p = scos¢ + tsing@ and w = 
xcos@+ysin@, leads to 


f x,y) = {Fy gu, v)}a,y) 
: i ee au [ e!” o(u, v)du 


~ Qn)? Jog ae 


1 lee) 2m : 
= 35 i; qdq / elf cos d+ YSN) 94 cos p,q sin 6) dp 
0 0 


1 ioe) uO ; 

= al aldg | e’ g(qcos b, g sin p)d@ 
—oo 

1 


~ Ayr? 


U ioe) : 
[ a | Igle'""g(q cos b, g sin b)dg 
—oo 
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=5 a ao [ Igleia” aq Ae | e M9sinP Fs. pdt 
JT —0o 
ee) . 
= man dy [ as [ feosnae f Igle'4"-”) dq. (5.161) 
4n- Jo —0o —0o —0o 


Making use of H(e'”) = —isgn q e!%, yields 


IOV Ae wih dof “ Vi f(s,1dt e, ge? H (cdg 
=af ao [ asf “fe.nat gow lp [SPP ay 
1 wep 
] af ay [ asf I (s, t)dt =P | ae geilP-P) dq 
: we =O % —oo W— P J—-oo 
= waif ao f _ f(s,6)dt Pf = a a 


= af dg P [= af f(s, t)5(p — scos @ — t sin d)dt 
~ On oo We —— 

o Noted 

=s3 [aor [- 


(5.162) 
where the derivative 0(Af)/dp is indicated by the appropriate subscript, and hence 


1 Hig 

fey) = = i (HA fy(p, 6) }0v)dp 
wT JO 

1 i a{HAT (p, $)}(w) 


= d¢. 5.163 
20 dw @ ( ) 


The last line follows using the derivative property of the Hilbert transform (see 
Section 4.8). Several changes of integration order have been made in Eqs. (5.161) 
and (5.162), and the reader is requested to make some justification for these switches. 

The reconstruction of the function f(x,y) from its Radon transform Af (p, 9) is 
now investigated using a pair of examples. Suppose Af (p, 0) = oP , then it follows 
from Eq. (5.162) that 


Leeds Fag °°  Afp(p, @)dp 
POY) = Qn [ door [ rcos(¢ —@)—p 


© {rcos(@ — 0) — p —rcos( — 6)}e-”” dp 
ah 4 ae ae 
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1” if WY P 4 
= -| eo? dp — - | rcos(@ — 0)dd P| si st 
J X Jo H Joo rcos(@ —0)—p 
1 Lf % 
— -— i, r cos(@ — 6){He? }(r cos(@ — 6))dd. (5.164) 
~ Va HT JO 
The integrand of the last integral can be simplified, on using Eqs. (5.29) — (5.31), 
to yield 


a _ go (—1)*72*+1 cos*+l(g — 6) 
{He }(r cos(o — 8)) = 2 [Eso ; (5.165) 


Hence, 


= : ie rcos(@ — 6){He”’ }(r cos(b — 0))de 
0 


io 1 


1 (—1)*r2* Se 
= — 0)d¢. 5.166 
UTED by (p — 0)do ( ) 


A straightforward calculation yields 


ca m—O 
/ cos**(b — 0)dd = / cos~" t dt 
0 -6 
m6 | 1 (2K Ps ok 


Z abe (5.167) 
and hence 
( 1)*r 2k Wa 
fy) = eae ) 
7 (= 1)‘r 2k :) 
=D ares + AAT (k + 1/2) 1/2) ( 
1 —1)* 2k 
2 4 y ( me (5.168) 
k=0 


The duplication formula for the gamma function, 


27-!r@)P (+ 1/2) 


T(2z) = a 


(5.169) 
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From Eq. (5.162), and making use of entry (12A.6) from the Table of Hilbert 
transforms in Appendix 1, yields 


ee ae © (Af) p(p, dp 
FY) = Qn f door f rcos(@ — 0) —p 


Lf <4 } pdp 
SiS age 

-/, ae | sapere 
=f, 


(5.172) 


In the preceding calculation, the inequality |r cos(@ — @)| < 1 has been employed. 
The inversion formula can be written as follows: 


l, x*+y<1 


5.173 
0: a aye SL ( ) 


| 
Figure 5.6 illustrates the behavior for f(x, y) and the corresponding Radon transform. 


Notes 


§5.2 A good source for further reading on the subjects of this section is Butzer and 
Nessel (1971, chap. 8). There is a generalization of the key result in this section to 
an n-dimensional Euclidean space, and that is considered later in Chapter 15. For a 
numerical evaluation of Dawson’s integral, the interested reader can pursue further 
reading in Cody, Paciorek, and Thacher (1970), McCabe (1974), Press et al. (1992, 
p. 252), or Weideman (1994). 

§5.3. A number of results for the even and odd Hilbert transform operators can 
be found in Rooney (1980). The inversion of some complicated integral transforms 
involving F, and F, in terms of H, and H, can be found in Kilbas and Saigo (2004, 
p. 275). 

§5.4. Under certain conditions on the operator A, the general commutator [A, H] can 
be shown to be a bounded operator; see Segovia and Wheeden (1971) and Segovia 
and Torrea (1990). 

§5.5 The Hartley transform was originally given in Hartley (1942). For further 
reading on this transform, see Bracewell (1986) and Olejniczak (1996). 

§5.7 Wolf (1967) attempted to write the Hilbert transform of a general function as 
an iterated Laplace transform; however, his analysis was flawed (see Crystal (1968)). 
For further discussion, see Kak (1968). 

§5.8 The relationship between Mellin transforms of a transform pair, Eq. (5.133), 
was derived in Brachman and MacDonald (1954). Ursell (1983) applied the Mellin 
transform to the one-sided Hilbert transform, a strategy that proved to be useful for 
studying the asymptotic expansion of certain integrals. An extensive table of Mellin 
transforms can be found in Marichev (1983), and Erdélyi et al. (1954, Vol. I) gives a 
useful collection of formulas. 
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§5.10 Radon’s original paper (Radon, 1917) is published in a journal that is not 
readily accessible; however, the paper is reprinted in a book, Helgason (1980, p. 


177), 


in a conference proceedings, Gindikin and Michor (1994, p. 324), and as an 


English translation in Deans (1983, p. 204) and Radon (1986). For an alternative 
derivation of the two-dimensional inversion formula for the Radon transform, see 
Deans (1996, p. 664). A key early paper for medical applications is Cormack (1963). 
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Exercises 
Taking advantage of the relationship Hf(x) = —iF~'{sgny Ff(y)}(x), or 
otherwise, evaluate the Hilbert transform of f(x) = sin ax e~” for constants 
a>Oandb> 0. 
Evaluate, using Fourier transform methods or otherwise, the Hilbert transform 
of the following functions: (i) f(x) = x7? sin? ax, for a > 0; (ii) f(x) = eM", 
fora > 0. 
Determine Hf given f(x) = sinaxe7""! for a > 0. 
For a function f € L7(R), express (1/7) 1s du ie sin u(t — x)f (t)d¢ in terms 
of the Fourier transform operator. 
How is the integral of Exercise 5.4 related to the integral 


~ fete ae 
Tw Jo t 


Indicate clearly any assumptions you need to make. Hence, establish the central 
result of Section 5.2. 

If the operator My is defined by My f(x) = x°f (x), a € R, evaluate M_;H.M, 
and M,H,M_. 

What conditions must be satisfied by the two functions f and / in order to 
derive Eq. (5.62)? 

Srivastav (1997) studied the following transform operators: 


2 °° {ccosxt — t sin xt} f(t)dt 
Bro =v(=) | aa 


oy 


and 


Cf(x) = v(=) i’ lesinxt + tcosxt} fat 


4c? 


for c a constant and f €L7(0,00). Do any relationships exist between the 
operators B and C and the operators H, and Ho? 

Prove that the operators H, and H, satisfy Hy ! — —H, and Ay 1 _A,. 
Consider the transform operator Rf (x) = es {tcosxt + csin xt} f(f) dt, for c 
a constant and f € L?(0, 00). Taking advantage of the operators introduced in 
Exercise 5.8, find relationships between H, and R and between H, and R. 


el 


— 


5.22 


5.23 
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Let P; and P_ denote the projection operators defined in Section 4.18 and let 
x4 and x_ denote the operators defined by multiplication by the characteristic 
functions X(0,00) and X(—o0,0) respectively; that is, 


FQ), x € (0,00) i= F(), x € (—00,0) 
0, x€(0,0)’ hes 0, x¢ (00,0). 


X4 fh) = 
Evaluate P+ ¥ and P_F in terms of the operators F, x, and x_ forf € L?(R). 
For the operators defined by 


1 1 
Py = 5U+iFHF') and P_= 50 -iFHF), 


show that they are idempotent. 

For the pair of operators in Exercise 5.12, evaluate P+ F and P_F for functions 
of the class L7(R) in terms of X(—00,0)> X(0,00), and F. 

Evaluate [F, H]f for f(x) = (x7 +.a’)7!, fora > 0. 

Evaluate F~! {sen y Ff (v)}(x). [Hint: The Riemann—Lebesgue lemma may be 
useful to you. ] 

Evaluate the Stieltjes transform of the function f(x) = x~ 
hence evaluate the Hilbert transform of this function. 

For a > 0,b > 0, determine the Radon transform of f(x, y) = e 
Determine the Radon transform of the following function: 


' sin ax,a > 0, and 


—ax*—by* 


ip. see et 


x,y) = 
te ls x+y? > 1. 


Does the Hilbert transform arise in the inversion formula for the Radon 
transform in R?? 

If Af (p, @) = cas ope’, determine f(x, y). 

Determine the function f(x,y), given that the Radon transform Af takes the 
form 


2 |ab|s-2./(s2 — p?), < 
arte.oy= Rie NE—2. Bl 


where a and b are constants and s = \/(a” cos” @ + b” sin’ ¢). 

If f ¢ L'(R) and g € L*(R), show that {f * g} € L7(R). [Hint: The identity 
IfOg@—d| = UfOllg@—d))'7|f(l' and the Cauchy-Schwarz— 
Buniakowski inequality may prove useful to you.] A more general result can 
be proved. If f € ZL? (IR) and g € Z7(R), for 1 < p < co and 1 < g < ~, what 
can be established for {f * g}? 

Determine whether the operator sgnx ¥ has any eigenfunctions. If it does, find 
the eigenvalues. 
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The Hilbert transform of periodic functions 


6.1 Introduction 


The necessity of finding the Hilbert transform of periodic functions arises in a 
number of applications. By a conformal mapping of the upper half plane into the 
interior of the unit disc, it is possible to express the frequency dependence of a num- 
ber of functions such as generalized susceptibilities, scattering amplitudes, and other 
properties, as Fourier series. From the series representation of the dispersive com- 
ponent, that is the component representing the real part of the function of interest, 
the dissipative component, or the component representing the imaginary part of the 
function, is determined from the conjugate series, which is the Hilbert transform of 
the original series. The converse of the latter statement also applies. Some of the 
background on the Hilbert transform of periodic functions has already been intro- 
duced in Section 3.14. The reader is reminded that the symbol H in place of H is used 
to denote the Hilbert transform on the circle. A widely used notation to designate the 
Hilbert transform operator on the circle is H. It is also quite common to denote Hf by 
¥ , which is read as f wiggle or f twiddle. Much of the focus of this chapter is Hilbert 
transforms on the circle, although some results for periodic functions on R are also 
considered. 

There are several ways to approach the calculation of the Hilbert transform of a 
periodic function. In the following two sections the techniques involved are illustrated 
for the following two related functions: 


f(@) = sgn(sin ax) (6.1) 
and 
Jf (x) = sgn(cos ax), (6.2) 


for a > 0. These two functions, which represent important pulse sequences, are the 
square waves shown in Figure 6.1. 
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(a) 


y = sgn(sin 77x) 


(b) 


y = sgn(cos Tx) 


Figure 6.1. Square wave functions (a) sgn(sin ax) and (b) sgn(cos ax), fora = 7. 


6.2 Approach using infinite product expansions 
The Hilbert transform H{sgn(cos ax)}, for a > 0, is considered first. By reference to 


Figure 6.1 and setting b = 2/2a, it follows that 


Pf sgn(cos as)ds sad 1 [ref sgn(cos as)ds 
IT —5b x—-S 


H Joo x-—Ss 


+Pf sgn(cos as)ds A pf sgn(cos as)ds 


x-S -% x-—Ss 


3b 
FS P| sgn(cos as)ds fies | (63) 
b 


x—S 
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which can be written compactly as follows: 


ee) 


pf sgn(cosas)ds | y pf” sgn(cos as)ds 
¢ 


IU —oo x—S IU fa=65 4k—1)b x—S 


(4k+3)b son(cos as)ds 
+P / gn( ) 
(4k-+1)b x—s 


oe (4k-+1)b (4k+3)b 
= 1 s- Py ds aa ds 
ae (4k-1)b ¥—S (4k+)b Xx — 8 
1 3 i {(4k — 1)b — x}{(4k + 3)b — x} 
ae tare ° ((4k + 1I)b — x}{(4k + 1)b — x} 


. (64) 


The final summation can be simplified by isolating the log term involving {(44 + 3)b 

— x}, making the summation index change j = k + 1, to give 
an sgn(cosas)ds _ 2 3 z {(4k — 1)b — x} 
an {(4k + 1)b — x} 


x—S ms a 

Dh ee 16k2b2 — 2 
x+ +) log b* — (b+x) 
—b 16k2b2 — (b — x)? 


| 


(6.5) 


k=1 


The final summation can be simplified in the following way. The sine function has 
the infinite product expansion given by 


[o,@) x2 
sins =x] ] {1 - pro (6.6) 
(recall Eq.(2.106)), and hence 


1 (6.7) 


[oe 
: x 
log|sin x| = log|x| + Y- log — 72 
k=1 
Using this result with x > (x + 6)m/4b, and then with x > (x — b)z/4b, allows 
Eq. (6.5) to be simplified as follows: 


1 °° sen(cosas)ds 2 x+b . (at+b)x (x + b)x 
P = 1 1 1 
ca i x-—s = {tog |==>|+ Pa sin ( 4b ) BR 4b 
. (a-—b)nr (x — b)x 
_—] See [og oe es 
og sin ( 4b ) + log Ab 
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sin (xm /4b + 1/4) 
sin (xm /4b — 1/4) 


log |tan ax + sec ax| 


= log |tan (5 + *)| ; (6.8) 


The Hilbert transform H {sgn(sin ax)}, fora > 0, can be evaluated ina similar fashion, 
but can be more quickly established using Eq. 6.8 and elementary trigonometry. On 
making use of Eq. (4.30), 


H{sgn(sin ax)} = H [sen cos (a = =) 


(ax—am/2) 
tan (“= + *)| 


2 
— log 
a 


- log lan (S)| : (6.9) 


6.3 Fourier series approach 


Analternative approach to evaluating the Hilbert transform of periodic functions takes 
advantage of the Fourier series expansion of the function. This is a relatively straight- 
forward approach, subject to the ease with which the Fourier series resulting from 
the application of the Hilbert transform can be summed, either analytically or numer- 
ically. The actual Hilbert transform is simple, since only H(sin ax) and H(cos ax) 
are required. The square wave example, H{sgn(sin ax)}, is now reconsidered. The 
Fourier series expansion of sgn(sin ax) with y = ax is given by 


F 1, O<y<az 
sgn(siny) = ee —0 ae <0 
4[. sin3y sin Sy 
= —) siny+ aK 2 et (6.10) 
a 3 5 


From Eq. (6.10) it follows that 


(6.11) 


: 4 cos 3 cos 5 
H{sen(siny)} = —= |cosy + ; 2 4 Ef 


5 
Using the standard result (see, for example, Jolly (1961, p. 97)) 


3 5 
pes eae Za, for0 <|y| <x, (6.12) 


log cot G)| =2 {cosy + 
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then Eq. (6.11) can be written as follows: 


A{sgn(sin y)} = oe log lcot(=) ‘ (6.13) 


and hence 
2 
A{sgn(sin ax)} = — log ltan(=)| é (6.14) 
a 2 


The symmetric square wave can be treated in a similar fashion. The Fourier series 
expansion for this function is 


4 3 5 
sgn(cosy) = cosy a Aa hak So ; (6.15) 
ud 3 5 
from which it follows that 
4 in 3 in 5 
H{sgn(cos y)} = {siny aes + ee \. (6.16) 
ud 3 5 
Using the standard series expansion (Jolly, 1961, p. 97), 
1+si in3 in 5 
Co) aoe = 2 )siny i Boe siecle ; for — = <y< us 
cosy 3 5 2 
(6.17) 
allows Eq. (6.16) to be written as follows: 
2 1+s1 
H{sgn(cosy)} = — log] |, (6.18) 
a cosy 
and hence 
2 
A{sgn(cos ax)} = — log ltan( = + *)|. (6.19) 
WU 2 4 


6.4 An operator approach to the Hilbert transform on the circle 


This section discusses how the definition of the Hilbert transform on the circle emerges 
from an appropriately chosen operator acting on a periodic function, and considers 
how this can be rewritten in the conventional integral form for the Hilbert transform 
on the circle given in Section 3.14. Let f be a periodic function with period 27 that 
is absolutely continuous on [—z, 7] and has a square integrable derivative on this 
interval. The complex Fourier series expansion of f (0) is given by 


FOS ye ae”, (6.20) 


n=—C} 
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with the coefficients determined from the following formula: 


1. of ® 
a=—] fee" dé. (6.21) 
20 Jen 
The series expansion for f(@) converges absolutely, which can be demonstrated in 
the following manner. Let 


1) of % F 
b=—| f'@e do, (6.22) 
2m Jz 
where the prime denotes the derivative with respect to 6; integrating Eq. (6.21) by 
parts yields 


a=. (6.23) 
in 
Starting from the inequality 
1\2 
(16 = =) = 0, (6.24) 
|n| 
it follows that 
b 1/1 
—|< 5 € + nl) ; (6.25) 
and hence 
1/1 > 
Using Bessel’s inequality to establish the convergence of }°° _.. lb» |*, it follows 
from Eq. (6.26) that )°°° _. |an| is convergent, and hence the absolute convergence 
of Eq. (6.20) follows. 
If f(@) is a real function, then from the condition 
f(O) = {FO} (6.27) 
it follows that the coefficients a, satisfy 
7 ena (6.28) 


The operator H,, sometimes called the circular Hilbert transform, is introduced by the 
following definition: 


Hf 0) =i > - {ane — ane}, (6.29) 


n=1 
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where Eq. (6.20) has been employed for f (6). It is demonstrated in the sequel that this 
series representation defines the Hilbert transform operator for periodic functions. Let 
g(@) denote the series 


g(@)= is {b_ge*? — byel*?}, (6.30) 
k=1 
then 
1 7 a 
ie |g(0)|?d0 = Be. |be|? — |ol? . (6.31) 


Noting the convergence of > _ 4, |bn |*, the series in Eq. (6.30) is convergent in the 
mean square sense. It is straightforward to show that 


0 
/ glx)dx = HO) +e, (6.32) 
0 


where c is a constant. The function Hf is absolutely continuous on [—7z, zr]. 

Application of the operator Hf on Hf leads to a continuous function with a square 
integrable derivative. This follows from Eqs. (6.20) and (6.29) in the following 
manner: 


Hf (0) =H? c 4 by {a_pe 19 +a 


k=1 
es re ‘@ 
= Tye tgperoe a a,el?} 
k=1 
a . F’ 
=— >) {ape + age’), (6.33) 
k=1 
and hence 
1 rs 
Hf (0) = —f(0) + Se / f (x)dx. (6.34) 


This is the analog for periodic functions (of period 27) of the inversion property 
discussed in Section 4.4. Equation (6.34) holds for the general case that f is periodic 
with period 27 and belongs to ie 1 < p < ov. If the period of f is 2t, then Eq. 
(6.34) takes the following form: 


1 T 
HES O) = SO) += | foods, (635) 
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where the notation introduced in Eq. (3.286) is employed. This holds for f periodic 
with period 2t and fels, l<p<om. 

It will now be demonstrated how the series expansion for Hf given in Eq. (6.29) 
can be represented as a principal value integral. Starting from Eqs. (6.21) and (6.29), 


CO 


Hf (0) = ~ pa | * poee™? dx — / * pein —its ax| 
n=1 as a 
= aes > ” £Oe)eiO— _ e MO—) dy 
20 en 
= — / : f(x) d 2sinn(6 — x)dx. (6.36) 


The sum in the preceding result converges in the distributional sense. The function 
f can be considered a suitably well behaved test function, and so this result can be 
treated as the scalar product between f and the distributional value of the sum. On 
using the identification 


fa) [oe 
cot (5) = 2 sin m0, (6.37) 


=] 


in the distributional sense, Eq. (6.36) becomes 


Hf (0) = =? / Y Pisces (*)ax (6.38) 


which is the form given in Section 3.14 for the Hilbert transform on the circle for a 
periodic function with period 27. 

The link from the series given in Eq. (6.29) to functions analytic on the unit disc in 
the complex plane is now made, and this leads to the Plemelj formulas. Suppose that 
the function / is real-valued. Then it is straightforward to show, using Eqs. (6.28) and 
(6.29), or directly from Eq. (6.38), that Hf is also real-valued. First set 


£(0) +iHf (0) = a0 +2 > ane”. (6.39) 


n=1 


Let z = e’®, then a function f* can be defined as follows: 


ft @ =a0+2> 0 an2", (6.40) 


n=1 
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which is analytic in the interior of the unit disc. In a similar manner, 


f (0) —iHf@) =a09+2> ane ™, (6.41) 


n=1 


and with the same substitution z = e! a function f~ can be defined by 


f-@) =a) +2 x a ae (6.42) 


n=1 


which is analytic in the exterior to the unit disc. From Eqs. (6.39) and (6.41), it follows 
that 


1 
f@)= 5ST @) +f" (2)} (6.43) 
and 
1 
Hf @) = xf @) —f (@}. (6.44) 


These results are the analog for a periodic function of the Plemelj formulas discussed 
in Section 3.7. 


6.5 Hilbert transforms of some standard kernels 


This section deals with the evaluation of the Hilbert transform of some common 
kernel functions that occur frequently in Fourier analysis. The Poisson, Dirichlet, 
and Fejér kernels are examined. The partial sum of a conjugate Fourier series can 
be related to the Hilbert transform of the Dirichlet kernel, and the Cesaro average — 
the average of the first n partial sums of the Fourier conjugate series — can be con- 
nected with the Hilbert transform of the Fejér kernel. The first kernel investigated is 
given by 


1-r 
P(r,@) = i for0<r <1, (6.45) 


— 2rcos@ +r?’ 
which is called the Poisson kernel (or sometimes the Abel—Poisson kernel) for the 
disc. It will prove useful in what follows to express P(r,@) as an infinite series. 
Recalling the series expansion 


(oe) 
(l—z)'= 02", for |z| <1 (6.46) 
n=0 
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which simplifies on making use of the substitution z = re!” to yield 


1 = n_,in0 ad +2) 
et 21 —2z) 
n=1 
1 —7? + 2ir sin 6 
= ; (6.47) 
2(1 — 2rcos@ +r?) 
Taking the real and imaginary parts leads to 
= l-r 
142 ut 6 = —_______. 6.48 
” Ds pak 1—2rcos6+r2 On) 
and 
Nad : rsin@ 
S >" sinnd = —~——__.. (6.49) 
are 1—2rcos0+r2 


The Hilbert transform of P(r, 0) can be found on making use of the following results: 


~P f = a6 (6.50) 
—i =e co 4 . 
Qn Jag 2 


and the more general formula 


1 a 0 - 
=P | cos ks cot( > )ds = sin k@, for integer k > 0. (6.51) 
20. Jae 2 


These results can be derived in the following manner. Making use of the following 
expansion (in the distributional sense): 


0 CO 
cot 5 = 2 S— sin md, (6.52) 


m=1 


for integer n > 0, yields 


1 % x-—s 1 % = 
P| cosnscot( 5 Jas= <P f cosns ) ° sin(mx — ms)ds 


eat m=1 


[ee m 
=— y sins [ cos ns cos ms ds 
mo =a 
a 


CO 
— y sin mx bmn 


m=1 


sin nx, (6.53) 
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where 5m denotes the Kronecker delta (recall Eq. (2.38)). The particular case n = 0 
establishes Eq. (6.50). So HP(r, 6) can be evaluated as follows: 


1 ore = 
HP(r,6) = P| P(r,s) cot(S*)as 
4 —1 


1 2 6-—s 
k 
= + y 0 t 
5) P| (! 2 r’ cosk | cor( 5) )as 


=T7E. 


k=1 
L nc fF O-—s tSacg O-s 
= oP [cot(* Jas + a P J cosko cor( 5 Jas 
(oe) 
= 2) r*sinko, (6.54) 
k=1 
and using Eq. (6.49) leads to 
2r sin 6 
HP(r,0) = ——————_... 6.55 
(7,9) 1 — 2rcos@ +r? oP) 
The Dirichlet kernel is defined by 
n 6 
2 1)6/2 
Dy(0) =1+2)-cosk = wie Ey (6.56) 


ran sin(6/2) 


When 6 = 22m with m € Z, D,(6) = 2n + 1. In order to evaluate the Hilbert 
transform of D,,(@), it is first useful to evaluate a finite sum of sine terms of the form 
> i~1 sin k6, and in the process prove Eq. (6.56). Use the standard identity 


n—-1 
2"-l=(¢-l1) oA, (6.57) 
k=0 


which simplifies, with the substitution z = e'”, to 


n 1 — ein +0 


ikO __ 
de = 1 — ei9 


k=0 
1 — e719 4 gin? _ eine 

~ 2 — (el? + ei) 

1 [ sin{(2n + ey i[cos(@/2) — cos{(2n + 1)0/2}] 
sin(@/2) 2 sin(6/2) 


. (6.58) 
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Taking the real and imaginary parts yields 


i in{(Qn + 1)0/2 
fo). ee 


: ; (6.59) 
= sin(@/2) 
which proves the right-hand side of Eq. (6.56), and 
= ) 2n+1)0/2 
25° sinke = cot ( ) cos: Mei) 
a 2 sin(@/2) 
= sinnd + (1 — cosn@) cot(6/2). (6.60) 
From Eq. (6.56), and using Eqs. (6.50) and (6.51), 
HD, (6) ~P n>y is} cot( °—* ds 
= — cos ks ¢ cot{| ——— 
: De Jes = 2 
| ‘3 6—s 
=2 —— es 
reef cos cot( 5 )as 
k=1 
n 
=2 iy sin kd, (6.61) 
k=1 
and hence 
HD, (0) = sinnd + (1 — cosn6) cot(@/2). (6.62) 


If a periodic function f is expressed as a Fourier series, then the partial sum of 
the first n terms of the series can be written in terms of an integral involving f and 
the Dirichlet kernel. A closely related result can be given for the sum of the first n 
terms of the conjugate Fourier series. In this case, the Dirichlet kernel is replaced by 
Dirichlet’s conjugate kernel given in Eq. (6.62). The reader can try to construct the 
appropriate formulas, or pursue further discussion in Zygmund (1968, Vol. I, p. 49). 

The Fejér kernel is considered next, and this is defined by 


1 n 
F, = —— ) D,;(0). ; 
n(@) = — ) D8) (6.63) 
k=0 
The sum involved in this definition can be simplified as follows: 


F,(0) = 


é 2 
1 jee (6.64) 


n+l sin(6/2) 
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To prove this, start with 
n 


2k +16 0 ee eae 
se sin Ger) sin a y cosk@ — = Y cos ko 
Z 2 ar = 


k=0 


= stl — cos(n + 1)6} 


= sin?(S 4"). (6.65) 


Dividing by sin? (0/2) gives the required result. The Hilbert transform of F,,(9) can 
be evaluated by taking advantage of the result derived for HD, (0), that is 


1 n 
HF (0) = — > HD4 (0) 
k=0 


n 


= — ; Yo | sinko +a - cos ko) eot()]. (6.66) 


k=0 


which simplifies, on taking note of Eqs. (6.59) and (6.60), to 


0 i 1)0 
HF,(6) = cat( ) cas » (6.67) 
2 2(n + 1) sin (6/2) 
This result can also be written as follows: 
9 t{(n + 10/2} [ sin{(n + 10/2} | 
cot{(n sin{(n 
HF,(6) = cot(;) I OD (6.68) 
from which it follows that 
- 6 (n+ 1)0 
HF,,(6) = cot (5) cot ( : )Fn(@). (6.69) 


Motivation for the determination of HF, (0) is given by the following development. 
Consider the series 


CO 
S= a ak, (6.70) 
k=0 


and let the partial sums be given by 


n 
n= ae (6.71) 
k=0 
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Let 
SOFS] +++ +Sp 
= 6.72 
n n+1 > ( ) 
then if 
lim o, = S, (6.73) 
n> oo 


the series )~?° 9 ag is Cesaro summable or (C,1) summable. 
Let f represent a periodic function with period 27 that is integrable on the interval 
[0, 277], and denote the partial sums of the Fourier series expansion of f by 


= Oe ape (6.74) 


k=—-n 


Employing Eqs. (6.56) and (6.63), the o, are evaluated to be 


al an “. sin{(2n + 1)(x — 1)/2} 
Onl) = = al. fod sin{(x — 0/2) 
k=0 


20 


yee f (t)F a(x — t)dt. (6.75) 
20 0 


An important result is that the Cesaro means of the Fourier series of f converge to 
(1/2){f (@o+) +f (o—)} for every xo where the right and left limits at the point xo 
exist. This result has implications for the approximation of continuous functions on 
the interval [0, 277] by trigonometric polynomials. An analog of the preceding result 
applies to the conjugate Fourier series of f, with f replaced by Hf, o,(x) by 6,,(x), 
and F,,(x — t) by HF), (x — t). 


6.6 The inversion formula 


In this and the next few sections, some of the basic properties for the Hilbert transform 
of periodic functions are enunciated. Not surprisingly, a number of the formulas 
derived have a close similarity or are identical in form, allowing for the obvious 
difference in integration range, to results given in Chapter 4. A number of the more 
important relationships are covered, and the reader is left to construct some of the 
other results, or to consult a few of the references given in the chapter end-notes to 
obtain additional results. In what follows, f is a periodic function with period 27 and 
it is assumed that f ¢ L ?(T), with 1 < p < oo. Because of the periodic nature of f, 
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integrals can be evaluated over the interval [w,a@ + 27), with a a constant, which 
in a number of places will be taken as —z. The Fourier series representation of f is 
given by 


1 [o,@) 
fe) ~ 540+ Y= Gncos nx + by sin nx), (6.76) 
n=1 
and the Hilbert transform of f is given by Eq. (6.38). The allied series of Eq. (6.76) 
is given by 
[o,@) 
g(x) ~ x (ay sin nx — by, cosnx), (6.77) 
n=1 


and the conjugate function g is given by 


ee / “£6) cot( “Sas. (6.78) 
2m Jin 2 


The terms “allied series” and “conjugate series” are used synonymously. The allied 
series is also given in the literature with the opposite sign, and that reflects the opposite 
sign choice to that employed in Eq. (6.77). The allied series Eq. (6.77) follows from 
Eq. (6.78) on noting the result given in Eq. (6.51) and 


1 7 ‘ xX—S ar 
=P | sin ns cot(~—*)as =-—cosmx, forneZ". (6.79) 
2m Jz 2 


Equation (6.79) can be established in the following manner. For integer n > 1, 


1 we. x—s 1 i = 
P| sin ns cot ( as = <P | sin ns > sin(mx — ms)ds 
2 uN Jin inner! 


‘eee n 
=-— ) cos mx sinns sin ms ds 
a = 
<= 


CO 
=— oe COS MX Omn 
=] 
= —cosnx. (6.80) 


The reciprocal formula to Eq. (6.78) holds for g € L?(—z,7) with p > 1, and is 
given by 


1 1 u Ra 
fx) — 540 = ~5—P ig _ 86) cot(~=) ds, (6.81) 
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that is, 


f@= =P [- a(s) cot( =) ds + oe ai f (s)ds. (6.82) 


This represents the inversion formula for Eq. (6.78). When the constant ao equals 
zero, the skew-symmetric character of the Hilbert transform reciprocal relations (see 
Section 4.3) is obtained for the case of periodic functions. Alternatively, a new func- 
tion h = f — (1/2)a can be defined, thereby obtaining a skew-symmetric pair of 
reciprocal relations involving g and h. The analog of Eq. (6.82) for the case g € i 
and p > | (period 2T) is given by 


1 t t 
f= -P f g(s) cot(— “a+ = ff f (s)ds. (6.83) 


6.7 Even and odd periodic functions 


In this section the standard Hilbert transform on the circle is put into a slightly different 
form, taking account of the even or odd character of the periodic function f. Let 
g(x) = Hf (x), then 


g(x) = —P ‘ie f(s) ares 


= =--sP[" f(-s) cot( as. (6.84) 
If f is an even function, g(x) = —g(—x), that is, Hf is an odd function; if f is an 
odd function, g(x) = g(—x), and Hf is an even function. 

If f is an even function, then, from Eq. (6.38) and the trigonometric identity 


O6+¢ Oa N.S 2 sin@ 
cot( “5#) + cot( 5 ) ae TTT (6.85) 
it follows that 
Hf (0) = Pf FO) (6.86) 
4 0 cos¢@—cosé 


If f is an odd function, then, on employing the identity 


6—¢ O+9\ _ 2sing 
cot( 5 ) cot( 5 )- oe (6.87) 


it follows from Eq. (6.38) that 


Hf (0) = “P EDSON? (6.88) 
9 cosd—cosd 
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Equations (6.86) and (6.88) represent the Hilbert transforms H.f and H,f for 
even and odd periodic functions, respectively. The context should make it clear 
to the reader whether the subscript on H designates the even operator (sub- 
script e), the odd operator (subscript 0), or a general period other than 277; recall 
Eq. (3.286). Typically, the subscripts p and t are used to specify the period. 
These formulas are the analogs of H.f and H,f for functions in L?(R) defined in 
Section 4.2. 


6.8 Scale changes 
Let g(x) = Hf (x) and h(x) = f (x +a), where a is a real constant; then 


‘eles Pf h(s) cot(~5—) ds 


= Pf foro cot(“S—) ds 


20 
1 uf ) (22 *)as 
=— s) cot | ———— 
2a Jinta 2 
x +a— 
=5P iz f(s) cot( ; ~~ ——) as, (6.89) 
where the periodic property of f has been employed, and so 
Hf (x +a) =g(x+a). (6.90) 
If tz denotes the translation operator, 
Htq f (x) = taHf (x) = g(x — a), (6.91) 
that is, the following commutator condition holds: 
[H, ta] = 0. (6.92) 


If R denotes the reflection operator, then Rf(x) = f(—x), and, on setting 
h(x) = Rf), 


HRf (x) = Hh(x) = =P / "HO cot(*S*)as 


= Pf f(s) cot(“5—) ds 
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eee ie cot(——")as 


Qi. p23 2 
and so 
HRf (x) = —RHf (x). (6.94) 


Hence the following anticommutator result holds: 
{H, R} = 0. (6.95) 


The reader is invited to explore whether or not the dilation operator commutes with 
the Hilbert transform operator on the circle. 


6.9 Parseval-type formulas 
It is straightforward to show, using Eqs. (6.76) and (6.78), that 


7 2 Td ” 2 
/ I/(o)I? ds — 700 = / IHF (s)P ds, (6.96) 


1s 


which is the analog of the Parseval formula (see Eq. (4.172)) for the case where f is 
a periodic function. This result can also be written in the following form: 


2 1 
+ Es i IHf (s)|* ds, (6.97) 
QTE pag 


xf. IZ ds = Le [fous 


which is sometimes referred to as a special case of Hilbert’s formula. 
Let f € LP(T) and g € L4(T), for 1 < p < oo, and let p~! + q~! = 1; then 


[- sottonds = - [ royrevoas. (6.98) 
This is the analog of the Parseval-type formula Eq. (4.176). Also, 
is i ] 4 as — as 
f(s)g(s)ds = =| Foyds | g(s)ds+ | Af (syHe(s)ds. (6.99) 


Equation (6.97) follows directly from this result. Equations (6.98) and (6.99) 
are referred to as Hilbert’s formulas. Equation (6.98) can be established by 
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starting with 
FH (n) =—isgnnf(n), forne Z, 


where ry is used as a shorthand to denote the Fourier transform: 


fM= a ik f(sje" ds, for n € Z. 
20 Jen 


(6.100) 


(6.101) 


Equation (6.100) is discussed in detail in Section 6.11. It follows from Eq. (6.100) 


and the result 
He )(s) =i sen n ee 
that 


i Hf (s)eds = — ; f (syH(e“")ds. 


IT 


Equation (6.103) can be generalized as follows: 


ie Hf (s) YS ane" dp == is roon( 3 om )as 


Let : ; 
g(s) = y ane, 
then 
i: Hf (s)g(s)ds = — "Ly Hel s)as 


To prove Eq. (6.99), consider the following two trigonometric polynomials: 


n m 
Pa) = x a,e* and = qm(x) = se bje'™, 


k=—-n j=-m 


with m > n. First note that 


1 ve 
ag = sz [ patsas 


and 


(6.102) 


(6.103) 


(6.104) 


(6.105) 


(6.106) 


(6.107) 


(6.108) 


(6.109) 
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and further that 


1 /[* Wane ly an ta ike ~ijx 
oe [ : Hpn(x) Ham) dx= 5— ~ ar > by | Heel yHE dx 


1 n mo x 
== a, sgn k oy bj senj | elk De dx 
k=—-n 


j=-m cu 


n m 
= > a, sgn k — bj sen j dx 


k=—n j=-m 


= ye {az sgn kK} {Dy sgn k} 
k=—n 


= \> aghk. (6.110) 


using sgn 0 = 0. It follows from Eq. (6.107) that 


l 1 n m 7 
= / Pa(x)gmedx = SY > ag D> bjdxj 


k=-n j=-m 


n 


= iS ar DK 


k=—-n 


_ aobo + » ar dE 


k=—n 
(kA0) 
=. f° pod —f Gd 
= Gigs Lah ree Roe Lees x 
1 ae ae 
+ = Hp (x) Hn (x)dx (6.111) 
TW J—x 


The final result can be generalized by the replacements p, — f and gq, — g leading 
to the required result, Eq. (6.99). 


6.10 Convolution property 


If the functions f and h are periodic with period 27 and belong to ra ; 


and Ee. , respectively, with g the conjugate exponent, then 


l1<p<o@, 


Ht f * h}(x) = Hf (x) * A(x) = f(x) * HA(x). (6.112) 
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IffeL5, andh elt .1 <p < ox, then 


2m? 
Hf * h}(x) = f (x) * Hh(x). (6.113) 


Iff e ee then Eq. (6.112) also holds provided that Hf € Ts, From the definition 
of Hf, Eq. (6.38), 


Hf «hh(x) = = ey “ frooncr= sas} cot(* =a 


=I 


Qn 

= fo |= ae h(t — s) cot( = = arlas 

ie T(s) {Pf hw) cot( = Sawa 
—1 20 —m—s 

i f(s) {Pf hA(w) os(=2=") 
= 2m Jon 2 


‘ Ft (s)Hh@ — s)ds 


= {f * Hh}(x). (6.114) 


The interchange of integration order is justified since f, , and Hth are measurable 
functions and only a single principal value integral is involved (see Section 2.13); 
also the periodic property of the functions has been used to simplify the limits. The 
other half of Eq. (6.112) can be established as follows: 


nO = 1 FY ORE Hes 


=i 


= iD {=P "fo cot(* aw | h(x — s)ds 
a {Pf A(x —s) cot(“")as} ronan 
apo 2 Jes 2 
mf | sa x—t—w 
2 i {a? i h(t) cot(“=—" ar} fOv)dw 
— 20 —l+x 2 
: SWYHh(x — t)dw, (6.115) 


and so 


{Hf * h}(x) = (f * HA}(a). (6.116) 
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6.11 Connection with Fourier transforms 


Let f denote a complex-valued function in L(—z, 7) and let the Fourier transform 
of f be defined by Eq. (6.101). Formally, the Fourier series of f can be written as 
follows: 


f(s)~ > fave. (6.117) 


n=—-@ 


The conjugate series of f(s), denoted by f (s), which is a commonly employed 
shorthand for Hf (s), is formally 


f(s)~ i Y> f@) sgnnel™. (6.118) 


n=—-@© 


From the discussion of Section 3.13, it is clear that Eq. (6.118) may not in general be 
a Fourier series. 
If f is real-valued, then 


’: l . —ins 
i= = i, FORM ds 


1 {*” : 
ee f(s” ds 


20 
= f(-n). (6.119) 
Hence, 
fn) +f(-n) = - cs (s) cos ns ds (6.120) 
and 
it Fo) —F-m) = = 16) sin ns ds. (6.121) 


Ifthe integrals appearing in Eqs. (6.120) and (6.121) are denoted by the coefficients a, 
and b,, respectively, then Eq. (6.117) can be written, on replacing the correspondence 
with an equality symbol, as follows: 


Sf (8) =f(0) + D> {an cos ns + by sin ns}, (6.122) 


n=1 
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with fh (0) = ao/2. The conjugate series is given by 


f(s) = Ss {ay sin ns — by cosns}. (6.123) 


n=1 


If f € (TT) with 1 < p<, 
f(n) =—isgnnf(n), forn € Z, (6.124) 


which is Eq. (6.100) written in compact notation. To establish this result, start with 
Eq. (6.118); then 


s 1 Wt. : 
f@= me i 7 je v"ds 
WU Jn 


1 : ~ o ims | ,—ins 
oe ie {- 2 sgnm f (m)e Je ds 
i [o,@) ~ a ic ) 
= Soe 2 TE hae mS ds 


loa) 
=-i De sgn mf (m)bin.n 


m>=—CO 


= —isgnn f(n), (6.125) 


which is the desired result. From Eq. (6.124), with n = 0 and the assignment 
sgn 0 = 0, it follows that 


; Ff (s)ds = 0. (6.126) 


I 


6.12 Orthogonality property 
If f ¢ ?(—z,7) with | < p < o, then 


i S (s)f (s)ds = 0. (6.127) 
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This result is called the orthogonality property. Equation (6.127) is derived in the 
following manner: 


f (sf (s)ds =a) a fe’ ~ F mer ds 


n=—OOoO m>=—C 


=} for D> fom [7 dermras 


n=—-@} m>=—-CO 


an S* fin) SS flM)Sn.-m 


n=—-C© m=—-C 


an > f(—m) fom) 


m>=—-CO 


=22 S* f(—m){-isgnmf(m)} 


m=—0o 
=1 


= 2 o sgn mf (—m)f (m) + Diem fon| 


m=—0o m=1 


=; (6.128) 


and Eq. (6.124) has been employed. 


6.13 Eigenvalues and eigenfunctions of the Hilbert 
transform operator 


On the unit circle the functions 


1 : 
gn(@) = Fou. (6.129) 


form an orthonormal basis set, that is 


ae 


bn (O)m(O)dO = Snm. (6.130) 


= 
Applying the Hilbert transform operator to ¢,(@) yields 
Ho,(0) = Hei”? 
i‘ Jz) 


—isgnne’”*} 


1 
= Jon)! 
= —isgnn¢, (0). (6.131) 
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For n > 0,H@d,(0) = —id,(9), that is the eigenvalue of H is —i, and, forn < 0, 
H,(9) = id,(@), and the eigenvalue of H is i. For c a constant, it follows from 
Eq. (6.50) that Hc = 0, and hence H @9(9) = 0, which can be rewritten as Hoo (8) = 
00 (0), and so go is an eigenfunction of H with eigenvalue zero. This latter situation 
is the most restrictive case. 


6.14 Projection operators 


On the circle T the projector P is defined by 
1 F 1 
Pif= oe +iH)f + 5 FF 0) (6.132) 


and P_ is given by 


1 1 
P_f = 5 —iFf — 5 FF). (6.133) 


The action of P, and P_ on 7% f (n)e” gives 


Pay f@et = pws" (6.134) 
n=—OOo n=0 
and 
=o nw 2 = nw 2 
Py foe" = )0 foe". (6.135) 


The operators P, and P_ satisfy the idempotent conditions 
Pi =P, (6.136) 
and 
P2=P_. (6.137) 


To establish Eq. (6.136), let ¥,,—9 signify the evaluation of the Fourier transform at 
n= 0 (recall Eq. (6.101)), then 


1 
P= ms +iH) + Fna0oH{U + iH) + Fn=o} 


1 : : . 
= lit 2iH — H? + 2F,=0 + Fn=0iH + iHFn=0 + Feo} 
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1 : . 
= Py + 5{Fn=0iH + HF, —0 — Fr=0 + Frao} 
1 F : 
=Pi_+ qi Fa=oiH + IHF, —o} 
Pas (6.138) 


where Eqs. (6.34), (6.126), and (6.50) have been used to simplify H’, F,-o0H, and 
HF,—0, respectively. The corresponding result for P2 can be proved in a similar 
fashion. 


6.15 The Hardy—Poincaré—Bertrand formula 


In this section, the Tricomi relation for the Hilbert transform on the circle is derived. 
Also, the Hardy—Poincaré—Bertrand formula for the circle is discussed, and the 
inversion property of the Hilbert transform on the circle obtained. The Hardy— 
Poincaré—Bertrand formula for interchanging the order of integration when Cauchy 
principal value integrals are involved was introduced in Section 2.13. For the real 
line this takes the following form: 

1p © $1 (x) & 1, © o2(y) ay 
as -~o x —t 8 -~o Y-x 


1 oS 1 oo 
=-P i $o(y)dy—P / AC) ay pest), (6.139) 
ma t Joo @—Dy—H 


where $1 (x) and $2(x) belong to the classes LP and L%, respectively, and p~'+ 
q | <1. The analog of this formula for the circle is now sought. The key result is: 


BO ax f PP ay = f douray | OO — ax — or indr0, 
cx-t cy-x Cc c &—)(y —x) 
(6.140) 


where the contour C is the unit circle and the appropriate principal values are under- 
stood. A more general statement of the Hardy—Poincaré—Bertrand formula allows C to 
be a smooth arc or contour. Muskhelishvili (1992, chap. 3) gives a detailed discussion 
of this form. Starting from Eq. (6.140) and introducing the substitutions 


x=? poe, ¢='%, (6.141) 


f£(0) = ee), (0) = de®), (6.142) 


and noting that 


dx 1 6-6 
wes {cot( 5 *) silae, (6.143) 
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leads to 
P % a) lect f = Vee aaer Ayelet =") alae 
[ 210); { eot( 5 ) +i} d £061) cot( 5 ) +i} 1 
ie ee a ai 01-8 0 — 9% 
=e ‘ f(@r)aorP f 2(0)] eot( 5 ) cot( 5 )-1 
+ i cot(* a *) + cat(* 5") ||ao — 17f (6) g(00). (6.144) 


If the following relations hold: 


20 
f(0)d0 = 0 (6.145) 


and 


2n 
/ g(0)d6 = 0, (6.146) 
0 


then Eq. (6.144) simplifies as follows: 


Lp f (6) cot( 2 )ao_t_p * 644) t(2—9 Vag 
Fe dee oO kD pale |e dete GARE ; 


1 an 0 — 0 1 a 6-6 
=== Pi] Fe) cot| ao =—P | 2(6) cot( — dé 
0 2 20 0 


20 2, 

a he (61) (a0 def” (6) (S" Jao 
Top i ees a aca 
—f (60)g (40). (6.147) 


The trigonometric identity 
6-0 0-86 0, — 6 6-0 0-6 
cot( 5 +) cot( 5 2) =cot( Ss 2) feot( 5 ') cot( 5 *)) 1 


and the result 


20 20 1 a.) 20 20 
i g(0)d0P Ff (1) cat( ) ao, = f (01)d0, ey 
0 0 2 0 0 


6, -—0 
2 


e(0) cot( )ao (6.149) 
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have been employed to obtain Eq. (6.147). This result can be recast as follows: 


HigHf +fHg}@) = Hf @) Hg) —f@g@), (6.150) 


which can be recognized as the Tricomi relation (see Section 4.16) for the Hilbert 
transform on the circle. 
Start from the relationship 


PEWS = g(x, ove ; 


where the contour C is the unit circle, and the appropriate principal values are under- 
stood. This is just an obvious rewriting of Eq. (6.140). Suppose g(x, y) = y(y), then, 
using the result 


dx 1 1 1 
P = P dx = 0, 6.152 
= (vy — 1) fis le : 


which follows on employing Eqs. (6.141), (6.143), and (6.50), leads to 
{= i PONY = =79(2). (6.153) 
x—-—tie 


The substitutions given in Eq. (6.141) are introduced together with f(@) = g(e'®). 
Taking note of the result 
0 
ao =0 


20 20 _ 20 20 _ 
/ aor [ cot( 4 *) render = f rondo? f cot(4 
0 0 0 0 
(6.154) 


allows Eq. (6.151) to be simplified as follows: 


20 _ 20 
ral cot(” *)aerf cot( “= *\ ronan, - 5 f "-(0)40 = —n2F'(6), 
4 Jo 2 0 2 
(6.155) 


which leads to the inversion property of the Hilbert transform on the circle: 


20 


1 
Hf (0) = —f (0) + x |, S@d8. (6.156) 
w JO 


For comparison purposes, the inversion property of the Hilbert transform on R is 
H?f = —f (see Eq. (4.18)). If Eq. (6.145) holds, then Eq. (6.156) simplifies to the 
same form as the inversion property for the Hilbert transform on R, and repeated 


316 The Hilbert transform of periodic functions 


application of H leads to 
(—1)"?f (a), for n even 
(H"f)(x) = (6.157) 
(-1I)°-PP(AP)(~@), for n odd, 


with n an integer > 0. 


6.16 A theorem due to Privalov 


In this section a theorem due to Privalov is considered. Let Ay denote the Lipschitz 
class of functions that satisfy 


If (@) —f (0)| < Crl@ — O0|*, VO,00 € T, with0 <a@ <1, (6.158) 
where Cy is a positive constant depending on/. Privalov (1916c) proved the following. 
If f € Ag, then Hf € Aq. The analogous result for the Hilbert transform on the line 
was indicated in Section 3.4.1. Let g(@) = Hf (@). To prove 

lg(@ + Ad) — g(6| = O(\AO|*), (6.159) 


consider first the behavior of H{f near the singularity. Let h > 0, and in the sequel C 
will denote a positive constant, not necessarily the same at each occurrence; then 


li 
e>0 


h 
m i (f@+A0-) -f@+A0+D)]-[f6-)-fO +d} cot(5)ar 


< lim [ [f+ A0—1) —f(0 + A0 +) cot(;) dt 
4 tinh [ ve —~)-fO+d] cot(;) dt. (6.160) 
60 J, 2 
Making use of the condition 
If@) —f@)|< C\@—O|*, for0<a <1], (6.161) 


and the inequality cot(t/2) < 2/t, for0 < t < 27, yields 


h 
ii / {[f@+A0—) —f@+A040]-[fO—)-fO+d)) cot( 5) dt 


li 
e>0 


h 
< lim 27+°C / phy 
4 


e>0 


= O(n"). (6.162) 
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Since h is arbitrary, select h = |A@|, so the behavior of Hf near the singularity is 


O(|A@|*). 
Now, 
i 6+ A@-t O-t 
g(0 + Ad) — g(0) = Pf “fO{ 60 i( 5 ) cot( 5 ) for 
= 1p (f(t) —fO+ A0)}cot(2F 2° =") ar 

2m Jn 

iS a nO — (@)}c0t(“—")ar (6.163) 
20a Jn 2 , : 


A consequence of Eq. (6.162) is that the limits for the latter pair of integrals can be 
restricted to the region away from the singularity, that is, to the regions (—z, 6 — h) 
and (0 + h,z), where h > 0. Employing the trigonometric identity 


(CS) sin (A@/2) (+) 
cot = ; : + cot} —_— 
2 sin((t — 6)/2) sin((t — 6 — A@)/2) 2 


(6.164) 
leads to 
Bok {f@ —f(@ + A@)} sin(A@/2) 
ee al ae ae | sin(@ — 0)/2) sin(@ — 6 — A6)/2) Je" 


{f@) —f(@ + Ae)} bf ae feor(” a) | 
+ os - +f cot ( dt 


a | men i. | (£0) —f(6 + A6)} sin(A9/2) al 
o+h ( sin((t — 6)/2) sin((t — 6 — A@)/2) ; 
(6.165) 


Making use of the inequalities sinx < x, for0 <x, x/m < sin(x/2), forO <x <a, 
and the Lipschitz condition for f’, yields 

Oh! (F(t) —f(@ + AO)} sin(A6 /2) 
sin((t — 0)/2) sin((t — 6 — A@)/2) 


1 
le@ + AG) —g(6)| < =| 
TU 


KH 


of: (f= f6 + 6)} sin(6/2)_| 
2m Jorn | sin((t — @)/2) sin((t — 6 — A@)/2) 
Oh [t= 0 = AGI? de It — 6 — A0|% de 


<C\A@| C|Ae| 
_, |f-@llf—-0—A0]~ o+h It — | |f— 0 — Ad| 
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O—h 1s 1 
= C\A6| / +f | : : ha 
_x Joan Lt —0-* [1 — A0/(t — @)| 2 


6—-h ia 
dt dt 
A ee — 
ae | @-@" ie ( is | 


_ ClA6! (2H! — (oe +. 0)*! — ( — 0)", (6.166) 


l-a 


Since h is arbitrary, select h = a|A@|, where a > 1; Eq. (6.159) follows and hence 
Hf € Ag, which is the required result. 


6.17 The Marcel Riesz inequality 


Iff €¢ I?(—x,z), for 1 < p < ov, then the Marcel Riesz formula for the case where 
f (x) is a periodic function (period 277) is given by the following result: 


as us 
[treo as = opp f rorras (6.167) 
—t Ht 

where i, is the Riesz constant, which depends only on p. The proof of this result 
is examined in four stages. A generalization of the trigonometric inequality given in 
Eq. (4.405) is first derived, and from this the desired formula for the case 1 < p < 2 
is proved. The result is then established for the case 2 < p < oo. Finally, the constant 
tp that is employed is proved to be the best possible, that is (Pichorides, 1972), 


Ge at hare I<ps2 (6.168) 


“P| cot(z/2p), 2<p<oo. 


The best value of the constant ‘it, for the case where f is a periodic function coincides 
with the case for functions defined on R. 
If—w/2 <0 <2/2,0<y <a/2,and0 <p <2,p4 1, then 


|siné|? < Ay(y) cos? 6 — By(y) cos p@, (6.169) 
with 
tan?! y 
A = ——___ 6.170 
py) ano= Dy (6.170) 
and 
sin?! y 
B = 6.171 
O= sca (6.171) 


Equation (6.169) is a refined statement of Eq. (4.405). The proof of Eq. (6.169) that 
follows is based on Pichorides’ work. First note that, for p = 2, Eq. (6.169) reduces 
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to the obvious trigonometric equality 
sin? @ = cos” 6 — cos 20, (6.172) 


and it suffices to restrict consideration to the case 0 < p < 2 (p £ 1). The functions 
appearing in Eq. (6.169) are even, and hence the discussion may be restricted to the 
interval 0 < 6 < m/2. Consider the function 


sin’ 0 — acos pé 


h(0) = 3 6.173 
(0) TY ( ) 
where a is a real constant. Now, 
psin?—! 6g(0) 
h'(@) = ———_-— 6.174 
@) cosP+! 6 ( ) 
where 
in(p — 1)0 
AC ene eRe, (6.175) 
sin?" @ 


If a 4 0, then g(6) is strictly monotonic on the interval 0 < @ < 7/2, since g’(6), 
given by 


a(p — 1)sin(2 — p)@ 


‘@) = ; 6.176 
gs (A) sin? 6 (6.176) 
is of constant sign in the specified interval. Select a = —B,(y), then the only solution 
of g(0) = 0 is 0 = y, and hence h’(0) vanishes only at 0 = y. Now, 
— 1)sin?~? y sin(2 — 
PO eee (6.177) 
o=y sin(p — l)y cosP+! y 


which is negative for0 < y < m/2 and0 <p < 2, p ¥$ 1, and hence the maximum 
of h(@) occurs for 


hOlo=y = ie = A,(y). (6.178) 
It follows that 
h(@) < Ap(y), (6.179) 
and hence 
sin? 6 + By(y) cos pd SAGs: (6.180) 


cos? 6 


and therefore Eq. (6.169) is established. 
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The trigonometric identity just proved can be used to derive Eq. (6.167) for 
0 < p < 2. The approach employed is based on a proof due to Calderon (1950). 
Let F(z) be analytic inside the unit disc |z| < 1, and suppose F(z) = u(z) + iv(z), 
with u(z) > 0 and v(0) =0. On the boundary of the unit disc, the real part of F is 
denoted by the function f and the imaginary part is denoted by Hf. Let F(z) = Re'®, 
then u(z) =Rcos@ and v(z) = Rsin 9. Because of the restriction u(z) > 0, —m/2 < 
6 < 2/2. Consider the contour integral iF cP? (z)dz/z, where C is the circular contour 
|z| =r,r < 1, centered at the origin. The Cauchy integral formula gives 


/ eee) ae = 27 iF? (0), (6.181) 
C Zz 


which, on using z = re’®, gives 


2n ; 
/ FP? (re'?)idd = 27 iF? (0), (6.182) 
0 
and hence 
20 . 
/ Rel? db = 2nF? (0). (6.183) 
0 


The reader should take note that two distinct polar substitutions are in use: one for 
the function F’,, the other for the point z, so that the integrand of the preceding integral 
has a dependence on @. Taking the real part gives 


20 
i R’ cos pO dd = 2xu? (0) > 0. (6.184) 
0 
Now multiply Eq. (6.169) by R? and integrate over ¢, then 
20 20 20 
i IRsinO/P dd < Apt) | R? cos’6 do — pty) [ R’ cosp0 dd, (6.185) 
0 0 0 


that is, 


20 
[ 


Since B,(y) > 0 and the final integral is greater than zero (via Eq. (6.184)), the final 
term may be dropped; hence, 


20 
i 


If the case p = 2 is included, the strict inequality sign in the preceding result is 
replaced by <. On taking the lim r — 1 and using Fatou’s theorem (see Section 
3.3.1), the desired result then follows. 


., ID 20 ., |p 20 
v(re®)| do <Any) | lure'®)| do Bp”) R? cos p0 d@. 
(6.186) 


20 
v¢rel*y dp < Ay(y) i lucre'®) |" da. (6.187) 
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The minimum value for Ap(y) with 1 < p < 2 is determined in the following 
manner. Starting from Eq. (6.170) leads to 


dAy(y) a (p — 1) tan? y sin(p — 2)y cos py 


, 6.188 
dy sin? y sin?(p — l)y ( ) 
which equals zero for y = 2/2p, and 
a7A dAp 
oe mar BNO Foy ce 2y —2coty + (p — 2) cot(p — 2)y 
—2(p— l)cot(p — ly} 
pec — 1) tan’ y sin(Q2 — p)y sin py (6.189) 
sin? y sin? (p — l)y ; 
so that 
0° Ap(y) _ _P(p — 1) tan? (x/2p) cos(x/p) _ 9 (6.190) 
a2y ans sin’ (2 /2p) cos? (zt /2p) ; : 


Hence, the optimal value of the constant 4,(y) is given by 


4n(5) = tan? (=) (6.191) 


In the preceding discussion the focus was on a function of positive sign. This 
restriction can be removed in a straightforward manner, so that the proof can be 
employed to cover functions of variable sign. This is dealt with in Section 7.1. 

The absence of the case p = | in the Reisz inequality is due to the existence of 
examples where f € L(—7,2) but Hf ¢ L(—7, 7). The following example is given 
by Wheeden and Zygmund (1977, p. 250). Suppose f is periodic with period 27 and 
is defined by 


0, -1 <t<0 
fO= 4h, O<t<2/2 (6.192) 
0, m/2<t<a7, 


where / is a non-negative function, and assume f € L(—z, 7). It follows that 


Hf) = =P [- fd cot(“>*) ae lf Focot(" Yar, (6.193) 
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Select 0 € (—z/2, 0); splitting the preceding integral: 


7 (t) cot(“$* -) dt, 
(6.194) 


Pf” poco 2 Jae = Pf poreot(2 Ja sef” 


and noting that the second integral on the right-hand side must be negative, yields 


pf” fioeor(-—" “)dt < P [ fidoo(—! *) dt, (6.195) 


and thus 


Hf) <—5—P iE Fivoor(<" Ya. (6.196) 


For t € (0,|0|), it follows that tan[(¢ — 0)/2] = tan[(¢+ |6|)/2] < tan(|@|), and 
hence 


t—6 
cot(|6]) < cot(——). (6.197) 
Using the preceding inequality allows Eq. (6.196) to be written as follows: 


cot(|@|) 


|0| 
/ f (dt < —Hf(), (6.198) 
0 


that is 


|0| 
a / pode < |HY ODI. (6.199) 
0 


As a particular example, let f(t) = (¢ log? t)~!, for t € (0, 1/2), and f(t) = 0, for 
t € [1/2, 2/2); then 


TU 1/2 d 1 1 
= —( ——_ Jd¢ = ——_ 6.200 
[ Ln@ldt [ ai (jog)! = oes" (6.200) 


so that f ¢ L(—z, 7). From Eq. (6.199), it follows that 


cot(|6|) 
|Hf (6)| = Dr lop’ (6.201) 


which in the vicinity of 6 = 0 can be expressed as follows: 


1 
-—— 202 
IMFO) = — > (Al log [6 (6.202) 
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Now, for small a > 0, write 
/ IHf (@)|dé = / IH{f (@)|dé +f IHf (0)|de +f IHf (@)|d@. (6.203) 


=J: =T. =O a 


The second integral on the right-hand side can be written, using Eq. (6.202), as 
follows: 


4 1 ia! 1 
Hf (8)|de@ => / da 
is EES —a |0| log |a|~! 


1" d 
=-— | —(loglogo')da 
-{ ak og log )d 
= oo, (6.204) 
and hence Hf ¢ L(—z, 7). 


A lower bound for ||JH(f Ir can be written in the following manner. If the function 
f satisfies 


20 
f(0)dé = 0, (6.205) 
0 
then, using the inversion property Hf = —f allows ||Hf 4 to be bounded from 
below by IAI: 
oir? [ iforrass [ rHpooas (6.206) 


6.18 The partial sum of a Fourier series 
The objective in this section is to relate the partial sum of a Fourier series to the 
Hilbert transform of the conjugate function together with some additional integrals. 
Let f(x) be periodic with period 27 and f € L?(—z,7). Suppose f has the Fourier 
series representation 


[o@) 
F(x) ~ Yo ag cos kx + dy sin ke. (6.207) 
k=1 


Let g, which belongs in L*(—sr, m1), denote the conjugate series of /, that is 


ee) 
g(x) ~ Do ag sin kx — by cos kx. (6.208) 
k=1 
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The coefficients a, and b; are given by 


1 7 1 [* 
a == foeosksds=— [” g(s)sinksds (6.209) 
and 
1 7 1” 
bp = = f(s) sin ks ds = -— | g(s) cos ks ds. (6.210) 


Let S, f denote the sum of the first n terms of the Fourier series of f, that is 
n 
Sif (x) = Yo ag cos kx + by sin kx. (6.211) 
k=1 


If the results for the coefficients a, and b; in terms of g(x) are inserted in Eq. (6.211), 
then. 


a ces Z 
Sif) =— 2(s) > (sin ks cos kx — cos ks sin kx) ds 
Jon k=1 


1 f* : 
es g(s) sin(s — x)k ds 
W 
1 


Pgs 
1 m—x n 

=— gO +x) > sinko dé 
m J—n—x k=1 


ae! u 0 cos(n + 1/2)6 
or - g(0 +o cot (5) sin(6/2) jae, (6.212) 


where the periodic property of the function has been employed to change the inte- 
gration limits and Eq. (6.58) has been used to evaluate the sum. The preceding result 
can be rearranged to read 


ee, ai 2(s) cot(* 5 “Jas 


TU 


1 0 . 
— g(0 +2) cosn0 or( 5) — sin nd | de 


20 Jen 


1 us 
= —Heg(x) + = / sinnd g(6 + x)dé 
at eee 


1 os 6 2(0 Loft 0 2 
i Pf cos n6 g( ED a 7 if cosnd @(0-+s)fcot( >) ~ Zhao, 


es ear 0 UJ _7 
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which simplifies further on noting that f(x) = —Hg(x). When the integral in 
Eq. (6.212) is split up, it may be necessary, depending on the nature of the function 
g, to interpret one of the resulting integrals as a Cauchy principal value. Since 


li ee a = O(0 6.214 
tim, {oor( 5) - 5} = (@), (6.214) 


the final integral on the right-hand side of Eq. (6.213) does not involve a Cauchy 
principal value. This calculation is continued in Section 6.19, and the role of the 
conjugate function in determining limy-, 9 Sy f (x) is established. 


6.19 Lusin’s conjecture 


Lusin (1915) (see also Lusin (1913)) gave the result that if f ¢ L?7(—s, 7), then the 
conjugate function 


0+ 0 


f= Jim \ fe) = Jim -| fer — o)eor( 5 ao 
e<|O|<2 


= lim =f re-9 Fx + yeot( 5 ae, (6.215) 


é>0+ 


exists a.e. Starting with Eq. (6.208), 


ioe) gee x 

> {a; sin kx — by, cos koyr* =— > sin kx f (0) cos ké dé 
te —1 

k=1 k=1 


—coskx | (6) sinké ao} 


9 
= "Fedo 3 sin kx cosk@ — sin ké cos} fe 
m k=1 


= =f f(@)d0 y sink(x — @)r* 


k=1 


1 


= 7 rsin(x — 0) 
1 [ 1 — 2rcos(x — 6) +r xf (A)d8, (6.216) 


where the last result follows from Eq. (6.49). Now, 


im 1 is — a 5 f(@ dé = Pf “fe cor(*S* 5 *) a6 


rola J_z 1—2rcosx 


=f (x), a.e. (6.217) 
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This calculation can be justified by the use of Fatou’s theorem. The function f is, 
of course, identified with the conjugate series given in Eq. (6.208). Privalov (1919) 
extended Lusin’s result to cover the case that if f ¢ L(T) then f exists a.e., and the 
combined result is often called the Lusin—Privalov theorem. 

In a similar fashion, 


(oe) Co 

1 Fi 2 
2 {a, cos kx + bz sin kexjr* =a a {cose [ g(6) sinké dé 
k=1 k=1 = 


rs 
—sinkx | 9(0)coské ao} rk 


I 


ee = 
== / g(0)d0 ) {sin k6 cos kx — cos k6 sin kx}r* 
IU 


a k=1 

1 1 Cc 
=— 9)d0 ) sink(@ — x)r* 
= [« “= sin k( x)r 


1 [ rsin(@ — x) 


x J_, 1—2rcos(9 — x) + 738 (48. (6.218) 


From this result, it follows that 


i 1 [* rsin(@ — x) (6)d6 1 Pf (6) cot x—-0 46 
1m = — ——— 
rolx J-_ 1—2rcos@ —x)+r2* a PE aaa 


. 1 é 


é<|0|<0 


=f (x), ae., (6.219) 


and the calculation is justified by employing Fatou’s theorem. 
Proceeding in a similar manner, 


lone) 1 x 
Y— {ag cos kx + dy sin kx}r* — = {costes f (0) coské dé 
k=1 k=1 as 


us 
+sinkx | (6) sinké ao} rk 
—T 


Lg = 
== | f(0)d0 } {cos k cos kx + sin kO sin kx}r* 
"J—x k=1 


ew i = k 
= ~ [fe Y costo —x)r 


k=1 
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oe! ie 1-7 £048 
~ Qn J_z 1—2rcos(@ — x) +r2 


1 ra 
seiko 0 
on _ )dé 
ais [ Wetes f(0)d0, (6.220) 
~ Qn J_z 1—2rcos(@ — x) +r? ad. 


where Eq. (6.48) has been employed, and the integral of f over one complete period 
is assumed to be zero. From this last result it follows, on recalling Eq. (3.57), that 


ee 1-r? 
li 0)dé = .e. 6.221 
eal on ie 1 — 2rcos(@ —x) + val ( ) POS ( ) 


The question concerning the value of the partial sum of a Fourier series is now 
revisited. It was plausible to Lusin that the nth partial sum of terms of f, S,/f, 
satisfied 


lim S,f =f, ae., (6.222) 
noo 


for all f € L?. This result came to be knownas the Lusin conjecture. Following directly 
from Eq. (6.213), 


us 
lim / sinné g(9 +x)dd = 0 (6.223) 
n>oo J_a 
and 
: Me 6 2 
lim cosné g(8@ +x); cot} — ) — ~;dé = 0, (6.224) 
no J_a 2. 0 


which follow directly from the Riemann—Lebesgue lemma. Lusin’s conjecture then 
depends on establishing that 


lim P 


n—-> oo 


™ cos nO 2(0 
i POSTE ENOETE) Fa cite, (6.225) 
IU 


0 


which would appear to be the case for functions g € L*. For g € L?(T), it was known 
that integrals such as Pins [g@+ 6) — g@ — 6)]/0d6@ existed a.e., and, further, 
that there were continuous g for which Ve lg~ +0) — g(x — 6)/0|d0 diverged. 
Therefore, in general, cancellation effects play an important role in obtaining a non- 
divergent value for the principal value integral in Eq. (6.225). This is the same idea 
discussed in detail in Section 3.15 under the title “Cancellation behavior for the 
Hilbert transform.” Lusin understood that cancellation effects must play a pivotal 
role in determining the convergence of trigonometric series. Over fifty years passed 
from the time of Lusin’s conjecture to the seminal work of Carleson (1966), who 
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proved that the Fourier series of every function f € L? converges a.e. A discussion of 
Carleson’s work lies beyond the scope of the present discussion, but it is noted that 
conjugate functions played an important role in his proof. 


Notes 


86.1 There is a long history associated with the study of the properties of the Hilbert 
transform of periodic functions; see, for example, Tauber (1891), Hilbert (1904, 1905, 
1912), Titchmarsh (1929), Cossar (1960), Eastham (1962), Zygmund (1968), Butzer 
and Nessel (1971), Pandey (1996), and Zhizhiashvili (1996). 

§6.5 For some additional examples, see Hauss (1997, 1998). For further details on 
the partial sums of conjugate Fourier series, see Zygmund (1968, Vol. I, p. 88). 

§6.7 The forms Hf and H, f for periodic functions have been discussed by many 
authors, including Hardy and Littlewood (1936), K.-K. Chen (1944), Y.-M. Chen 
(1963), Flett (1958), and Andersen (1976a). For some results on transformations of 
conjugate functions, see Kinukawa and Igari (1961), Igari (1962), and Wang (1965). 
§6.9 See Butzer and Nessel (1971, chap. 9) and Lasser (1996, chap. 8) for further 
reading. 

§6.10 For additional discussion, see Butzer and Nessel (1971, chap. 9). 

§6.11 Fora well written exposition, see Krantz (2006). 

§6.13 Dunkl (1985) has studied properties of the operators AM and MH with 
Mf (0) = sgn(0)f (6), for even f € L?(T). The eigenfunctions of these two operators 
are also considered. 

§6.16 See Fatou (1906, p. 361) for some early discussion. Hardy and Littlewood 
(1928) prove a generalization of the result in this section. Additional reading can be 
found in Zygmund (1968, Vol. 1, p. 121), Koosis (1998, p. 100), and Cima eg al. 
(2006, p. 62). The situation for double conjugate series is treated by Cesari (1938) and 
Zak (1950, 1952), and the multi-dimensional case is discussed by Lekishvili (1978). 
§6.17 Hobson (1926, p. 610) discusses the Riesz inequality and some related devel- 
opments. Generalizations have been derived by Bochner (1939), Helson (1958), and 
by Hewitt and Ritter (1983). For some additional discussion, including historical 
remarks, see Asmar and Hewitt (1988). Besides the work of Pichorides (1972) on the 
best constants in the Riesz inequality, B. Cole independently obtained the sharpest 
constants, and his work is discussed in Gamelin (1978, chap. 7). For an alternative 
proof of Pichorides’ result (Eq. (6.168)) for the case 1 < p < 2, see Essén, Shea, 
and Stanton (?). For further work, see Verbitsky and Krupnik (1994), Papadopoulos 
(1999), and Hollenbeck and Verbitsky (2000). Lamperti (1959) considered a number 
of different classes of functions for which the Riesz inequality holds. 

86.19 Thereader should note that acommon alternative spelling for Lusin employed 
in the mathematics literature is Luzin. For a concise discussion of Lusin’s conjec- 
ture, including the historical flow of results, and an outline of the essential elements 
involved in Carleson’s proof, Hunt (1974) is recommended. 
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— 
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6.3 
6.4 
6.5 
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Exercises 


By taking advantage of the trigonometric identity 


x—y xX—wW y-w x—y x—wW 

it; —— it; ——— ] = cot; ——— t t 1 
ot( 5) on 5) = oe(=5™) food?) - eS) J 
or otherwise, show that for f(@) = cot((@ — 69))/2, with 09 a constant, then 
Hf (0) =1. 


Show that the Fourier series expansion of sgn(sinx) with -m <x < 7 
is given by 


; 4_. sin3x sin 5x 
sgn(sinx) = — }sinx + tee 
Tv 3 5 
Can a simple form for H{@f}(@) in terms of OH (6) be found? 
Evaluate H{sgn(cas 0)}. 
Evaluate (1) A{sgn(sin 6 + sin 20)} and (ii) H{sgn(cos 6 + cos 26)}. 
Determine if Eq. (6.213) holds for the series 


. 2(—-1)*+! cos kx 
> 7" , for-—m7 <x <7. 
k=1 


[Hint: For the integrals involving g(x + 0), remember to take account of the 
2m periodicity by splitting the integrals over (—z, 7) appropriately. ] 

If f(x) = OP, cosnx/(logn log logn), determine if the conjugate series is 
integrable and is a Fourier series. 

For a periodic function (period 27) f €l?(—,) with p > 1, show that 
ee Hf (8)dé = 0. 

Evaluate (1/27)P fs cos as cot {(1/2)(x — s)}ds for a a real constant that is 
not necessarily an integer. 

Evaluate (1/27)P fs sin as cot{(1/2)(« — s)}ds for a a real constant. 

What results can be obtained for ff, when non-linear scale transformations 
of the type discussed in Section 4.5.2 for the Hilbert transform on R are 
considered? 

For f = sinks andk € Z, evaluate Hf from the Fourier transform formula, 
Eq. (6.100). 

Using f = sinks, with k € Z, verify the Parseval-type formula Eq. (6.97). 
Using f = sinks, with k € Z, verify the Parseval-type formula Eq. (6.98). 
For t > 0, evaluate (1/2tT)P (ae sin ks cot{(1/2)(x — s)}ds for k € Z. What is 
the result for (1/2t)P his sin as cot{(1/2)(x — s)}ds with w a real constant? 
For the following choices, where k € Z, determine if the function is an eigen- 
function of H : (i) f(@) = sin ké; (ii) f(@) = cos ké; (iti) (0) = cas kO; and 
(iv) f (0) = (cos k6)e'. For the cases where the function is an eigenfunction, 


330 The Hilbert transform of periodic functions 


find the corresponding eigenvalue. What happens if k is a general real constant, 
and not necessarily an integer? 

6.17 By taking advantage of the Tricomi formula, or otherwise, evaluate Hf, where 
f =sinmx sin nx — cosmx cosnx and m,n € ZT. 

6.18 Which of the following series (if any) 


lee) ‘ 
sin kx 
ji) Jo —_, 
k=2 log k 
lee) 
cos kx 
(ii) SO 
k=2 log k 
lee) i 
(iii) y sin ag 


k=1 k 


[o,@) 
kx 
(iv) dX — ; and 


Cc A 
sin kx 
) 2 klogk’ 


corresponds to the Fourier series of a function of the class L!(T)? 
6.19 For the cases in Exercise 6.18 that correspond to functions f € L'(T), determine 
which of these (if any) also have Hf € L!(T). 
6.20 If the nth partial sum of a Fourier series is denoted by S;, f, is there a constant 
Cy depending on p, but independent of f, such that |S, fll p < Cp If llp> for 
f € L?(T) with 1 <p < co? 
6.21 Evaluate Hf, where f(x) = sin bex/(1 — 2acos bx + a’), for a” < 1,b > 0, 
and allowing for the cases 0 < c < land1 <c. 
6.22 Calculate Hf, where 
() f@) = (6 — 4cosx)“}, 
Gi) f@) = (5 - 4cosx)~! sinx, and 
(iii) f(x) = (5 — 4cosx)7! cosx. 


7 


Inequalities for the Hilbert transform 


7.1 The Marcel Riesz inequality revisited 


The purpose of this chapter is to explore a number of inequalities satisfied by the 
Hilbert transform. A detailed treatment is presented for weighted inequalities. 

So far, the principal inequality for the Hilbert transform that has been discussed is 
the Riesz inequality, given by 


If lly <Mplifllp, for 1 <p <oo. (7.1) 


Recall that this is an equality for p = 2. In this section the Riesz formula is revisited, 
with the focus on an alternative method to establish the result. The question of what 
can be established when p falls outside the stated interval is also examined. 

Let F(z) = u(x, y) + iv(x, y) be analytic in the unit disc and at the origin v(0) = 0. 
The case 1 < p < 2 andu > 0 is considered first. The approach presented employs 
Green’s theorem as a key ingredient in the derivation. This line of reasoning was 
suggested by P. Stein (1933). Some useful preliminary results are required. The 
Cauchy—Riemann equations are given by 


ou dv dv ou 


=—, = : 12: 
ox dy Ox oy G2) 
from which it follows that 
a2u— a2@u 
Doe = 
and 
au = a2u 
vine =, 
Now, 
32 |ulP _»f alul]? 1) Plu| 
so = POP Whe? | +pluP! (7.5) 
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and on using Eq. (7.3) it follows that 


2 2 
V2|uP? = p(p — lu? [2] +{[¥] | | 
ox oy 


Another useful result is the following: 
FP = VP + oP), 
where the prime denotes a derivative with respect to x or y, and 
V? |ul? = p(p — Diu? |F'|*. 
A similar calculation gives 


iF d|F'| 


2 2 
- PIF 
5a = Pip DIFP | =| +plFP! 


ax?’ 


and hence 


ox oy 


alIFIV? [ari 
VIFP =p(p— DIFP? [3 + | | + pIF IP! V7 IF]. 


Making use of the Cauchy—Riemann equations yields 


VIF) = IF F'. 


Note that 
aul? 2 2 2 
in? = u ES dv = ou is du 
ox ox ox oy 
then 
alF|}? PalFly? 
FIP PFU _ ep, 
ox oy 
and hence 


VIFIP = p?|FP-?|F'? ; 
Since |F'| > |u|, and it will be assumed that u > 0, it follows that 


FP? <|ulP?, forl<p<2, 


(7.6) 


(7.7) 


G8) 


(7.9) 


(7.10) 


(7.11) 


(7.12) 


(7.13) 


(7.14) 


(7.15) 
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and therefore 
= 2 ee 2 
pire |F"| Sea -{p(p — Wl? |F'). (7.16) 


This inequality simplifies, on using Eqs. (7.8) and (7.14), to yield the following: 


VIFP < @_v? ul. (7.17) 
p-1l 


Integrating both sides of this inequality leads to 

// VIF? dx dy < ff V2 |ul? dx dy. (7.18) 

lz|<r B lz|<r 
Making use of Green’s theorem in the form 

25 
a 
rf a0 =f [ vvaras, (7.19) 
: lz|<r 


where the derivative 0/dr is taken along the radius vector, and identifying ¢ first with 
|F(re'®) and then with |u|? , allows Eq. (7.18) to be written as follows: 


2 i0) |P 2. id) |P 
i ™ alF(re®)| ee | * dlu(re’)| 
0 0 


; 22, 
or ~p-il or de G20) 


Integrating both sides of this inequality, from 0 to r, leads to 


ar 2 2nw (0 
i [Free'®y do < ff lure®)/" dp EO aK 
0 P-1Jo p-1l 


where the condition v(0) = 0 has been employed. Since u(0) is positive, setting 
Cy = {p(p — 171}? yields 


IF lp < Gllullp, forl <p <2. (7.22) 


This result is frequently called Riesz’s inequality. The sharpest value of the constant 
Cy is (Essén, 1984; Verbitskii, 1984) 


Cy = see( =) , forl<p<2, (7.23) 
2p 
and 


Cy = ese( =) , for2a<p<m. (7.24) 
2p 
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To link up with the Hilbert transform, first note that |u|? < |F'|? , and hence 


i ‘ v(rel”)|” do<c@? i) — lucre®)/! dd. (7.25) 

Let 
f(6) = lim u(re!”) (7.26) 

and 
{®)= lim v(re!”), (7.27) 


For further discussion on these limits, see Fatou’s theorem in Section 3.3.1. From 
Eq. (7.25), it follows that 


|7|,<colsl,. fori<ps2, (7.28) 
P 


which is the required result. The duality argument of Section 4.20 can be used to 
extend this result to cover the case 2 < p < co. 

The restriction that f is a positive function can be easily removed. Denote the 
positive part of f by f; and the absolute value of the negative part of f by /2 so that 


£0) =A@)—-AO), £0) =A) —fA), (7.29) 
and 
If )| =f) +0). (7.30) 


For p > 1, use Minkowski’s inequality, Eq. (4.394), to write 


7], =|A+Al, 
< Al + Al,» (7.31) 
then make use of Eqs. (7.28) and (7.30), 
[7], < Cot fillp + Wp) 
<2Cpllfllp. (7.32) 


which establishes the desired result. 
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7.1.1 Hilbert’s integral 


The Hilbert integral operator maps functions on Rt to functions on Rt according to 


%° f(t)dt 
x+t’ 


Af (x) = for x > 0. (7.33) 
In the literature H] is denoted by H, but the latter symbol has been reserved for the 
Hilbert transform operator in the present work. The reader can compare this result with 
the definition given in Section 5.6 for the Stieltjes transform. The latter transform can 
be defined more generally than was given previously (see Eq. (5.77)). For a function 
f of bounded variation, the Stieltjes transform is defined as follows: 


[o,@) 
Sf(x) = [ a , forp > 0. (7.34) 
Consider the special case p = 1 with df(t) =f (dt; then Eq. (7.34) reduces to 
Eq. (7.33). Because of the restriction to positive values of x, the integral in Eq. (7.33) 
is not a principal value integral, provided f has no non-integrable singularities on the 
interval [0, co). 

The norm ||; f||, can be bounded by || /'||,. First note the following result: 


Co t@ 
i =mmescanx *, for0<a <1, (7.35) 
0 x+t 


which can be evaluated by contour integration (try it!). Applying Hélder’s inequality 
(with conjugate exponents p and q) to Eq. (7.33) gives 


oe ara" ¢(ayyP dt\/? / po 1-2 at V4 
vareois(f =a (/ —*) ; (7.36) 


Raising Eq. (7.36) to the pth power, integrating over x, and choosing @ appropriately, 
leads to the inequality 


IA lly S Cpall fly» (7.37) 


where C,, depends on a and p, but is independent of f. Equation (7.37) is Hilbert’s 
inequality. 


7.2 A Kolmogorov inequality 


The Riesz inequality conveys no information about the case 0 < p < 1. An inequality 
due to Kolmogorov fills this gap. The Kolmogorov inequality takes the form 


[7], <4Iflh, foro<p <1, (7.38) 
P 
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where B, is a constant depending only on p. There are several different proofs of 
this result. The original demonstration of this inequality by Kolmogorov (see under 
the alternative spelling Kolmogoroff (1925)) used real-variable methods. Littlewood 
(1926), followed shortly by Hardy (1928b), gave proofs using complex-variable 
methods. The following development is based on Hardy’s approach. Define 


F(z) = u(z) + iv(z), (7.39) 


and suppose F’(z) is analytic inside the unit disc, with v(0) = 0, and assume u > 0. 
Let the function G be analytic inside the unit disc; then, using the Cauchy integral 
formula to evaluate J, c G(z)dz/z, where the contour C is a closed circular arc of 
radius r, leads to 


G()dz 
/ OMe 4G): HOS Si (7.40) 
el=r 2 
and hence 
2n : 
i G(re”)d = 22 G(0). (7.41) 
0 


Identify G(z) with F?(z) and express F(z) in the following form: 
F(z) =Re'’, with R > Oand |g| < 7/2. (7.42) 


On taking the real part, Eq. (7.41) leads to 


1 20 


— R’ cos pg dé = FP (0). (7.43) 
20 0 


Now, u(z) can be written as follows: 


[o,e) 
a P 
u(z) = > + D1 r"(an cos.n6 + by sin n9), (7.44) 


n=1 


and the lim,_,; u(z) is identified with f(@); hence, 
1 20 P 
FP(0) = wP?(0) = {= riovae} ; (7.45) 
20 (0) 


From Eq. (7.42) it follows that |v| < R, and because of the restriction on gy the obvious 
inequality 0 < cos (pm/2) < cos pg holds, and so Eq. (7.43) becomes 


1 pr 20 2 p 1 20 P 
7, (5) f lu(re | a <{— | rovao} (7.46) 
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Let 
_ (1-p)/P gage (P= 
By = (2m) sec” '( , )s (7.47) 
and employ 
f®)= lim v(re'®), (7.48) 
tee 


then Eq. (7.38) is obtained. 

If the restriction that f > 0 is removed, and use is made of the definitions of fj 
and f2, Minkowski’s inequality, Eq. (4.393), and Eqs. (7.29), (7.30), and (7.38), then 
it follows that: 


20 
l7[P= [0 Go +horas 


<[ lio e+ [Reo e 
0 0 


Qn Pp 2n Pp 
< BP ( fia) + BP ( f00)a0) 
0 0 
2n Pp 
< 285 ( fod) (7.49) 
0 
Hence, 
[7 <2'B|fll), for0<p<1, (7.50) 
Dp 


which proves the Kolmogorov inequality for a general function. The best constant 
in Kolmogorov’s inequality, Eq. (7.38), for non-negative functions was given by 
Pichorides (1972) and by Duren in 1970 (see Duren (2000, p. 67)) as 


I/p 
By = (sec ) (7.51) 
For a general function f € L'(T), Davis (1976) studied the problem by probabilistic 
arguments and Baernstein (1978, 1979) used non-probability techniques. The best 
constant obtained is 
1 20 
Be= =| |sin6|? dé, (7.52) 
P 20 0 
which can be written in terms of the gamma function as follows: 


__ TMa=p)/2I 
2 V@ Tie =p)/21 


(7.53) 


338 Inequalities for the Hilbert transform 


Previously it was shown that there is a version of the Riesz inequality for both 
the line and the circle. No direct analog of Kolmogorov’s inequality (Eq. (7.38)) 
for the Hilbert transform on the line is known. There is another result, known as 
Kolmogorov’s theorem (also referred to as Kolmogorov’s inequality), which takes 
the following form. Let f € L'(T) and A > 0; then 


ms K 
mi{f(a)} < 3 hale (7.54) 


where f denotes as usual the conjugate function to f, K is a constant independent of 
f and i, and m{g(A)} is the distribution function of g, given by 


m{g(A)} = 16 € [—z, 7]: |g@)| 2 Al. (7.55) 


The designation for m{g(A)} is not to be confused with the terminology employed 
earlier for distributions functions, as used in Section 2.15 to refer to generalized 
functions. Equation (7.54) is sometimes termed the weak-type (1,1) norm of the 
conjugate function. Weak-type notation is discussed in Section 7.8. There is a direct 
analog of Eq. (7.54) for the Hilbert transform on R. For this case, Kolmogorov’s 
theorem is as follows: for f € L'(R) and A > 0, 


K 
mHfA)} = = If - (7.56) 


The best constant K for both Eqs. (7.54) and (7.56) has been found by Davis (1974) 
to be 


= ae (7.57) 
8B (2) 
where f(2) is Catalan’s constant: 
BQ) = Se, ~ 0.915 966... (7.58) 
k=0 (2k + 1)? 


For non-negative functions the sharpest constant K in Eqs. (7.54) and (7.56) is known 
to be K = 1 (Davis, 1974). A proof of Eq. (7.54) is sketched following Koosis 
(1998), considering only the case of a non-negative f € L'(T), and without regard to 
obtaining the sharpest possible constant K. The case of a general function f € L!(T) 
is left as an exercise for the interested reader. For the choice f € L!(R), Eq. (7.56) 
is discussed further in Section 7.8. 

Let 


1 it 
Oe =| |: “21 roa, foie eee (7.59) 


el —z 
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with 


lim F(re®”) = f (0) + if (0). (7.60) 


The factor in {} in Eq. (7.59) can be recognized as a combination of the Poisson and 
conjugate Poisson kernel for the disc: 


etz 1-r? 2ir sin(6 — ft) 
el —z  1—2rcos(@—-ft)+r2.—-1 — 2rcos(6 — t) + r2 
= P(r,6 —t) +iO(r,6 — 0). (7.61) 


The function w(z) is introduced using the following definition: 


F(z)-a 


w(z) = 1+ FO aa 


for > > 0. (7.62) 
In the unit disc, w(z) — | is analytic, and, from the Cauchy integral formula with 
Izo| < 1, 


ea es 1 {w(z) — l}dz 
2mi Jo zZ—-Z0 


1 7 {w(e!?) — le’ do 
= . : 7.63 
20 ke el? — zy ( ) 
Taking the limit zo > 0 gives 
a . 
2nw(0) = / w(el’)dé. (7.64) 
7 
From Eq. (7.64) it follows that 
Lf - 
2n Rew(0) = a Re{w(e!)}d9. (7.65) 
mee 
Now, 
1 [7 1 
FO == f fou =sihh, (7.66) 
20 J_x 20 
and using the non-negativity of f leads to 
amit lh 
2a Rew(0) = ————_., (7.67) 
If ll) + 274 
and therefore 
us 
, 2 
/ Re{w(e!’)} do < ee (7.68) 
TE. 
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If 7| > A, then using Eq. (7.60) implies |F (e®)| > i, and employing Eq. (7.62) 


gives Re{w(e!?)} > 1. Using Eq. (7.68) yields 
6 € [—2, 7] : Refw(e!®)} > 1 < 
Since Re{w(e!%)} > 1 implies |F(e!)| > A, 


io) 
Fes | = Refw(e%)} > 1: 


that is, 


[F(el) — ALF) FAN | Sg 
[F(e%) + AIF (el) +A J” 


and hence |F (ei?) ? — 42 > 0. It follows that 


|@ € [-2,7]:|f@)| = A] c |@ € [-7, 21: |Fe®)| > a] 


Cc |6 €[-z,z]: Re{w(e)} > 1]. 


Equation (7.72) yields 
~ 2 
6 <{-n,n]:|7(@)| >a] < 


which is the required result. 


7.3 A Zygmund inequality 


2if lh 
a 


(7.69) 


(7.70) 


(7.71) 


(7.72) 


(7.73) 


The next result discussed is an inequality due to Zygmund, which has a close connec- 
tion with the two principal inequalities considered so far in this chapter. It is known 
from the results in Section 6.17 on the Riesz inequality that f ¢ L'(T) does not guar- 
antee that Hf € L'(T), which raises the obvious question as to what must be the 
least rate of growth for the function f in order for Hf € L!. An inequality due to 
Zygmund (1929, 1932, 1968) addresses this issue. The following notational device 


will be useful: 


logf, f= 
0 


Pe 
e ai O<f <1. 


(7.74) 
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A function f belongs to the class Z log L(T) (sometimes referred to as the Zygmund 
Llog L class) if 


2n 
i) If) logt |f(@)|ds < oo. (7.75) 


The Zygmund inequality reads as follows: if f ¢Z log L(T), then f € L! and 


20) 20 
[O |Fojae <4 reriios® irae +2. (7.76) 


where A and B are constants. This is sometimes referred to as Zygmund’s L log L 
theorem. There are different methods to establish this result; the following discussion 
employs a Green’s theorem approach. The same notation as in the preceding section is 
employed, but in place of u(z) > 0, the constraint u(z) > e = 2.718... is employed. 
First, note that 


Veulogu =u |F'|’, (7.77) 
where |F ‘| is defined in Eq. (7.7), and use the result |F'| > u. Then 
IFIP P <u F'/?. (7.78) 


This result can be rewritten using Eqs. (7.11) and (7.77), and noting that u(z) > e, 
to give 


V7 |F| < V7ulogu. (7.79) 


Integrating this inequality yields 
// V7 |F| dx dy < py Vu log u dx dy. (7.80) 
lz|<r lz|<r 


On using Green’s theorem in the form of Eq. (7.19), with g identified successively 
with |F(re'®)| and then with w log uv, Eq. (7.80) simplifies as follows: 


ie a|F(re’®)| Aged i d{u(re!) log u(re!?)} A (781) 
0 ~ Jo ; 


or or 


which, on integrating from 0 to r, yields 


20 20 
/ lF(re'®) a0 = : u(re®) log u(re)do — 2 u(0){logu(0) — 1}. (7.82) 
0 0 
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With the restriction that u(0) > e, and noting that |F (rel®)| > |v(re'®) , leads to 
2n 5 21 : . 
/ v(rei®) lao < i, u(re') log u(re”)d6, (7.83) 
0 0 
which can be expressed as follows: 
20 . 20 ; 4 
/ lure”) a6 < i: lucrel”)| logt lucrel”) a. (7.84) 
0 0 
Using Eqs. (7.26) and (7.27), 
20; 20 
[FO \Feolae< [ ireitos* irri. (7.85) 
0 


This is the desired Eq. (7.76), with A = 1 and B = 0. 
To deal with a general function of variable sign, proceed as follows. Let 


£O=fAO+n@+A@), 


where 

fi(@) = max{ f (0), e}, 

fr(0) = min{ f @),-e}, 
and 

—e <f3(0) <e. 
Now, 
70) =f) +A@) +A), 
which yields 
7) <|A@|+|A@|+ AO], 

and hence 


21 2n 20 20 
[ |Folae< [ |ieao+ [O A@ae+ f° [Ae@ae. 


(7.86) 


(7.87) 
(7.88) 


(7.89) 


(7.90) 


(7.91) 


(7.92) 


7.4 A Bernstein inequality 343 


Using the Cauchy—Schwarz—Buniakowski inequality and employing Eq. (7.89) gives 


2n oy 2n 1/2 2n 3 1/2 
i A@|d0 < {/ ao| {f A@| ao| 
0 0 0 
in 1/2 
= yon| | Auer aa 
< /(2z) (2ne?)", (7.93) 
that is 
2n 2 
i A) |40 < 27. (7.94) 
0 


Denote the set of points where f > e by £1, and the complement set by £),, and 
denote the set of points where f < —e by £2 and the complement by £2,,. Then 


2 QTC x; 2 21 
ey ioe = > [PO Viicoritosi 0100 
k=1 k=1 
2 
a5 | [ L7i(0)| lol fe(@)|40 + i! 
k= 


1 Eke 


2 
=o | [ If @)| logl,f(@)|d0 + i 


fk) | oe Aci] 


fx (9) | oa ici 


Exec 


20 
<|/ F@)ilogtis@iee + > f eloge dé 
0 k= Exe 


2n 
é ] Lf (@)| log*| f(6)|d0 + 4zre. (7.95) 
0 


Substituting the inequalities Eqs. (7.94) and (7.95) into Eq. (7.92) yields the required 
result with A = 1 and B = 6zre. Pichorides (1972) gave the bound A > 27! for the 
constant appearing in Zygmund’s inequality. 

No direct analog of the Zygmund inequality for the Hilbert transform on the line 
is known. The reader is invited to suggest an explanation for this fact. 


7.4 A Bernstein inequality 


One form of the classical Bernstein inequality reads as follows. if f(z) is an 
entire function of exponential type o (see Section 2.8.7), and is bounded on the 
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real axis, then 
If @)| So suplf@). (7.96) 


The class of entire functions of exponential type < o is denoted by E°. The equality 
sign in Eq. (7.96) holds if 


f(@) =ael™ + Bei, (7.97) 


where @ and £ are arbitrary constants. Alternatively, it follows for f € E° 1 L™(R) 
that 


IFoo S oMlf_lleo - (7.98) 


The objective of this section is to establish the following result: 


ee) 


sin za f'(x) + cos a(Hf) (x) = 2 


k=—0o 


{(—1)* — cosma} f(k +a +x) 
m(k +a) 


, (7.99) 


where a € R and f € E* 1 L*(R). Equation (7.99) is a rather useful result 
since it allows both f(x) and (Hf)'(x) to be determined from a sequence of 
discrete values of f. Furthermore, it leads to a generalization of the classical 
Bernstein inequality. From Eq. (7.99), the following Bernstein-type inequality can be 
obtained: 


||sin xaf’ (x) + cosa (Hf) (x) |, < 71h lloo - (7.100) 


The particular case « = 1/2 leads to the classical Bernstein inequality for the case 
o=T. 

The starting point in the derivation is the Whittaker-Shannon—Kotel’nikov theo- 
rem: if the function f € L7(R) has a Fourier transform v3 (x) having compact support 
in the interval [—o, 7], then 


f(x) = SY) fx) sinclon!(x—x4)}, forx ER, (7.101) 


k=—0 
where x; = ka/o, recalling from Section 4.15 that the sinc function is defined by 


sin wx 


sinc x = (7.102) 


UX 

The preceding theorem is known by engineers as the Shannon sampling theorem, 
though it was discovered (actually rediscovered) earlier by the Russian engineer 
Kotel’nikov. Mathematicians frequently call it Whittaker’s cardinal series, or sim- 
ply the cardinal series. In engineering applications, functions that have their support 
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restricted to some finite interval are referred to as band-limited functions. The impor- 
tance of Eq. (7.101) stems from the fact that the continuous function f can be 
determined uniquely from a sequence of discrete points spaced 2/o apart. This has 
significant applications in signal processing. Equation (7.101) can be established in 
the following manner. Since 3 (x) vanishes for |x| > o, the Fourier inversion formula 
can be written as follows: 


f@= ao i] . f (sye™ ds. (7.103) 
2 J 5 


It might be useful to think of the function ve (s) as having a periodic extension beyond 
[—o,o] and over R. Assume f has a Fourier series representation, 


(oe) 
f(s) a a Gers. (7.104) 
k=—00 
with 
1 o , ; 
CK=— FQ ds 
20 Jo 
k 
ae (-=). (7.105) 
oO Oo 
Now, 
Oo ie ’ love) 6 1 
f(sye™ ds = aS a | eixtkro™)s go 
=f Rest it 
+ oO 
= 20 > Ck sine| (e+ kro!) = | 
k=—0o a 
~ kn & 
co Ey(H)aulet tee dE} cs 
k=—0o G: us 
and hence 


LY fee. 
fx) = / f (se ds 
WT J—o 


= Ne r(-=) sine| (x + kro!) ]. (7.107) 


k=—0o 


Making the replacement k — —k leads to 


= kn\ . ee; 
fo) = B23 (=) sine| (x _kno De (7.108) 
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which is the required result. 

The proofs of Eqs. (7.99) and (7.100) are now considered, and the approach 
employed follows the work of Kochneff, Sagher, and Tan (1992). Suppose that 
f €E™ NL?(R), since (f(z) — f (0))/z € E* NL’, then Eq. (7.108) can be used for 
the case o = z to obtain 


Sx) —f (0) Sk) Lo 
gate -> sinc(x — k) 
= sine xf’ (0) + eee &) -t OD airs): (7.109) 
k=—0oo 


where the prime on the summation signifies that the term k = 0 is omitted. From this 
result it follows that 


(oe) “ 
k —k 
f(x) =xsinex f’(0) + sinexf(0) +x \~ — = (7.110) 
k=—00 
Now, H (sinc x) can be evaluated as follows: 
1 % si 
HG = =P | sinc s ds 
mT Jo X-S 
1 ee 1 1 
= al siny}—+ dy 
XIU oo yo mx—-y 
1 
= —{l—-—coszx}, (7.111) 
x1 


and hence H {sinc(x — a)} = {2(x — a)}!{1 — cosa(x — a)}. Using this result and 
Eq. (7.109) gives 


Sr fk) — £0) 
ier ae 


k=—00 


= H {sinc x} f’(0) + 


n {Foro — f (0) H{sinc(x — k)} 


_1- LSS Oy 4 Pe {fik) —fO}a — coslz@e = kD) 


ZS, k(x — k) 
(7.112) 
Hence, 
is [~ —f (0) | 2 LenS =| {xf’(0) +f(0)} 
P mx 
25 1 f(k)(1 — cos[x (x — k))) (7.113) 


kr(x — k) : 
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where the following result has been employed: 


[oe 


eh (1 — cos[z (x — k)]) cos mx — 1 


= , 7.114 

ka (x — k) mx ( ) 

k=—0O 

This last equation can be derived in the following manner. Expanding the cosine 
function gives 


se (1—cos[x(x—k)]) 1 5 1 cos 1x 3 (-1)* 
are kr (x —k) Was k(x — k) We gene k(x —k) 
(7.115) 
and employing the standard series results (Hansen, 1975, p. 102), 
[oe 
/ 1 mx cotmx — 1 
= 7.116 
sy k(x —k) x2 ( ) 
k=—00 
and 
calle (—i)* = LENE (7.117) 
k(x —k) x2 
k=—00 
yields 
s (1 — cos[z (x — k)]) _ Axcotmx — 1 (axcsemx — 1) cosmx (7.118) 
ka (x — k) a x2 x2 ie as 


k=—00 


which leads to Eq. (7.114). Equations (7.116) and (7.117) can be established by 
contour integration techniques. 
Using Eggs. (7.110) and (7.113) gives 


sina f(x) + cosma xH | 
x 


_ £0) 
- TU. 


f@) —~f) | 


——(sinza@ sinax + cosma{1 — cos x}) 
x 


f'() 


+—(sin ra sinx + cos za{l — cos mx}) 
cg 


+x Lu ae otsin a sin (x — k) 


+ cos ma — cosa cos x(x — k)} 
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>i fH) Gan ot ee 
ka(x — 


aes —cosm(a + x)} 


{f (0) +xf'(0)}. (7.119) 


TUX 


Now make use of Eq. (4.124), with f(x) replaced by f(x) — (0); then 


—fO 
. [ewan = H{f (x) —f(0)} — Hf) —fO}O) 
= Hf (x) — Hf (0), (7.120) 


and hence 


s Ez {@ “FO || = Hf’ (x). (7.121) 
dx x 


Taking the derivative of Eq. (7.119) and making use of Eq. (7.121) yields 


CO 


: / / = / Sk) . _ 
sinza f' (x) + cosma Hf" (x) = oa G=B2 {wx(x —k)sina(a +x —k) 


+kcosm(a+x—k)—kcosza} 


+ ers sin w(a@ +x) — costa + cosm(a+x)} 
+ f'(0) sina(a@ +x). (7.122) 
Now insert x = —q; then 
sina f’(—a) + cos za Hf" (—a) _f ea — cos 7a) 


1 f(k){(-D* — cos ra} 
3 oe m(a +k) 


k=—00 


SS )(-D* — cos a} 
=> 


ee (7.123) 


k=—00 


For a function g(z) € E™ ML’, Eq. (7.123) can be rewritten with f replaced by 
the function g. Making the identification g(z) = f(z + a+ x), with x € R, then 
gtk) =f(k+a+x) and g(—a) = f(x); hence it follows that 


3 fk ta +x){(—D* — cos xa} 


sina f"(x) + costa Hf" (x) = (a +k)? 


, (7.124) 


k=—00 
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which is the first key required result. From this formula it follows by inspection that, 
fora = 1/2, 


roy 4 wr CDE+ (1/2) +4) 
fia == 2 aie (7.125) 
Fora = 0, 
00 k 
1 fik+x){(-1)* — 1} . f(a+x){l — cosa} 
/ —= 
HELO Dy wk a3 us a 
k=—00 
mfx) 2 Sa f@k+1+») 
= 12 
2 W me (2k + 1)? (nl28) 
k=—00 
To establish Eq. (7.100) requires a proof of the following equation: 
00 k 
1-—(-1 
a 1—- CD" cosxa = (7127) 


ga m(k +a)? 
Making use of Eq. (7.123) with f(z) = coszz, hence f’(—a) = m sina and 
Hf'(—a) = 1 cos za, leads to 

[o,@) 


m sin’ ta +7 cos’ Ta = Se 
k=—0o 


1- G1 COS Ta 


Tas eae (7.128) 


and Eq. (7.127) follows. From Eq. (7.124), 


3 fk+at+x{(-—D)* — cosa} 


|sin ra f'(x) + cosa Hf" (x)| = (a +k? 


k=—0o 


< Yo if+a+x)| 


| {(—1l* — cosa} 


2: e 
aaa m(a+k) 
(7.129) 
and hence 
oo k 
: {1-—(—1)* cosa} 
; Hf’ z 7.130 
|sin ro f"(x) + cosma (Hf")(x)| < supf S> ays (7.130) 
k=—0o 

Making use of Eq. (7.127) yields 

||sin ro f’ (x) + cosa Hf" (x) ||, < 71 lloo > (7.131) 


which is the required result. 
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7.5 The Hilbert transform of a function having a bounded 
integral and derivative 


It has been shown previously that the p-norm of the Hilbert transform is bounded 
above and below for 1 < p < o. It is of interest to know if any bounds of a 
general nature can be found for the Hilbert transform. The answer is affirmative with 
appropriate restrictions imposed on the function. In this section an inequality derived 
by Logan (1983a) is discussed. Let f be defined on the real line and suppose that, for 
some constant M and any interval (a, b), 


b 
[ feo <M, (7.132) 


that f’(x) is a bounded function satisfying, for some constant m, 
[f°@| < m, (7.133) 


and the integral of f’(x) is f. For many different types of experimental data, both 
of the last two conditions are often satisfied. Given a function f that satisfies these 
conditions, then Hf is bounded above, and the following result holds: 


4log2 


|Hf(0)| < — Vn). (7.134) 


To establish this inequality, set 
t 
Fo = / St (x) dx. (7.135) 
0 
It is then straightforward to show for a positive t that 
tT 
F(t) +F(-t)+ {It} — thf’ @dt = 0. (7.136) 
—T 
Note that 


FO, fT FO, , [PFO 
Vee 2 asf 2 art [ a 


=[ a+ fe dt+c7l{F(t) + F(—t)}. (7.137) 


00 t 
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Now, 


Pf arm tim | far LO ae PPO ae 4 all 
= Sb £0 [Jo ee | ie € t t t 
=} Par + FO) + | s' log| —|ae 
|t|>T —T 
-|/ FO {log|=| — ete — Wel} ar 


+f EO Ghee iar, (7.138) 


where Eq. (7.136) has been employed and c is an arbitrary constant. From the 
preceding equation it follows that 


CO t T 
Pf £O ay < m | log|=| —c{t— Ith [de + 20 a + le- male 
wie og t 
(7.139) 
Put aw = ct, B = 2Mr~!, and y = 4mM;; then the minimum of 

1 
T(a, fp) ={l+la—-—1jp+ yp i. llogx + a(1 — x)|dx (7.140) 

0 


is required with respect to w and #. Setting the derivatives of /(@, 6) with respect to 
a and f equal to zero, it follows for a > 1 that 


B + vB! {xg — 2x0 + 1/2} = 0 (7.141) 
and 
a — yB?{2x9 — ax — 1 +a/2} = 0, (7.142) 


where xo denotes the point where log x + a(1 — x) changes sign on the interval (0, 1). 
The solution of these two equations is given by a = 2log2 and B = (1/2),/y, 
with x9 = 1/2. Expressing c and t in terms of a and £ and inserting the results into 
Eq. (7.139) leads to Eq. (7.134). The result in Eq. (7.134) is trivial if f is an even 
function. 

Consider an odd function f for which Ff is of fixed sign on the interval (0, 00); 
from Eq. (5.3) it follows that 


Hf (x) = F~{-isgny (Ff)()}@) 
see ie cos xy (Ff)(y)dy, (7.143) 
a JO 
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and hence 
1 [o-e) 
Hf | = — | / cosxy (Ara 
T | JO 
1 [o-e) 
<= | leossy Ip 
T JO 
1 [o-e) 
ae i FA O|dy 
Tw JO 
1 [o,e) 
--| [ eno}, (7.144) 
T JO 
and therefore 
Af) < |HFO)|- (7.145) 


Combining the preceding result with Eq. (7.134) gives 


4log2 
Hf) = —=- Vm), (7.146) 


assuming the specified conditions on f hold. 


Toland (1997b) indicates that if f € D, with m designating the L~(R) norm of f’ 
and M denoting sup,., | | it e f (x)dr| | , then 


Hf ll zocay < 40! log 2./(mM). (7.147) 


7.6 Connections between the Hilbert transform on R and T 


This section considers the connections between the Hilbert transforms on R and T. 
Using an idea of Zygmund (1955, p. 317) define 


1 We x—t 
2n(x) = ——P f(t) cot{ —— dt, (7.148) 
2nu J _nn 2n 
where f € L?(R), for 1 < p < o, and let g(x) = (Af) (x). Recalling that 
lim coty = y!+0(y), (7.149) 
yo 


then taking the lim n > oo in Eq. (7.148) leads to 


fim, Sn) = gO). (7.150) 
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From the definition of g, it follows that 
1 ue —t 
£n (nx) = oP | f (cot m dt 
Qn Jenn 2n 


1 : x-t 


= Ho, (x), (7.151) 


where $;,(x) = f (nx) for |x| < 2. Hence 
nf Ign(nx)|? dx = nf |Hobn(x)|? dx, (7.152) 


which simplifies, on making the change of variable y = nx, to give 
nit niv 
/ Ign(y)P dy = / Hf (y)P dy. (7.153) 
Tart —nt 


Fatou’s lemma takes the following form: if the non-negative functions f, are 
measurable, and if limy—oo fr =f a.e., then 


/ f(x)dx = / lim. inf fn(x)dx < lim, inf / fylx)dx. (7.154) 


Now take the limit 7 — oo in Eq. (7.153) and apply Fatou’s lemma, yielding 


/ le) dy < / Hf OP ay; (7.155) 


assuming both integrals exist, 
Af ll, < IAF lp. (7.156) 


which is the desired result. 

Set Ayn = |gn\/P. Suppose the following conditions apply: A, are measur- 
able functions on R, for which lim, ..oh,=ha.e., and there exists a non- 
negative function k(x) such that jee k(x)dx < oo and |hA,| < k for all n. Then 
limps oe f daedx = J h(x)dx. This is the Lebesgue dominated convergence the- 
orem. Then from Eq. (7.153), on taking the limit n — oo and applying the Lebesgue 
dominated convergence theorem, leads to 


i le) dy = i] IHF OP ay; (7.157) 


that is, 


lf lly = NF lly - (7.158) 
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It is left as an exercise for the reader to determine if weaker conditions can be found 
such that this final result holds. 


7.7 Weighted norm inequalities for the Hilbert transform 


In this section some inequality results for the Hilbert transform are discussed that 
include an additional multiplicative function and take the following general form: 


/ ~ |Hf (x)|? w(x)dx < C(p, w) / - Lf (x)? w@x)dx, (7.159) 


where C(p, w) is a constant depending on p and w but not on f, and 1 <p < o. 
Formulas of this type are generally referred to as weighted norm inequalities. The 
simplest case is w(x) = 1, for 1 < p < oo, which corresponds to the Riesz inequal- 
ity discussed in Section 4.20. There are two principal issues associated with these 
inequalities. What conditions are needed to specify the function w(x), and what is the 
sharpest value for the constant C? Inequalities of this form have attracted a consider- 
able amount of interest. Hunt, Muckenhoupt, and Wheeden (1973) found the general 
solution to this problem. Before discussing the work of these authors, a few particu- 
lar cases are examined, thus exhibiting some of the types of inequalities that can be 
found. A later section will take up a number of the more general issues associated 
with the work of the aforementioned authors. Weighted inequalities for the Hilbert 
transform arise in the study of weighted mean convergence of Fourier series, and lead 
to results on the convergence of certain orthogonal expansions. They also arise for a 
particular problem in prediction theory. 

Historically, the first result of the type given in Eq. (7.159) was obtained by Hardy 
and Littlewood (1936). They gave the following result: if f is an even function and 
x°f (x) € L?(0, 00) with 


1 
Sue ees. (7.160) 
P P 
then Hf € L?(0, 00) and 
[o,e) [o,e) 
/ |x Hf (x)|? dx < ef, |x*f (x) |? dx, (7.161) 
0 0 


where C = C)q. In the following development, the standard convention is employed 
that C denotes a positive constant, which is not necessarily the same at each occur- 
rence. Often the parameters on which C depends are not displayed until the completion 
of the derivation. However, if the parameter dependence of the constant is obvi- 
ous, then it is often not explicitly stated. To establish Eq. (7.161), first note that if 
g(x) denotes the Hilbert transform of |x|* f(x), then, on making use of Minkowski’s 
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inequality and the Riesz inequality, it follows for p > 1 that 


lee) p! lee) p! 
| [ reo) ax| = [ es) — feo — H/o) ax] 
ioe) p! loo) 2 
<| il jee? as| +| i Jee — x70)" ax] 


ee) po} 
<C | i 70)? ax| 
0 
=] 


oo P 
+ | i |g(x) — x“ Hf (x)? ax| (7.162) 
0 


—1 


To prove Eq. (7.161) it is therefore sufficient to prove 


i |g(x) — x" Hf (x)|” dx < C i |x*F (x) |? dx. (7.163) 
0 0 
Now, 
lee) a lta (ee) 
g(x) — xf (x) = =p | bi f(y)dy _ 2x P f(y)dy 
nm Jo x-y? 1 09 xr—-y 
2 Co 
Ss ’, yf (VM (y, x) dy, (7.164) 
az JO 
with 
x xe —y* 
M(y,x) = —-—; ; (7.165) 
ye (5 =) 
If 
Sf (kx) = k"f (x), (7.166) 


then f is said to be homogeneous of degree n. With the substitutions x — kx and 
y — hy, then clearly M(y, x) is homogeneous of degree —1. Also, 


[o-e) -1 [o-e) 
i IM(y, Diy dy = / 
0 0 


provided a satisfies Eq. (7.160). To proceed, a result from Hardy et al. (1952, p. 229) 
is required: let K (x, y) be non-negative and homogeneous of degree —1, p > 1, with 


y= b 


— ~P' dy < 00, (7.167) 
os 


a -1 2 -1 
/ K(x, Ix? dx = / K(l,yyf dy=C, (7.168) 
0 0 
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where q is the conjugate exponent of p; then, for a non-negative function 
g € L1(0, 00), it follows that 


lee) oO q a 
[ ar([ Keyed) =a | e(y) dy. (7.169) 


To establish this result, start with 


oo oo q oo oo -1 fx \1/P49 
/ ax(f Keyed) -|/ dx i K(x, yy? (*) 
0 0 0 0 y 


= 1/ q 
K(x, y)4 ‘(¢) “ena 


lee) | [eve] x 1/q 
< / dx / Koy (*) | 
0 0 Jy 


lee) 1/ 
[ kon)? sot, 7.170 
0 Xx 


q/p 


where the Hélder inequality has been employed. With the change of integration 
variable y = xw in the first integral on the right-hand side of the preceding equation, 
and making use of the fact that 


xK(x,xw) = K(1,w), (7.171) 


this leads to 


or oa) q oo oo = q/p 
/ ar(f Kong(rey) < / ax| i: K(1,ww"4 aw| 
0 0 0 0 


oe 1/p 
/ K(x, y) (=) g(y)4 dy 
0 x 
=c fds [Ko (2) eort ay 
0 0 x 
[o@) lee) -1 
Sa ivr dy | yK(yw,y)w ? dw 
lee) lee) i 
= C4/P i g(y)! dy / K(w, lw? dw 
0 0 
lo) 
oa g(y)! dy 
0 


=cf i‘ ~ g(y)4 dy. (7.172) 
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Equation (7.168) and the following result: 
YK (yw, y) = K(w, 1), (7.173) 
have been employed in the derivation of Eq. (7.172). The interchange of integra- 
tion order can be justified since both g and K are non-negative and measurable and 


K(x, y)g(y) is measurable in the xy-plane, and so Fubini’s theorem can be applied. 
From Eq. (7.164), and on utilizing Eq. (7.169), we have 


CO [o-e) 2 [o-e) 
/ je) — "Hf CoP dx = [ ax|= f yf (y)M(y,x)dy 
0 0 T JO 
foe) 2 [eve] Pp 
< i ax |= / IM(y.2x)| p“ronlar| 
0 Tw JO 


<C [ bron? ay, (7.174) 


i 


which proves Eq. (7.163), and hence Eq. (7.161) is established. A simple case of this 
inequality occurs when a = —p™!, leading to the following result: 


[ [Hf (x)|P dx 2 ey IFO)? dx (7.175) 
0 0 


x x 


There is a related inequality for the periodic case, due also to Hardy and Littlewood 
(1936). Let f(@) be an even periodic function (period 27) and suppose 0~!| f (@)| is 
integrable over [0, 7); then 


~ Pp 
x |f@) . 
/ For < oa) LOW 6, (7.176) 
0 0 0 0 


where f is the conjugate function of f. To prove this result, let g be an even function; 
then 


2x a g(y)dy (7.177) 
0 


Ag(x) = Pas ae 


Employ the substitutions 


=t =t 2 7.178 
x= (5), y= n($), (7.178) 


f@=8(), £@) = Hg), (7.179) 


and 
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then 
Fo) =p [ OL (7.180) 
cos d — cos@ 
Hence, 
ih LO 40 = ‘< EOP ay (7.181) 
o sind 0 x 
and 
~ IP 
x |f(0) 66 
[FL aga fH ae cy 
9 sing 0 x 


Employing Eq. (7.176), with f replaced by g, it follows immediately from the 
preceding two results that 


~ |p 
x |f(@) ™ P 
/ : | dé < a] LOI dé. (7.183) 
o sind 0 sind 


Making use of the elementary trigonometric inequality 


ind 
— <1, for0<0<7z, (7.184) 


leads to 


= Colf Or —|7@|- = Cplf@r —|7@|- 
/ dé > | dé, (7.185) 
0 0 


sin 0 6 
and by a suitable choice of the constant C,, the right-hand side of this inequality 
is > 0, and hence Eq. (7.176) follows. 

There has been considerable interest in finding extensions of the preceding results. 
One particular generalization of the Hardy—Littlewood work is now examined. If the 
function f(@) has a finite weighted norm defined by 


sg 1/p 
IF Mllap = {/ If @)P le \% ao| , withl<p<o, (7.186) 


— 


and 


IF )llaco = ess sup{|f()| 141°}, (7.187) 


|6|<x 
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then the notation f(0) € L®? is employed. For a periodic function f with period 27, 
it is common practice to define the p-norm with an additional 27 factor; that is, 


1 Sa 1/p 
IF )llp = t= | Oma , withhl<p<o. (7.188) 


A result first announced by Hardy and Littlewood (1936) and reconsidered by 
Babenko (1948) is as follows: if f(@) is periodic with period 27, f(6) € L°? with 
1 <p < ow, and —-1/p <a < 1—1/p, then f(@) is defined and 


[FO|, <ralfOlle.p: (7.189) 


and the constant that occurs depends only on the indicated variables. There is no 
restriction on the even—odd character of the function F (0). The choice a = 0 reduces 
directly to the Riesz inequality. The following approach to establish Eq. (7.189) is 
based on Hirschman (1955). From the definition of f(0), it follows that 


~ 1 = 1 
fA" = =P | fO|dl* cot| 50 = o} |a\" |e) de 
a Jz 2 


= =P fro cot| 50 - ofa 


+ ah f f@ltl* cot| 50 - o} {|0|% |t|-* — 1}dt 
20. Jue 2 
= H{f (6)|0|"} + F(). (7.190) 


From this result it follows, on applying the Minkowski and Riesz inequalities, that 
Tor p_)'P 1 I/p 
{/ {|Fc@| 1917 ao| al Inf @) art) + Fel ao 
—T dt 


1 1/p T I/p 
< {/ |H(S() ary ao + {/ oor ao} 


=i 


1 I/p 1 I/p 
< ea |f@) are? ao] + {/ Fon aa 
(7.191) 


and it therefore remains only to prove that ae |F(6)|P dé is bounded above by 
ae | f(6)|O|* |? dO, and Eq. (7.181) is established. To deal with the integral over 
F(@), let 


1 
k(60,0) = on 


(7.192) 


1 
cot| 30 = o} lo |el-* — 1 
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then 


IF@)| < / LPI |“K(8, Od, (7.193) 


—T 


where the last integral is a Cauchy principal value integral. On applying the Hélder 
inequality with conjugate exponents p and q, 


x pia)? g |e 1/4 
FI < / LP(o ial {ken / | fie. 7 | dr 
sz t 
™ pila Pex g|iip )'/4 
< i ror ieree,n|4| de i Ko.p|2| ath 
cae 6 ie t 
(7.194) 
For 0, t € (—2,7), employ the following inequality: 
1 
[lo] — {el cot {50-0 <C, (7.195) 


with C a positive constant; then, 


i 6 |\/P % -1 2 =i 
P| k(0,t) a dt < cp | [61 — lel] |lel* lel * — 1] fer el? de. 
=i: =F 
(7.196) 
Using the change of variable ¢ = |@|s leads to 
iu 6 1/p x/|6| |1 _ Is|™| [s|-¢-P ds 
P| k(@,t)|- ar<cp [ 
ne t —7/0| [1 —|sl| 
0 |1 —|s|"| |sl~* ds 
< CP i 
—0o [1 om |s|| 
ll —s%\d 
= 2cp f sdeneS. (7.197) 
0 |l—s|s¢tP 


Since 0 < wa +p! < 1, no problem arises for the integral at the lower limit, and as 


a 3 —1 
s — oo the integrand behaves like s~“'+?); hence, 


Pf: k(6, 0) g 


t 


1/p 
dt < Coa. (7.198) 
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Inserting this result into Eq. (7.194) gives 


u 1/p a X t 1/q 1/p 
{f iFonrao| sua f ao [ SOP I? KOO] 5 | 
1 si t|!/4 I/p 
Gru f IOP? dt J -k(0, 0) 7 | ; 
(7.199) 


It follows, on using Eq. (7.195) and employing the change of variable 6 = |f|s, that 


7 k(6, 0) 


1/q sa 4 Gs a 
ae cP f |jei—tel "err — er ae 
—1 


mill |Is|* — 1|ds 
—x/\t\ ||s] — 1] |s|'? 


or) a 
< cp | ee (7.200) 
0 |s—1|s!-? 


t 
é 


which for the stated conditions on a gives a convergent integral. Hence, 


a, k(6, 0) 


From Eq. (7.199), the following result is obtained: 


1/q 


t 
5| 9 < Ge. (7.201) 


[Forde < Ga f [roa (7.202) 


=I: 


and employing this connection in Eq. (7.191) gives the desired result, Eq. (7.189). 

Two results due to Pichorides (1975a) are now considered. These are not weighted 
inequalities in the strict sense of the form given in Eq. (7.159), but are nevertheless 
of intrinsic interest. if f ¢ L?(R) for p > | and0 < a < p, then 


i IAF x) FO)P dx < C, / Lf (x)? dx. (7.203) 


Ifp > 2,0<a <p,and0 < 6B < p, then, for f € Z?(R), 


i Hf COIL f GIP dx < Coaep / AP COIPL ACIP dx. (7.204) 
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To establish Eq. (7.203), apply the Hélder inequality with exponents p/2a and 
p/(p — 2a) and then apply the Cauchy—Schwarz—Buniakowski inequality, so that 


/ AF IELP a) P-® dx = / LACOHP COIL fF CP-2% dx 


lee) ; 2a/p lee) 1—2a/p 
<| il LPCoHf coy?! ax| | / Foor axl 


5 12 ype 1/2) 24/P 
<{{f arco ax| {f iro? ax} | 

0° 1—2a/p 
| [ ireoras| 

oO a/p oe) a/p 
eas {[" iroorarl | [roo ax} 


0° 1—2a/p 
/ Foor axl 


and hence Eq. (7.203) follows. The Riesz inequality has been used in the final step. 
The particular case of Eq. (7.204) for 6 = p/2 is now considered. if f(z) is analytic 
in the upper half complex plane, and on the real axis 


(7.205) 


Fx)? = (f@) + iAf OOP =f) — LAF OOP + 2 OAL Od), (7.206) 


then 
ALS (a)? — {Af @) YP] = 2 HF) (7.207) 
and 
2H f (Hf (x)} = {Hf @)YP — fo). (7.208) 
Now, 
f(x)? < {f@) +iAf@Y}]; (7.209) 
that is, 


SO) < 2IALF@OHO)} — if OHO). (7.210) 
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From this result it follows, on applying Minkowski’s inequality, that 
oo 4 I/p 00 I/p 
| [treo ax| < {2 | areonren -ireouroor ax| 
og) I/p 
< {2 [ urconrone ax| 
od) l/p 
‘5 {2 | treonrone ax| 
og) I/p 
< {2¢, | reomeor ar| 
oo l/p 
+ {2 f PooHriay ax| (7.211) 
and hence, 
/ Ifa)? dx < G f | f (~) Hf (x)? dx. (7.212) 


From Eq. (7.203) and on using Eq. (7.212), it follows that 
[o,@) [o.@) 
/ [Ef I" LF QP “de <= Cha / ISHS) IP? dx, (7.213) 
—cC —cC 


which establishes Eq. (7.204) for the case 8 = p/2. The interested reader might like 
to establish the case of general 6 satisfying 0 < B < p. 
There is a weighted version of the Zygmund inequality. If —1 < a < 0, then 


4 


/ | @)|dx < Ag i IL P@)| log (xl@LA@)Ddx + tay (7.214) 


—1 a 


assuming the integral on the right-hand side is finite, and the constant Ay depends only 
on a. There is also a weighted version of the Kolmogorov inequality. If 0 < p < 1, 
then 


ca 1/p 1 
| / le Heo fax BCs i IxI*|f @)|dx, (7.215) 


once again assuming the integral on the right-hand side is finite. These two inequalities 
have been discussed by Flett (1958) and can be proved by methods very similar to those 
discussed previously for the Hardy—Littlewood weighted inequality. If the function f 
is known to be either even or odd, then the inequalities can be established for a wider 
range of values of a. The reader interested in these inequalities can try to construct 
the necessary proofs. 
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7.8 Weak-type inequalities 


It has been noted previously that for f € L! then, in general, Hf ¢ L'. It is however 
true that if f € L!, then Hf exists a.e. It is possible to state a weaker result than the 
Riesz inequality for the case f € L'. First, some definitions. 

If T is an operator such that T : L?(R) > L4(R) forl <p<w,l<q<om, 
and if 


IZA llq SAMS lp» (7.216) 


where the constant A is independent of f, then T is said to be of type (p, g). Sometimes 
the terminology strong-type estimate is employed to describe an inequality of the form 
just stated. If for A > 0 


A q 
m{x : |Tf(x)| > A} < {=e ; (7.217) 


where the constant A is independent of f and A, then 7 is said to be of weak-type 
(p,q). The term on the left of the preceding result is the distribution function of |7/|. 
A function f, for which the distribution function satisfies 


mix: [f@)| > A} < AA, (7.218) 


is said to be a weak L? function. 

For the case where T is the Hilbert transform operator, and for f € Z?(R), then 
clearly for 1 < p < oo the Hilbert transform is of type (p, p), an observation following 
directly from the Riesz inequality. Also, it can be stated that the Hilbert transform is 
not of type (1, 1). This follows from the fact that there exist examples of functions 
f €L! for which Hf ¢ L! (see Section 4.21). 

if f € L'(T), then for A > 0 and K a positive constant, 


K\lf lly 
ee (7.219) 


9 €[—x,x]: \7| > | < 


which is Kolmogorov’s theorem, and establishes that Hf on T is of weak-type (1,1). 
The proof of this is given at the end of Section 7.2. For the case f € L'(R) anda > 0, 


K 
ne R:|@ol > al <M, 


(7.220) 


which is Kolmogorov’s theorem for the line. This result is sometimes referred to as 
Kolmogorov’s weak-type inequality. Hence, Hf is of weak-type (1, 1). A sketch of 
the proof of this formula follows. Starting from the Hilbert—Stieltjes transform result 
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in Section 4.25: if f is of bounded variation on R and its total variation is denoted by 
V, then, for A > 0, 


KV 
Ix€ R: |HsF(@)| > Al < re (7.221) 


if f € L'(R) and F(t) is absolutely continuous on R, then 


t 
Fi) = / f(s)ds, (7.222) 


and dF (t) = f (t)dt, a.e. The function F(t) is of bounded variation on R, and the total 
variation of F(t) is given by 


=) aro = | If (@)lde = IIflh- (7.223) 


Inserting this result and dF'(t) = f (A)d¢ into Eq. (7.221) leads to 


K 
re: HO] > as SU, 


(7.224) 
which establishes that Hf is of weak-type (1, 1). 

The Riesz inequality is now revisited one more time. First, some preliminaries 
are required. Chebyshev’s inequality takes the following form: let f ¢ L?, with 
0 < p < ™, then, for any A > 0, 


a 
mx ER: |f(x)| > A} < apr (7.225) 
To prove Eq. (7.225), proceed as follows: 
mtx eR |fea| > a) =a? f dx 
If @)|>a 
sf ireoras 
If @)|>a 
Ce 
=f \foprar, (7.226) 
—oo 


which gives the required result. 

If T is a linear operator of weak-type (p1,p1) and is also of weak-type (p2,p2), 
then T is bounded operator on L? for p1 < p < p2. This is an interpolation idea, and 
the statement just presented is a particular version of the Marcinkiewicz interpolation 
theorem. Let the bounded function f be written as follows: 


f) = gx) + h@), (7.227) 
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with 
_ J f@), If@)| <a 
g(x) =| 0, LfG| > 2 (7.228) 
and 
0, If@| <A 
= 22 
a | f@), [FO > 2. 22?) 
If T is of weak-type (p1,p1) and weak-type (p2,p2), then 
C Pi 
mix: \T/@)| > 2) < an (7.230) 
and 
C P2 
m{x : Tf) >A) < Saas (7.231) 


where C,, and C,, are constants depending only on p, and pp, respectively. Applying 
Eq. (7.230) to A(x) and Eq. (7.231) to g(x) leads to 


Cy, Aly es Cy lel 


m{x : |Tf(x)| > 2A} < API P2 


(7.232) 


and Eq. (4.560) has been employed. Multiplying both sides by 4?~! and integrating 
over A leads to 


[o,@) [o,@) [o,@) 
/ elena 2 TF Ge) 2A, / jae clas i n(x) |?! dx 
0 0 —oo 


lee) lee) 
+ Cy i Vas cane / le(x)|P? dx; 
0 —oo 
(7.233) 


hence, 


[o,@) [o.@) [o,@) 
i Pr! da vi dx = Cy / dx / a(x) PtaP PI! da 
0 | Of (x)|>2 —0o 0 


Cc (oe) 
+ Cy i, dx [ lg(x)/P2aP 2! da. (7.234) 
—0o 
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The preceding result can be rewritten as follows: 


oo |Tf (x)|/2 oo 
foal fale Lew 
00 0 |Tf (x)|/2 
oe) lf )| 00 
= Co f of | +f | a(x) /P! PPI! da 
—00 0 If I 


00 If@)1 poo 
+ Cp, i dx / az / lo(x)|P2 PP! da, (7.235) 
—o0 0 If) 


and hence 


0° |Tf (x)|/2 io lf ()| 
i dx i dh HC / dx / f(x) PLP Pi! dn 
—co 0 —0o 0 


CO CO 
+ Cp / dx / If (x)|P2aP- 2! da; (7.236) 
—oo If) 


that is 


Lf” 0° FOI 
~ / [Tf (x)? dx < Cp, / If (x)?! a [ yp-Pi-! qa 
P J-o« hints 0 


lee) lee) 
+ Oy / | f (x) |P2 dx pP-P2-! an 
lee) 


- If) 
e 00 C 00 
a8 / LPC) dx + / noe 
P—P\1 J-o P2—-P J-« 
C C 00 
= ft + rll / If (x)? dx, (7.237) 
P—-P\ P2—-Pp —0o 
and so 
i [Tf (x)/P dx < 2? { Pe ~ mn | i If @)P dex. (7.238) 
~o0 P—-Pi p2—-P)J J-co 


Fubini’s theorem is employed to make the necessary change in integration order 
in the previous sequence of steps. The preceding result can be used to establish 
the Riesz inequality. First, identify 7 with the Hilbert transform operator. Equation 
(7.230) holds for H = T and p; = | (by Kolmogorov’s theorem, Section 7.2). In 
Section 4.12 the equality ||Hf|l, = ||/|l. was proved, that is Hf ¢€ L’, and, by 
Chebyshev’s inequality, Eq. (7.231) follows with H = T and p2 = 2. Insert H = 
T,p: = 1, and p2 = 2 into Eq. (7.238), then 


ie iaroopax <c {Po 4 P| Lf Ge)? dx; (7.239) 
0° P-1 2-p)J-c 
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that is, 


Af lp < Coll fly» (7.240) 


which is valid for 1 < p < 2. A duality argument (see Section 4.20) completes the 
proof for 2 < p < ow. The one deficiency that should be immediately apparent in 
this approach is that the quality of the bound deteriorates significantly as p > 2. 


7.9 The Hardy-Littlewood maximal function 


In this section the Hardy—Littlewood maximal function is introduced. This is done 
primarily as a lead-in to the maximal Hilbert transform. if f(x) is locally integrable 
on R, then for x € R, the fundamental theorem of Lebesgue is given by 


x 


+b 
a= Reed ase f (dt = f(x), a.e., (7.241) 


which can be put in a slightly more compact form as follows: 


; 1 xt+h 
lu! Al f(dt =f (x), ae. (7.242) 


Arelated function can be formed by making two changes: replacing the limit by a sup, 
and, to avoid the possibility of cancellation of positive and negative contributions, 
substituting | f| for f. The Hardy—Littlewood maximal function is defined by 


Wo o=sie / If @lde. (7.243) 
xel | I 


In this definition |/| denotes the length of an interval J. Other notations are employed 
for Mf, of which the most widely used is f*. 
For a bounded function it follows that 


Mf (x) < Wf lloo- (7.244) 


A central result is the Hardy—Littlewood maximal theorem: if f € L?(R) for 1 < p 
< 00, then Mf (x) is finite a.e. Further, if f € L'(R), then, for 4 > 0, 


Allf lh 
r > 


Ix R: M(x) > Al < (7.245) 


where A is a constant independent of f. if f € L?(R) for 1 < p < ov, then 
Mf € L?(R) and 


Mf lp < Collf lip. (7.246) 
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where the constant C, depends only on p. That Mf(x) is finite a.e. follows from 
Eq. (7.245) if f € L'(R) and from Eq. (7.246) if f € L?(R) for 1 < p < ov. 
There are different ways to establish Eq. (7.245); the following approach is based on 
a proof by Koosis (1998). Without loss of generality, assume f(x) > 0. For a general 
function the decomposition f (x) = f(x) —f_ (x) can be made, where f4 (x) denotes 
the positive part of f and f_ (x) designates the absolute value of the negative part of 
f, so that 


m{x : Mf (x) > A} < mix : Mf. (e) > 24/2} + mix : Mf_(x) > A/2}, (7.247) 


which allows the result for a general f to be deduced. Let 


1 x+h 
fi (&) = sup > / Sf (s)ds (7.248) 
n>oh x 
and 
fats) = sup > | * f(sdds, (7.249) 
h>0 h x—h 


and, for > > 0, let FE} = {x : fi(x) > A}, Bo = {x : fo(x) > A}, and E = 
{x : Mf(x) > A}. Since EF C E| U Ep, then 


m{x : Mf (x) > A} < m{x : fi) > A} + m{x : fox) > A}, (7.250) 


and it suffices to prove 


1 
m{x i fi(x) > As= a f (x)dx (7.251) 
Fy 
and 
1 
m{x : fa(x) > Ay = - | f (x)dx. (7.252) 
Ey 
Let 
F(x) = [ roos. (7.253) 
0 


and take F(x) to be finite everywhere; since f(x) > 0, F(x) is an increasing function 
of x. A graph of a typical function F(x) is shown in Figure 7.1. 

The intervals /, in Figure 7.1 are disjoint, and are formed by projecting onto the 
x-axis the segments formed by drawing tangent lines, all of slope A, with the curve 
y = F(x). Suppose the interval J, starts at the position x,, then by inspection of 
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y 


F(x) 
X= slope of é 
tangent lines 


disjoint intervals J, 


Figure 7.1. Projection of the tangent line sections to form the intervals J,. 


Figure 7.1 it follows that 
= F (Xn + In) — F(Xn) 
Zn | 


for fOdt— fo" fat 
7 n| : 


and so 
A Un| = | soe. 
In 


From the definition of f(x), 


fi (x) = sup 


h>0 


je | 
———-———— fr 


(7.254) 


(7.255) 


(7.256) 


Let A be any subinterval of J, then the least upper bound for the slope in Eq. (7.256) 
must exceed i, by the way in which the intervals are constructed. On summing over 


all the intervals [,, Eq. (7.255) becomes 


ALE\| = f(@dt, 
Ei 
and so 


1 
|E1| = m{x : fix) > A}= < ff f (tdt. 
1 


(7.257) 


(7.258) 
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A similar argument gives 
1 
[Ea] = mlx: a(x) > A) = = i. f(Ode. (7.259) 
Ep 
Using Eq. (7.250) leads to 
m{x : Mf (x) > A} < -| f@dt+ -/ f@dt 
A Ey Ar Ey 
< ; | fost ; | foae (7.260) 
ide ro 
hence, 
m{x : Mf(x) > A} < a f@dt, (7.261) 
r Mf>r 


and Eq. (7.245) follows immediately. 

Equation (7.246) can be proved in several ways. The two approaches illustrated 
are among the easiest based on the material already covered. Write f in the following 
form: 


SX) = gx) +h), (7.262) 
with 
_ Jf), If@| 2A 
g(x) = tb fees (7.263) 
and 
0, If ()| > Aa 
= .264 
*= len, oolen veer 
From the preceding definition, 
MA(x) <4, (7.265) 
and so 
m{x : Mh(x) > »4} = 0. (7.266) 


Making use of Eqs. (4.560) and (7.262) leads to 


m{x : Mf (x) > 2A} < m{x : Mg(x) > A}, (7.267) 
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which simplifies, on using Eq. (7.261), to give 
2 [o,@) 
m{x : Mf (x) > 2A} < -f lg (x) |dx. (7.268) 
—cC 
Multiplying Eq. (7.268) by 4?~! and integrating from 0 to oo leads to 
[o,@) [o,@) [o,@) 
/ | in{x : Mf (x) > 2a}da <2 i nw? da / lg(x)|dx, (7.269) 
0 0 —0o 


and so 


(oe) (oe) [oe 
/ wl da i dx <2 i dx i MP |e(x)|da. (7.270) 
0 Mf (x)>22 —oo 0 


The preceding inequality can be written as follows: 


oo Mf (x)/2 oo oo If | oo 
/ dx / zy / dear Vas) / dx / + / lg(x)|AP-? da, 
—0o 0 Mf (x)/2 —0o 0 If @)| 


(7.271) 
and hence 
0 Mf (x)/2 0° If @)| 
/ dx a wl da <2 is | f (x) |dx / wP-? da. (7.272) 
—0o 0 —co 0 
It follows that 
1 ee 2 ee 
al Mf (x)|? dx < —| If Ox)? dx; (7.273) 
2PD J—oo pa ISR 
therefore, 
ppl 
IMAI < B= ISIE (7.274) 


and Eq. (7.246) is proved. 

An alternative way to prove Eq. (7.246) makes use of the Marcinkiewicz interpola- 
tion theorem treated in Section 7.8. There is a complication that the Hardy—Littlewood 
maximal operator M is not linear. Suppose for an operator T that |7f;| and |7fy| are 
defined, then 7 is called sublinear if 


ITA +/2)| < ITAL + IZA (7.275) 


and, for a constant c > 0, 


IT(cfi)| = clTAl. (7.276) 
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The Hardy—Littlewood maximal operator satisfies this condition. The Marcinkiewicz 
interpolation theorem can also be derived for sublinear operators. The reader should 
explore this as an exercise. 

The quantity ||\//||,, is bounded as follows: 


IMF lloo < If lleo » (7.277) 


for all f € L°. The latter result is used as a substitute condition for Eq. (7.231) for 
the case pp = oo in the derivation of the Marcinkiewicz interpolation formula Eq. 
(7.238). On setting pj = 1,p2 > oo (with C,, = 1), identifying T with the Hardy— 
Littlewood maximal operator and setting the constant A = 2 (from Eq. (7.261)), then 
Eq. (7.238) yields 


oo p+ 1 P oo 

| reprar s —? [pooper (7.278) 
—00 P—1 Jc 

which is the required result. The Hardy—Littlewood maximal function finds a number 

of applications in analysis, and these can be explored by checking the references given 

in the chapter end-notes. The following section shows one application to a related 

maximal function connected with the Hilbert transform. 


7.10 The maximal Hilbert transform function 


Recalling the definition of the truncated Hilbert transform, H; f, 


H. f(x) = ue iu £O dt, (7.279) 


HW J\x-t|>e X — 0 


the maximal Hilbert transform function, My /, is defined as follows: 
Hu f(x) = sup|Hz f (x)| . (7.280) 
e>0 


The maximal Hilbert transform operator is written as Hj)y. The notation H*f is also 
frequently employed to denote the maximal Hilbert transform function. For a function 
f € L(T) the truncated Hilbert transform is given by 


He f (x) = x [ (f(x—) —f(x+ 0} cot( 5 Jar, (7.281) 


The maximal Hilbert transform function is then defined in a similar fashion to 
Eq. (7.280): 


Hu f(x) = sup |Hef(x)|. (7.282) 


O<e<m 
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If the function g is greater than or equal to the function f for all x, then f is majorized 
by g. From the definitions just given for the maximal Hilbert transform, then clearly 
the absolute value of the Hilbert transform of f is majorized by the maximal Hilbert 
transform, that is, 


|Hf (x)| < Hu f(@). (7.283) 


The maximal Hilbert transform can be bounded in terms of the Hardy—Littlewood 
maximal function. Let f € L?(T) for 1 < p < o; then 


Hm f (x) < MH (x) + CMF (x), (7.284) 


where the constant C is independent of f. An analogous result holds for Hy acting 
on functions f € L?(R) : 


Hy f (x) < MHf (x) + CMF (x), (7.285) 


and this is referred to as Cotlar’s inequality. Another important result is that the norm 
uf lp is bounded by If lp , thus 


Hu fll, < Gllfl - (7.286) 


To prove Eq. (7.286) for the case f € L?(R) withp > 1, start with Cotlar’s inequality 
to obtain 


Hu fx)? < |MHf (x) + CMP (x)? . (7.287) 
Integrating over (—0o, oo) and making use of Minkowski’s inequality leads to 
SS p! 66 p! 
{[_mwroorarl =| f waeirs + cmroor ax} 
—~oo —0oo 


=! -1 


le) Pp (oe) Dp 
<{f iM? ax| +e f IMrcor ax] 


(7.288) 
Employing Eq. (7.246) and the Riesz inequality yields 
uf llp < Col lip + CUI llp 
<= Gllfllp + Gllf ll,» (7.289) 


where C, and Cy are constants depending only on p; hence, Eq. (7.286) follows. To 


complete the proof it is necessary to establish Eq. (7.285). To handle this a digression 
is made to treat some properties of the Poisson and conjugate Poisson operators. 
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The Poisson and conjugate Poisson operators for the upper half plane are 
defined by 


1° € 
and 
Le f x—t 


for ¢ > 0. The conventional variable that would appear in these definitions is y in 
place of ¢, but the latter choice has been selected because connections will be made 
between these operators and the truncated Hilbert transform operator, for which the 
notation H, has been employed. Using the definitions of the Poisson and conjugate 
Poisson kernels for the half plane given in Eqs. (3.31) and (3.32), respectively, the 
Poisson and conjugate Poisson operators can be written as the following convolutions: 


Pef (x) = (PC, €) *f)(@) (7.292) 
and 
Oz f(x) = (QC, €) *f) (x). (7.293) 
It will first be demonstrated that 
lHef (x) — Oc f(x) < Pel f1@). (7.294) 


Starting with 


Hf (x) — Ocf (x) = - i f@dt 1 | © (x — Af (dt 


lx-tl>e X—F H Jose GO Fe? 


sil 1 eH) 
ot [fo | era 


1 (x — af (dt 
-=- ee ewes (7.295) 
it follows that 
1 e*| f ())|dt 1 Ix — t| |fO|de 
LO) Of OS Sh AGT anger SOE 


r -/ elf Olde 1 / elf (Olde 
~ |x-t|>e {@ — i + e7} W J \x—-t\<e (x — 2 ar e?” 
(7.296) 
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where the inequalities e« < |x — ¢t| and |x — t| < e have been used to simplify the first 
and second integrals, respectively. From the preceding inequality it follows that 


Tespe: “ei f ae? . 
[Hef @) — Of) = — i ae rv aA 1), (7.297) 


which is the required result. A related formula is 


1 f° elfO —f@)lde 
ef (x) — Oe f(x) | = — [ eer aa (7.298) 
This is established by starting with Eq. (7.295): 
matt 1 (x — t) 
Hef) ~ Osf() = = fa (£0 -S@) | - ag ae = |e 
on [ («— DFO —f@}dt 
J \x-t\<e (x — 1)? + &? 
S() 1 (x — t) 
ee poes E =a (Ged ale 
aes ae (7.299) 


HJ \x-t\<e @ =#)2 Fe" 


The last pair of integrals in Eq. (7.299) simplify as follows: 


ip 1 (x — t) jar / (x — t)dt 
Ix—tl>e LX — t @- ie + ge? |x—t|<e Ce t)? se e? 


ba | ol ° ~6wdw 
= dt+ dt 5 5) 
0% x-t xte X—F co W+E 


= 0, (7.300) 


and repeating the approach leading to Eq. (7.297) for the first two integrals in 
Eq. (7.299) gives Eq. (7.298). 
The next result of interest is 


lim {Hef @) —O,f(x)}=0, ae. (7.301) 
CS 

Using Eq. (7.298) and Eq. (4.486) or the approach in Eqs. (4.487) — (4.491) leads to 
this result. 


if f e L? with | <p < ~, then 


ee P.f@=f@), ae. (7.302) 
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and 
tim |P. f(x) —f (x) |? dx = 0. (7.303) 


Equation (7.302) is proved using the approach discussed in Section 4.22. Equa- 
tion (7.303) can be established as follows: 


P 


pe pe lL fp eff — fede 
tim f IP. f(x) =f? de = tim f =a perro 


a ie oe a elf (t) —f@)ldt 


T e>0 J_oo x — 1)? + e 


=0; (7.304) 


P 


where either Eq. (4.486) or the approach in Eqs. (4.487) — (4.491) is employed. The 
reader is asked to justify the switch of integral and limit that have been made. 
Another result of interest is 


CO 
lim / |O.f (x) — Hf (x)|* dx = 0. (7.305) 
é€>0 Jo 
Recalling that Hf (x) = limg_,9 A; f(x) a.e., then, from Eq. (7.301), it follows that 
Of (x) = ds Oc f(x), ae. (7.306) 
clea 


If the following identity is employed: 


-[- E] s—t 4 x—t (7307) 
s= ; , 
H Jioo (x — 5)? +67 (s — 1)? + &3 (x — t)? + (e1 + £2)? 
for e; > O and €2 > 0, then 
1. f° x—t 
Qejte,f(%) = = is =e ere aye 
1 ee 22 E| hae 5 
=—> t)dt d. 
af fo ie G@—s+e6—-—t+e 
1 as font [ Sa 
= d ——___.—~f (t)dt 
m2 foe (x — s)? + ef fae gar ean 
1 ee El 
= Be d. 
af Grog eel 
= P.O, f(x), (7.308) 


and the interchange of integration order can be justified by Fubini’s theorem. The 
reader is requested to specify the conditions on the function f that supports making 
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this step. if f is square-integrable, then taking the limit e2 — 0 in the preceding 
result and using Eq. (7.306) yields 


Q: f (x) = PeHf (x); (7.309) 


that is, 


= —_.—., fore > 0, (7.310) 


ie f(x —et)dt | °° Af (x — et)dt 
-o +1 0 +1 


aresult holding forf € L?(R) with 1 < p < oo. Note that Eq. (7.310) can be verified 
directly by reversing the order of integration for the integral on the right-hand side 
of the equation. This is left as an exercise for the reader to check. From Eq. (7.303), 
with f replaced by Hf and p = 2, 


lim i ~ |P-Hf (x) — Hf (x)|" dx = 0. (7.311) 


Inserting Eq. (7.309) into this result leads to Eq. (7.305). 
Using the triangle inequality leads to the following useful result: 


lH. f (x)| _ |He f (x) = O- f (x) + O- f (x)| 
< |Aef (x) — Oc f(x)| + |Ocf()|. (7.312) 


Making use of Eqs. (7.294) and (7.309), the preceding result can be written as follows: 
Hef &)| < Pe lf) + |PeHf (x)I- (7.313) 


In Section 5.2 (Eq. (5.13)) a bound for the norm of the truncated Hilbert transform 
for functions satisfying f € L? was established, a result that is now generalized to 
cover the case f € L? for 1 < p < oo. Start with Eq. (7.292); to deal with the 
convolution, make use of Young’s inequality (also called Young’s theorem). Young’s 
inequality takes the following form: if f € Z?(R) and” € L4(R), then f xh € L’, 
where r~! = p~! + g7! — 1, and 


If * All, < WS llplAllg - (7.314) 
For e > 0, 
IPefllp < IPQ Olif ll, ; (7.315) 
that is 


IPeflly < Clif lip. (7.316) 
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where 
é 


] [o@) 
C = ||PQ@, — oe dt = 1. 7.317 
IPC.e)Ih -{_ vas (7.317) 


Equation (7.295) can be written in the following alternative form: 


He f (x) — Oc f (x) = / ke (x — Of (dt, (7.318) 
where 
| 1/x—x/(x? +e), for |x| >e 
k(x) = (7.319) 
—x/(x? + 6), for |x| <e. 


Applying Young’s theorem to Eq. (7.318) gives 


Hef — Oe fly WF lipllAell = CIF lp - (7.320) 


From Eq. (7.309), and using Eq. (7.316) and the Riesz inequality, we have 
Oc fllp < IPcHf lip < Collf llp- (7.321) 
Writing 
Ae f (x) = He f(x) — Oc f(x) + Ocf(), (7.322) 


then applying Minkowski’s inequality, yields 


Hef lp < Hef — Qef lp + IQS lp - (7.323) 


Inserting the bounds given in Eqs. (7.320) and (7.321) into the preceding inequality 
leads to 


IHeflly < Collf lly. (7.324) 


which is the required result. 

A bound for the convolution of the Poisson kernel with the function f in terms of 
the Hardy—Littlewood maximal function is now determined. Let ¢,(s) be a sequence 
of step functions selected such that in the limit n — oo, ¢,(s) — Poisson kernel. The 
situation is depicted in Figure 7.2. The simple functions ¢,(s) can be written in terms 
of characteristic functions as follows: 


N 


ons, x0) >= > aX (—hy+x0, hp +x0) (s), (7.325) 
k=1 
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t P 


_! y 
P(x Xo» V) T (x—x,)2 4 y2 


area under curve = | 


Xl—My  Xy Xr x 
Figure 7.2. Sequence of step functions representing the Poisson kernel. 


where the coefficients a, satisfy a) = bj, ag = by — bg_j, fork > 2, and az > 0. 
Since the Poisson kernel is normalized to unit area, 


= N 
/ Pn(s,xo)ds = > 2hy ay <1. (7.326) 
=O 


k=1 


It follows that 


< | dns, xo) |f (Ids 


/ on(s, Xo)f (s)ds 


N (oe) 
= oa / X(—hy-+xouhetx) (DLS (lds 
k=1 =e. 


N 1 hy +xo 
= hea If (s)|ds 
par k J —hy+x0 
NN 1 hy +x0 
<p) 2hpax sup — lf (s)|ds 
dX hy,>0 2hr —hp+x0 
N 
= \ > hg a Mf (x0); (7.327) 
k=1 
hence, 
(oe) 
| / Gn(s,x)f (s)ds| < Mf(x), (7.328) 
—Co 
and so 
Pe f (x)| < Mf (x). (7.329) 


Employing this result together with Eq. (7.313) leads, on taking sup,. 9, to 
Hiv f (x) < Mf (x) + MHf (x), (7.330) 


which is the required result. 
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The maximal Hilbert transform is bounded in the following manner: 
uf lp < GIMFl, - (7.331) 
To prove this result, make use of the following inequality: 
Ix: My f(x) > 2A and Mf (x) < yA| < Cy|x: Hm f(x) > Al, (7.332) 


for 4 > 0, where C and y are positive constants. This is called a relative distribu- 
tional inequality, or sometimes a good i inequality. The chapter end-notes provide 
references to locate the proof of this result. Different sources employ a comma or 
semi-colon in place of the “and” in Eq. (7.332). Now 


Ix: HM f(x) > 2A| = |x: HM f(x) > 2A and Mf (x) < yA 
+ |x: Auf) > 2A and Mf (x) > yA 
< |x: Auf (x) > 2A and Mf(x) < yA 
+ |x: Mf(x) > yal. (7.333) 


Making use of Eq. (4.560) leads to 
(oe) 
WS =p fe Hus > ane aa, (7.334) 
0 
and, with the appropriate change of variable, it follows that 
[oe 
Hu fib = 2?p / Ix: Hf (x) > 2a|aP! da 
0 
CO 
< 2p {/ Ix : Hf (x) > 2a and Mf (x) < yalaP-! da 
0 
Cc 
+f Ix: Mf (x) > yaar! a| 
0 
CO 
< 2p {er f Ix: Hu f(x) > alaPo! da 
0 
1 (oe) 
+— / Ix : Mf (x) > ajare! an} : (7.335) 
vy? Jo 


where Eqs. (7.332) and (7.333) have been employed. Hence 


1 
uf ie < 2? {vin + ims} (7.336) 
yP 
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From Eq. (7.336) it follows that 
eS rap 7. 7 


Equation (7.331) follows by selecting the constant y so that (1 — 2?Cy) > 0. 
Taking advantage of Eqs. (7.283) and (7.331) leads to the following result: 


IAF ll, < IMF, - (7.338) 


If Eq. (7.246) is employed, then Eq. (7.338) reduces to the Riesz inequality, and this 
approach provides another derivation of the key inequality of this chapter. 

This section is concluded by considering a weak-type inequality for the maximal 
Hilbert transform. if f € Z(R), then, for 7 > 0, 


m{x : My f(x) > A} < =| If @)|dx, (7.339) 


where C is a constant independent of f. To prove this result, the approach of Garsia 
(1970, p. 113) is closely followed. Since the proof depends on ideas developed by 
Loomis, the reader would find a review of parts of Section 4.25 to be valuable. First, 
a lemma is presented that is attributed by Garsia to W. H. Young, which is a simple 
form of a more general result of Vitali. A covering lemma: let {J),/2,...,4,} denote 
a finite family of open intervals in R, then a finite subfamily of disjoint intervals 
{I,1,...,[,} can be found such that 


Pp n 
m ( U 1) <2) ¢ mi). (7.340) 
k=1 k=1 


It is assumed that {J),J2,...,J,} contains no intervals that can be written as the union 
of the other intervals; if this is not so, then these particular intervals are deleted. In 
this new family, set 


Jk = (atx, Bi)s (7.341) 


and index the intervals so that a < a2 < a3 <--- < dp, then 


Bok-1 < O2K+41 (7.342) 


and 


Bok < O2K42- (7.343) 


The situation a, = a+) for some k is excluded, since one of the intervals J; or Jx+1 
contains the other, which, by construction, is excluded in the new family of intervals. 
The case B2,_1 > 2441 is also excluded, otherwise the union of two of the intervals 
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Jox~—1, 52", OF J2x41 Would contain the third, and a similar situation applies to the 
counter statement of Eq. (7.343). Therefore the even and odd numbered intervals 
form pairwise disjoint subfamilies, and so it follows that 


P n n 
m ( Us) < So mi) + D5 muy). (7.344) 
k=1 


k even k odd 


Identifying the larger of the even numbered or odd numbered intervals with the family 
{11,L,..-,In}, Eq. (7.340) follows. 
For 4 > 0, define the sets 


Ey = {x : sup[H,f@)] > A} (7.345) 
nee 
and 
= {x : sup[H,f(x)] < —A}. (7.346) 
nee 


Let J; denote the set of intervals (x; — t,x; + 1). The intervals Jj for which 


1 me % +f” os (Ode, (7.347) 


cover £,. A subfamily of disjoint intervals J; of the form (Qj — 6;,x; + 6), j = 
1,2,...,n, can be selected so that 


+| de co +f ' | ose Oe i (7.348) 


and by the covering lemma, Eq. (7.340), 


n 
m(Es) <2 5° m(ij). (7.349) 
j=l 
The real axis can be partitioned into small intervals so that, for a given 6 > 0, 


xj—5j 
af +f | Ro 1 y- Jf Oat ih, (7.350) 
Xj+5; u o¢l; Xj — Xo 
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TI. 
o€l; J o¢l; 
Sa ef RTT ss =e 
o¢€l; 4 
xj Oj y xj + 0; 


Figure 7.3. Partition of the real axis into the intervals o and Jj. 


where x, is the center of the interval o. Two functions are introduced by the following 


definitions: 


awl J, f@adt 
a= yee 


Xx —Xog 


and 


1 oJ (t)dt 
gi) = — Dd LoFOat 


X—X, 
oel; g 


The sum )',¢ 1, 18 evaluated over the intervals shown in Figure 7.3. 
The difference of the two functions is given by 


J, f@dt 


X—Xo¢ 


1 
he) = 80) — gi) = — 


o€l; 


and this is clearly decreasing for x € J;. Since 


a) peo t)dt 
ie ie ‘+f LOa Ly el ee 
ae —oo x40; } %7 — t a Xj — Xo 


o¢l; 
then 


1 J, f(Odt is 


Xj — Xo 


(1 —98)a, 
me 
o¢l; 


and hence, for x = x; 


h(x) > (1 —4)a, 


(7.351) 


(7.352) 


(7.353) 


(7.354) 


(7.355) 


(7.356) 
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which remains true for x in the left half of J;. Making use of Eq. (4.560), it follows 
that 


n 


ye smh) = m{x: h(x) > (1—45)A} <m {* :g(x) > stl _ ol 
j=! 


+m » S -gi(x) > sl = aye} 
Pl 
(7.357) 


Applying Loomis’ lemma (see Section 4.25), leads to 


n 


1 2 = 2 
eg) < aad [fO8+ aap D [foe (7.358) 


j=l 


Taking the limit 6 — 0 and making use of Eq. (7.349) leads to 


m(Ex) < ~ | 7 f (dt, (7.359) 


and a similar approach gives 


mE_) < ° [rou (7.360) 


Taking the limit ¢ > 0+, it follows that 


m {* : sup|H, f(x)| > if < =| Lf (x) |dx. (7.361) 
e>0 —0o 


Recalling the definition in Eq. (7.280) establishes Eq. (7.339). 
Let f(z) be defined in the upper half plane, then the non-tangential maximal 
function of f is introduced as 


Na(f)(x) = sup |f@I, (7.362) 


zeETy (x) 


where I'y(x) is the cone z = {s + iy : |s—x| < ay}. An interesting result is the 
following. Let 0 < p < oo and suppose u(z) is a real-valued harmonic function in 
the upper half plane with vu(z) its harmonic conjugate; then F(z) = u(z) + 1v(z) is 
analytic in the upper half plane, and for a > 0 and Ny(u) € L?, 


sup i 7 |F(@ + iy)? dx < Cup i [No (ut) (x) |? dx (7.363) 


y>0 J—0o = 
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and 


sup a Ju(x + iy) /P dx < cap [. [No (uw) (x) |? dx. (7.364) 


y>0 J—co 


This theorem is due to Burkholder, Gundy, and Silverstein (1971). The special part 
of the result is the case 0 < p < 1. The reader interested in the proof can consult 
Burkholder et al. (1971), or for a simplier proof see Garnett (1981, p. 116) or Koosis 
(1998, p. 178). There is an analog of the preceding result for the unit disc. 


7.11 A theorem due to Helson and Szegé 


Recall from the discussion in Sections 4.10 and 4.20 that ||Hf||;2 is bounded. Let 
jt denote a positive measure on R, then a question of interest is to decide whether 
Af |l72(4) 18 bounded for a suitably chosen f. This problem was answered in the 
affirmative by Helson and Szeg6 (1960). Their key result is as follows. The Hilbert 
transform operator is bounded in L* (jx) iff the measure ju is absolutely continuous, 
so that djs = w(x)dx, where the weight function w(x) is given by 


w(x) = ePOTHY@) | (7.365) 


and the functions g and w satisfy p(x) € L°(R), w(x) € L™©(R), and || Wl p00 < m/2. 
To establish this result, let W(z) denote the analytic function such that, on the real 
axis, 


W(x) = e HY OHEAWO), (7.366) 


Let F(z) denote a function analytic in the upper half plane and vanishing sufficiently 
quickly as |z| — oo so that f Nae F(x)? dx is bounded; hence, 


i; i F(x)? (x)dx = 0. (7.367) 


Let F(x) = f (x) + i(Af) (x), then, on taking the real part and using Eq. (7.365), with 
y(x) assumed to be zero, it follows that 


/ (f (x)? — [Hf (x) PHeos u(x) + 2f Hf (x) sin W(x) }w(ax)dx = 0, (7.368) 
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ny 


n 


Figure 7.4. Evaluation of cos y(x). 


which can be rearranged to yield 


| [Hf (x) cos W(x) w(x) dx = y {f (x)? cos W(x) + 2f (x) Hf (x) sin W(x) }w(x) dx 
oo oo 1/2 
< / Fes)?woydr +2 / Fes)?w0ar) 


00 1/2 
( it {Hf ()Pweanas) : (7.369) 


where the Cauchy—Schwarz—Buniakowski inequality has been employed and the 
inequalities sin? (x) < 1 and cos (x) < 1 are also used. Let IW llzo = 2/2 —n, 
with 7 > 0, then it follows that there is a constant « such that 
0<k =cos||WPllpo < cos w(x). (7.370) 
This can be readily seen from the geometric construction shown in Figure 7.4, where 
cos (x) is the heavy line segment on the x-axis, and clearly this is always greater 
than zero ifn > 0. Using Eqs. (7.369) and (7.370), setting A = f°. {Hf (x)}?w(@w)dx 
anda = {°° f(x)’w(x)dx, leads to 
KA <a+2,/(ad). (7.371) 


Set x = ./(@A), then 
{x- =a + vat} {r+ vate) —D] so. (7.372) 
K K 


Since {x + (a/k)(/(1 + «) — 1)} is positive, x is bounded above in the following 
way: 


xs (+ J +4)); (7.373) 
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that is, 
A < Ca, (7.374) 
which can be rewritten immediately as 


IAF lz2quy < Cf I2q > (7.375) 


where C denotes a positive constant independent of f. This is the required result. 

It turned out to be difficult to take the Helson—Szeg6 result in different directions. 
An alternative approach has been developed by Hunt, Muckenhoupt, and Wheeden 
to handle weighted inequalities for the Hilbert transform, and this is discussed in the 
following two sections. 


7.12 The A, condition 


A fundamental issue connected with Eq. (7.159) is the following: for what class of 
weight functions is this inequality satisfied? In different language, if L?(jz) denotes 
the class of z-measurable functions f, for which the norm || /'|| in satisfies 


1/p 
o pie au.) < 00, 1<p < 06, (7.376) 


what characterization of the weight functions can be found to ensure that || Hf '|| Pan is 
bounded on R? For an absolutely continuous positive Borel measure jz, du = w(x)dx, 
and this form is employed in subsequent developments. It turns out that a relatively 
simple condition—called the.A, condition —can be found that determines what weights 
allow Eq. (7.159) to be satisfied. The A, condition is discussed in this section and 
some applications are illustrated in Section 7.13. 

The principal interest here is the determination of a number of properties that 
are satisfied by functions of the class A,. In this section, a convention commonly 
employed in this area of mathematics is adopted, that 0 - co when it arises has the 
value 0. Let w(x) denote a non-negative function that is locally integrable and defined 
on (—oo, co), which satisfies the inequality 


-l 


Pp 
[veo ([ woe" ar) eC ITP. (7.377) 
I I 


for 1 < p < oc. The constant C satisfies 0 < C < 00, and is independent of J, with 
I any interval such that J C (—oo, 00), and |/| is the length of the interval. Equation 
(7.377) is called the A, condition. Functions satisfying this condition are referred 
to as belonging to the A, class. From the definition it is clear that both w(x) and 
wx) PD are required to be locally summable and finite a.e. For the case p = 1, 
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the A, condition is given by 
1 ‘ 
— [vcoax <C essinf w(x) (7.378) 
| Jr xel 


or, aS sometimes written in terms of the Hardy—Littlewood maximal function, 
Mw(x) < Cw), (7.379) 


with C independent of J. For the case p = ov, proceed as follows. Let w(x) be a 
non-negative locally summable function on R, let the measure du = w(x)dx, and 
denote 


/ w(x)dx = W(E) = |Ely. (7.380) 
E 


Suppose there are real constants a and 8, with 0 <a < | and0 < 6 < 1, such that 


|E| LE) 
Wo es for E cI; (7.381) 


then the weight w(x) satisfies the A, condition. 
If the Hélder inequality with conjugate exponents p and q is applied to the weight 
function w(x), then 


1 —1 


[vee < ([ woo" ar) (/ ar) ; (7.382) 


—1 


q 
af w(x)dx < = (7 f merar) (7.383) 


By analogy with this last result, the weight function w(x) is said to satisfy the reverse 
Holder inequality if, for g > 1 and non-negative C independent of /, 


g 
(TF f w(x)! ar) < co / w(x)dx. (7.384) 


A number of the properties associated with the A, condition are now summarized. 
Several of these results find application in deriving weighted inequalities involving 
singular integral operators. 


and so 


(i) If wi (x) € Ay and w2(x) € Aj, and let w(x) = wi (x){w2(x)}!-P forl <p< 
oo, then w(x) € Ap. 

(ii) If w(x) € Ap for 1 < p < &, then there exist weights w) (x) € 41, w2(x) € Al, 
such that w(x) = w) (x){w2(x)}!-?. 
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(iti) If wi(x) € Ap and w2(x) € Ap, for 1 < p < o, and let w(x) = 
wi (x)@{w2(x)}!-%, then w(x) € Ay forO<a@ <1. 
(iv) Ifw(x) € Ap for 1 < p < oo, then w(x) € Ap_¢, for some € > 0. 
(v) If w(x) € A, for 1 < p < ov, then w(x)* € Ap, for a satisfying 0 <a < 1. 
(vi) Ifthe weight w(x) € A, with constant C for 1 < p < oo, then w(x) PD E 
Aq with constant C (p-1)"" where q is the conjugate exponent to p. 
(vii) If the weight w(x) € Aj, then w(x) € Ap. 
(viii) If the weight w(x) € Ap, then w(x) € Ago. 
(ix) If the weight w(x) € A, for some constant C and p > 1, then w(x) € A, with 
constant C andr > p. 
(x) If the weight w(x) € Apo and is locally integrable, then w(x) € A, for 
1l<p<am. 
(xi) Ifthe weight w(x) € A, for 1 < p < ov, then w(x) satisfies the reverse Hélder 
inequality for constants g and C independent of J, with g > 1 and C > 0. 
(xii) If w(x) € Ap for 1 < p < o, and wr = (1/ ||) f; w@)dx, then, for 
B > 0, |e €1: w(x) < Bwy}| < CBP) TY. 
(xiii) If w(x) € Aj, then w(x) satisfies the reverse Hdlder inequality. 


Some proofs for several of these statements are sketched in the remainder of this 
section, and the interested reader is left to pursue details for the others in the references 
cited in the chapter end-notes. For property (i), start with the following inequality: 


1 


—p —— 
a f wscowete os ara 


wi (x)dx, (7.385) 


and 


1 


! eet Y 1 (p17! a 
7 f on oomee ie) = 7 fer Pes 


1 1 Pot 
<srmen nf mom) 


(7.386) 


Multiplying the last two results, and using the fact that w; € A; and w2 € A}, gives 


7 f wvcomaen'? dr (7 [om emnco'ry (p—-1)— ‘ax) 


< sooo!" (x)dx : ( : fw ede) 
~ inffwi@)) WJ infwoayP) I Jr 


SOC PSC: (7.387) 


and it therefore follows that wj(x)w2(x)!-P € Ap, which is the required result. 
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To prove property (111), apply Hélder’s inequality to {w; (x) wy (x)!-@y--D 
with the exponent choice p2 = (1 — a)~!; then 


[ore moeype dx < (fmarer” ax) 
I I 


l-a 
( / wy (x)7(P-D ax) (7.388) 
I 


Applying Hélder’s inequality to w) (x)“w2(x)!~® gives 


a l-a 
/ wy (x)% wax)! dx < ( i WI oa) ( i, wa(adr) (7.389) 
I I I 


From these preceding two inequalities, it follows that 


1 -1 


Dp 
ai / wy (x) wo (x)! dx (F ! {1 (x) w(x)! 8} “PD ar) 


< ( : Jw oar) ( J fw ( jax) ( l / ( y-emirtge) 
— — x — f wi(x 
=A Fe a Wr 
1 Asatte: Vee 0 
(= fore ax) 
= i wie) 7 fe ) 


I I Sees 
7 faces 7 fw dx 


2C GC, aC, (7.390) 
and hence wy} (x)*w2(x)!~% € Ap, which is the required result. 


To see how property (iv) arises, start with property (xi) and apply the reverse Hélder 
. : . = : 
inequality to the function w(x)~?-) to obtain, for 5 > 0, 


1 es (+8)! 1 Sy 
(F free Crs) ar) < C1 f wey dx, (7.391) 


which becomes, on substituting 1 + 6 = (p — 1)(p —1—)7!, with e > 0, the 
following: 


! —(p-e-1)7! pers p-1(} —(p-1)7! i 
17] Lee dx <C, il a) dx . (7.392) 
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Multiply the preceding result by (1/|/|) f; w(x)dx to obtain 


I | Gant 
7 ff wee 7 fee dx 


ari 1 Spe ete NE 
<C 7 f wees fee P dx 
UW Jy | Jy 


LO C= C (7.393) 


and hence w(x) € Ap—e. 
Property (v) is established by starting with H6lder’s inequality with exponents p 
and p2, 


F Pi Sie 
/ w(x) *P-D™ dy < ( i: ax) ( i w(x) P2(P-D ar) : (7.394) 
I I I 


and letting p2 = a~! with 0 < w < 1. Take the a~!(p — 1) power to obtain 


1 


! —a(p-1)~! ae ! Beni 
7 f“® dx < 7 fe dx . (7.395) 


Since (p — 1) < a !(p— 1) and f, w(x)” dx < f, w(a)dx, 


1 . 1 ee (p-1) 


1 1 er ree ice 
< =f wend 7 fw Pa ae) (7.396) 
II] Jz Z| Jr 


and the proof is complete. 
To prove (vi), take the (p — 1)~! power of Eq. (7.377). Using (p — 1)(q—1) = 1 
leads to 


-1 


(p-)) 
I w(x) PD dx ( i: ear aE ee Co pel, 
I I 
(7.397) 


and this simplifies, on noting that (p — 1)~' = (q¢— 1) and p(p — 1)7! = q, to give 


q-1 
frore™ ax ( f rwayre yer” ar) < CP“ 7/7, (7.398) 
I I 


which is the required result. 
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To prove property (vii), start with Hélder’s inequality to obtain, for p > 1, 


P 
(J »orwr ax) < 12 fF woy- OP woxy7! dx, (7.399) 
I I 


and so 


Pp 
(F i w(x) PD ar) < 7 suptwey4 / w(x) PD" dx, (7.400) 
xe 


from which it follows that 


(free tv) ae ee (7.401) 
| Jr ~ inf {w(x)} 


Multiplying by (1/ |/|) {7 w(x)dx leads to 


= pol I 
= / w(x) de (7 / w(x) PD ‘ax) < ADS weds 4 409) 


inf {w(x)} 


If w € Aj, the right-hand side of the last inequality is bounded by a constant C, and 
hence w € Ap. 

Property (viii) is established by starting with Hdlder’s inequality applied to 
XE(x)w() and using the definitions 


we = f xecwede; w= f wood. (7.403) 
I 
So, for 7 > 0, 
A mnt! 7 4 (q+! 
we < [|r ( / Xe(ayd) (7 i w(x)?! ar) . (7.404) 
I 
This result simplifies as follows: 
- Seen | 
we < [EOD at) co [wear (7.405) 
I 


where the reverse Hélder inequality has been employed. From the preceding result it 
follows, on setting 6 = n(n + 1)7!, that 


WE |E|\° 
— <C{—]. (7.406) 
wr Z| 


Therefore, if w(x) € Ay, property (xi) states that the reverse Hélder inequality is 
satisfied and it therefore follows from Eq. (7.406) that w(x) € Ago. 
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Property (ix) is established by starting with Hélder’s inequality, 


po! q 
/ w(x) 7D dx < ( / ax) ( / w(x) 7-7 ax) , (7.407) 
I I I 


and setting g = (r — 1)(p — 1)~! withr > p; hence, 


1-1 a a (p-Ir-1)! 
i wx) PD dx < [I] Ped ( / w(x) (P-D ax) . (7.408) 
I I 


Now take the (r — 1) power and multiply by /; w(x)dx to obtain 


a) 
[| ([ »coar) (f were ar) 
t I 
a (p-1) 
< |I\? ( i w(a)ar) ( / w(x) PD ax) (7.409) 
I I 


Since the right-hand side of this inequality is bounded by C, property (ix) is proved. 
The last property considered is (xii), which can be established using the A, condition 
for the function w(x) and employing the abbreviation 


1 
wr = — [vce (7.410) 
| Jr 
hence, 
eo [roe dx < C || (7.411) 
I = . - 
I 

Select a B > 0, then 

/ wx) PD dy < frome dx, (7.412) 
(w<Bwy) I 


and employing the inequality (Bw)7 P| < w(x) Jeads to the following 
result: 


ae dx < C|II; (7.413) 
{w<Bw7} 
that is, 

fx € 1: wx) < Bw} < CBY-P IN, (7.414) 


which is the required result. 
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7.13 A theorem due to Hunt, Muckenhoupt, and Wheeden 


This section considers weighted inequalities of the following form: 


/ ” HF GP w(x)dx < C(p,w) if * Lf) Pweodx. (7.415) 


The key issue is the determination of the general conditions that the weight function 
w(x) must satisfy in order for Eq. (7.415) to hold. The weight function is assumed to 
be non-negative throughout. An obvious condition, albeit trivial, occurs when w(x) 
is a constant for x € R, in which case the preceding equation reduces to the Riesz 
inequality. Results corresponding to Eq. (7.415) with Hf replaced by the maximal 
functions Mf and Hy f are also considered. 

The first result to be established is the following. If w € L! (IR) and p> 1, then 


loc 


/ ” Mf O)Pwedx < C(p,w) / ” FG) P wend (7.416) 


implies the A, condition. The approach of Coifman and Fefferman (1974) is followed. 
Let 


1 
mi) = / Lrolde, (7.417) 


fix an interval J and take f > 0; then the following inequality holds: 


1 


xi / Ur(@ldt < M(x). (7.418) 


Hence, from Eq. (7.416) it follows that 


pv pr 
iP ( / woa)dr) <C ( i; Fo! woaydr) (7.419) 
I I 


Take an interval J C J and set 


Cw) PD" for x EJ 


7.420 
0, forx ¢J, 


joa| 


then Eq. (7.419) becomes 


a4 —1 


Dp Dp 
7 f ware ax ( [ woodr) < of fmeyre" ar) , (7.421) 
fa I ye 
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and hence 


p-l 
7 | w(x)dx ( / w(x) PD ax) even (7.422) 


which is the A, condition. 
To prove that the 4, condition implies Eq. (7.416), it is first necessary to show that 
the A, condition implies Eq. (7.419). Using Hélder’s inequality leads to 


i f(xdx = i} Fx)wey? wey? | dx 
I I 


po _) \@-Dip 
< ( i | FosIPwedy) ( / w(x) PD ax) , (7.423) 
I TE 


and hence 


P 
/ Meare (7 ie fear) < ( / [FP w(dr) Z / wees 
I | Jz 1 | Jr 


1 -1 ok 
(7 i w(x) PD ar) ; (7.424) 
Z| Jy 
If the A, condition holds, the last result simplifies to 
-1 
iminy <c( wear) (firerrworax), (7425) 
I 


which gives Eq. (7.419). Taking the p~! power of Eq. (7.425) and then the suppremum 
over all intervals yields 


1 


= Pp 
Mf (x) < sup C (/ »«ar) (/ [FP w(dr) : (7.426) 
xel I I 
Introducing the definition 
1 
M = — dp, 7.427 
uf (x) sup af U Me (7.427) 


and writing du = w(x)dx, allows Eq. (7.426) to be expressed as follows: 
-1 
Mf (x) < C(Mylf@PY . (7.428) 


The proof of the maximal theorem (see Section 7.9) can be extended to cover the case 
for M,,f (x), with the result being 


) |M.f |" du < ey If’ du, forl <r <oo. (7.429) 
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Recall that if w(x) € Ap then w(x) € Ap, for ¢ > 0 (property (iv) in Section 7.12), 
and hence Eq. (7.428) can be recast as follows: 


Mf (x) <C(Mylfeoryr (7.430) 


From this inequality and applying Eq. (7.429), it follows that 


/ Wf du <C i, (MylfPn-eyre- du 
aC / (Milf?!) du 
<C i LAP dy, (7.431) 


which is the desired result. 
A theorem due to Hunt, Muckenhoupt, and Wheeden (1973) states the following. If 
1 < p < ~, and w(x) is non-negative, then the following statements are equivalent: 


(a) = Pol 
/ w(x)dx ( ik w(x) PY ar) SCP. (7.432) 
I E 
(b) i ” HF @)Pwedx < C / ” FP w(xdx, (7.433) 
(c) 


i ” Hy fo) Pwedx < C / ” fo) wedx, (7.434) 


and, for A > 0, 


(d) i w(x)dx < ca f If) Pwx)dx, (7.435) 
|Hf (x)|>A 0° 


and 


(2) / w(x)dx < CAP i) i Lf (x) Pw(x)de. (7.436) 
yf (x)>Aa —0o 


Asecond theorem due to the same authors reads: if f is a periodic function with period 
2m and for a non-negative periodic w(@) having period 27r, then for 1 < p < ow the 
following statements are equivalent: 


(a) =i 6 —1)7! Bet 
/ w(6)d6 / wy?) de) < CUP, (7.437) 
I I 
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(b) [ |Hf(0)\Pw(0)dd < C I. ‘ lf (0) /Pw(0)d0, (7.438) 

(c) if \Hu f (0) |/?w(0)de < C l ‘ Lf (6) /Pw(0)dd, (7.439) 

and, for A > 0, 

(d) i w(0)d@ < CA? i: j |f(@)/Pw(A)dd, (7.440) 
Hf (@)|>a —i 

and 

(e) i w(0)dd < CA? i : If (@)Pw(6)dd. (7.441) 
Hu f (8)>Aa —1 


In this second theorem, the reader is reminded that Af denotes the maximal Hilbert 
transform operator on the circle. Just a couple of these interrelationships are proved. 
Note that some of the connections have already been established in earlier sections 
of this chapter. In particular, using Eq. (7.283) then Eq. (7.434) immediately implies 
Eq. (7.433) and Eq. (7.439) implies Eq. (7.438). Also the weak-type inequality 
Eq. (7.436) implies Eq. (7.435), and Eq. (7.441) implies Eq. (7.440). 

To establish that Eq. (7.433) implies Eq. (7.432), a proof based on the work of 
Coifman and Fefferman (1974) is presented. Let J; and J) denote the two halves of 
an interval J and consider a function satisfying f(x) > 0 and having support in /. 
Since |Hf (x)| is positive, there is a positive constant C, such that 


a(a a [ f(y)dr) Xn 0) <|HF OI. (7.442) 
Inserting this result in Eq, (7.433) gives 
CPmn (LP? ie xn (xw(w)dx < C [. Lf Co) Pw(x)dx, (7.443) 
where my(f) is defined in Eq. (7.417). The preceding inequality reduces to 
mnt) i w0odx < C ‘| Lf Co) Pwd. (7.444) 


Since this last result is true for any f satisfying the conditions stated previously, take 
f = 1, and therefore Eq. (7.444) leads to 


/ w(x)dx < cep w(x)dx. (7.445) 
Ip qh 
Switching the intervals /; and /2 gives, by a repeat of the same argument, 


| wooar = cf w(x)dx. (7.446) 
q 


h 
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Let f(x) = w(x) -)", then Eq. (7.444) becomes 


Pp 
i, w(x)dx (— i w(x) PD" ar) <C i, wx) PPD wx)dx. (7.447) 
10) | qh q 


Employing Eq. (7.446) gives 


P 
c| w(x)dx (af w(x) PD ar) <c{ wx) PD dx, (7.448) 
qh 1 | q q 


and hence 


i 1 a1 \P 
— | w(xjdx (] i w(x) PD ‘a) 2 (7.449) 
71 qi | qi 


which completes the proof that Eq. (7.433) implies the A, condition, Eq. (7.432). 

To prove that Eq. (7.432) implies Eq. (7.433), note that if w(x) satisfies the A, 
condition for 1 < p < o, then the measure du (du = w(x)dx) satisfies the Ago 
condition. If the measure dy satisfies the Ao. condition, then for 1 < p < oo it can 
be shown that 


/ lu fl? duu < Cp / IMf\P du. (7.450) 
The proof is similar to the derivation of Eq. (7.331) given previously, and the reader 


is requested to fill in the necessary steps. Equation (7.450) reduces to Eq. (7.331) 
when w(x) = | on setting du = dx. Making use of Eq. (7.283) yields 


fine au sc f wr an. (7.451) 
Since 

fore an sc f inh au, (7.452) 
it follows that 

firs [irra (7.453) 


To summarize, if w(x) belongs to A, then Eq. (7.447) holds, and this result, together 
with Eq. (7.450), indicates that the A, condition implies Eq. (7.453). 


7.13.1 Weighted norm inequalities for H,. and H, 


There is an extension of the Hunt-Muckenhoupt—Wheeden theorem to deal with the 
operators H, and Hg. In the sequel it is assumed that the constant C depends on p, but 
is independent of the constant A that appears in a few formulas, and is also independent 
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of the function f. The constant C is not necessarily the same at each occurrence. The 
following results apply for the operators H, and H, (Andersen, 1976a). For a non- 
negative and measurable weight w(x) on R*™ with 1 < p < ov, then the subsequent 
statements are equivalent: 


(a) for every interval [a,b] C (0,00), 


b b 7 cp go oppnP 
i} w(x)dx / xP P—D wy P-D™ dx <c( ; ) > (7.454) 


(b) foraa > 0, 


[o,@) 
/ w(x)dx < ca? f If) Pw(x)dx; (7.455) 
[Hof (x)|>A 0 
and 
(c) 
[o,@) [o,@) 
JO oreorwende sc f° ifooPwards. (7.456) 
0 0 
For the case p = 1, statements (a) and (b) are equivalent. A related result holds for 


H, (Andersen, 1976a). For a non-negative and measurable weight w(x) on RT, with 
1 <p < @, then the following statements are equivalent: 


(a) for every interval [a,b] C (0,00), 


b b Pre ae yh GON P 
i swine | w(x) (P-D ss) <c( , ‘e (7.457) 


(b) foraa > 0, 


if w(x)dx < ary f(x) Pwr) dx; (7.458) 
|Hef (x)|>A 0 


and 


/ ” Hef G)Pw(edx < C / "ip @ewede, (7.459) 
0 0 


For the case p = 1, statement (b) implies statement (a). Equations (7.454) and (7.457) 
are the analogs of the A, condition for the odd and even operators Hy and H, on Rt, 
and these are denoted by Ap and 47, respectively. 
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There are related results for the Hilbert transform operators H and H on the unit 
disc. Recall on the unit disc for 6 € [0, 77) that 


ene / Ot PINO (7.460) 
0 


Hef O)= ee cos @ — cos@ 


and 


Hof (0) = | p pad (7.461) 
xz Jo cos@—cosdé 


In the preceding two formulas and for what follows, the function f is periodic with 
period 27. The following theorems apply for the operators H{. and H, (Andersen, 
1976a). If w(@) is a non-negative periodic (period 277) measurable weight on (0, 7) 
and 1 < p < ov, then the following statements are equivalent: 


(a) for each interval (a,b) C (0,7), 


b b p-l 
/ w(0)d0 (/ {sin O}?P-) wey P- D> w) 


: b+a\. b= a\~ 
< csin’ (* 5") sin? ( 5 ) : (7.462) 
(b) foraa > 0, 
/ w(0)d@ < CA? is | f (0) |\Pw(0)d6; (7.463) 
IHo f (@)|>A 0 
and 
(c) 
[ \H.f (0) /Pw(@)dd < ae | f()|\Pw@)dé. (7.464) 
0 0 


For the case p = 1, statements (a) and (b) are equivalent. For a non-negative and 
measurable periodic weight w(@) with period 27 on the interval (0, 7), and for 1 < 
Pp < &, then the following statements are equivalent: 


(a) for every interval [a,b] C (0,00), 


b ? 1 di b+a b-a 
if sin? 0 w(0)d0 (/ w(Q)-P-D w) < Csin?( : ) sinr( ; ): 


(7.465) 
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(b) foraa > 0, 
1 w(@)dé < co | f (0) Pw(0)d0; (7.466) 
[Hef (@)|>a 0 
and 


1s 


[ \H-f (0)|/Pw(0)dé < af |f(@)/P w(@)dé. (7.467) 
0 0 


For the case p = 1, statement (b) implies statement (a). The reader interested in the 
preceding formulas for the operators Hz, Ho, He, and Ho, can pursue the proofs of 
the key results in Andersen (1976a). 


7.14 Weighted norm inequalities for the Hilbert transform 
of functions with vanishing moments 
If additional restrictions are placed on the functions that satisfy Eq. (7.159), then 
one might expect to learn more about the types of weight functions that apply. In 
this section, one such example is considered, where the extra information spec- 
ified concerns the moments of the function f. The moments of f are defined 
form € Z by 


ies / ~ x"F (x)dx. (7.468) 


Consideration is now given to the types of weight functions that satisfy the weighted 
norm inequality, if the first NV such moments are zero; that is 


Im = 0, for allO <m<N. (7.469) 
Let g(x) denote a polynomial of order less than or equal to N + 1. Then 
Aitq(x)f (x)} = q@)Hf (x). (7.470) 


This result follows directly from Eq. (4.113) on utilizing Eq. (7.469). Alternatively, 
by first recalling the expansion 


n—1 


yr-l=(y-D>o (7.471) 
k=0 
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it is straightforward to demonstrate that (g(x) — q(t))/(x — £) is a polynomial with a 
maximum degree NV. Then, using Eq. (7.469), 


i 7 = 19 pot = 226); (7.472) 


and hence 


1) p Pl i (de 1 *p [ q(t)f Oe. (7.473) 


x-—t x—-t 


which is Eq. (7.470). Equation (7.470) is a particular example of the Bedrosian 
formula given in Eq. (4.257), but obviously requiring rather different conditions than 
those given in the statement of Bedrosian’s theorem in Section 4.15. 

If the function wu satisfies u(x) € A,, it follows that 


iF Lf (Pq) Pulx)dx = pe {g(x f (x)}Pulxydx 
<C ‘s If x)? |g) Pu(x)dx, (7.474) 


where the Hunt-Muckenhoupt—Wheeden theorem has been employed. Thus, for the 
class of functions under consideration, Eq. (7.474) indicates that the weight function 
in the weighted norm inequality for the Hilbert transform can be expressed as follows: 


w(x) = |q(x) Pua). (7.475) 


The argument just presented establishes the sufficiency of the form just given for the 
weight function, for the restricted class of f under discussion. The interested reader 
might like to try to establish a necessity argument. 


7.15 Weighted norm inequalities for the Hilbert transform 
with two weights 


A generalization of Eq. (7.415) is to seek conditions for which the following inequality 
is true: 


i ” HF @)Pu(e)dx < C(p,w,») / * ire Pweode. (7.476) 


This may be regarded as the two-weights version of the weighted norm inequali- 
ties discussed in Section 7.13, and reduces to that situation with the obvious choice 
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v(x) = w(x). Apart from their intrinsic interest, inequalities of this type are impor- 
tant because they represent a generalization of the one-weight version discussed in 
Section 7.13. 

Equation (7.476) can of course be regarded as a special case of the more general 
inequality 


[o,@) [o,@) 
J isreoremars cf yep wands, (7477) 
—C —cC 
for 1 < p < ow, where S and T are two specified operators, and the constant C 
depends on v, w, and p, but is independent of f. This in turn can be regarded as a 
special case of the even more general result 


| -1 


[o-e) P [o,e) 
i Io Pocdr} <C| / irc} . (7.478) 


where in general p and q may take different values. 
A further type of inequality is of weak-type, and takes the following form: 


i v(x)dx < os / ia Tf (x) /Pw(x)dx, (7.479) 
ISf@l>a M J—oo 


for 4 > 0. Results of this type may be useful when the strong-type inequality 
(Eq. (7.477)) does not hold. The weak-type result can also serve as a vehicle for 
establishing strong-type results using the Marcinkiewicz interpolation theorem. An 
example of this approach was illustrated in Section 7.8. 

Equations (7.477)-(7.479) are of fundamental significance for the information 
they reveal about the connection between the operators S and 7. Characterizing the 
classes of functions v(x) and w(x) for which these inequalities hold is a significant 
problem. 

Attention will be focused on Eq. (7.476). It has already been remarked in Section 7.7 
that the simplest case of this equation, v(x) = w(x) = 1, is of importance in connec- 
tion with the study of the mean convergence of Fourier series. The more general case, 
u(x) € 1 and w(x) # 1, can be applied in the study of weighted mean convergence 
for Fourier series. 

A two-weights version of the A, condition is as follows: 


p-l 
/ v(x)dx ( / w(x) PD ax) < Cll, (7.480) 
I I 


where C is independent of J and 1 < p < oo. Equation (7.480) is a necessary 
condition for the following equations: 


/ ” Mf @) Puede < C / ” fe) Pwoode, (7.481) 
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[ wrcorvmer sc f ipeorwenas, (7.482) 
/ v(x)dx < Ca? [ If@)Pwx)dx, fora > 0, (7.483) 
Mf (x)>r —0o 
and 
/ vod < CL i IG PwO aes FER SO. (7.484) 
|Hf (x)|>A —0o 


Equation (7.480) is a sufficient condition for Eq. (7.483) (Muckenhoupt, 1972). 
Consider the following examples due to Muckenhoupt and Wheeden (1976b). In 
the first example, for p = 2, let 


—xlogx, x € (0,1/2] 


os | 0, elsewhere, Gee) 
2 
GOS xlog*x, x € (0,1/2] (7.486) 
oO, elsewhere, 
and 
_ ffxlog?x}-!, x € (0, 1/2] 
f@)= 6 elsewhere. eed 


For / any interval on R, Eq. (7.480) holds. In particular, for any interval that includes 
(0, 1/2] as a subinterval, and using 


ga1 
2log2+1 
= / visgwaee ee (7.488) 
; 16 
and 
y-1 
2 .,-1 1 
{x log* x} dx = ——, (7.489) 
0 log 2 


it follows that Eq. (7.480) simplifies as follows: 


2log2+ 1 iS 


Ci? . 7.490 
l6log2 ~ HI ( ) 


The right-hand side of Eq. (7.481) yields 


oo 1/2 1 C 
C P dx = cf dx = , 7.491 
[ Leow cate = ings (7.491) 
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The following result also holds: 


Mf (x) = a P root 
-1 
=> , forx € (0,1/2]. (7.492) 
x logx 
Hence, 
1 | 
ie \Mf (x)|?v(x)dx = : dx = ow, (7.493) 
* xlogx 


which makes it clear that Eq. (7.480) is not a sufficient condition for Eq. (7.481). 
As a second example, also for p = 2, consider 


x7! logx|7*/*, x € (0, 1/2] 
= ; 494 
Ue) i. elsewhere, ce) 
x logx|77/*, x € (0, 1/2] 
MeN Co elsewhere, ee) 
and 
1, xe (0,1/2] 
iO) = {0 oe ve) 
Making use of 
ee 1 5/2 2 
~ 1 ~/* dx = ——______~ 7.497 
fetes 3flog2)57 ee 
and 
9-1 
3 2 3 
i x [log x|3/? dx = av (5) aeit nog aya 28? = {1052 + A 
(7.498) 


then clearly Eq. (7.480) is satisfied. The right-hand side of Eq. (7.482) is given by 


lee) 1/2 dx IC 
C p dx = cf = : 7499 
ie | f (x) Pw) 0 x|logx/2  /log2 ( ) 


On making use of 


Hf (x) = ~toe(7 =.) , for x € (0, 1/2), (7.500) 
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the right-hand side of Eq. (7.482) simplifies to 


oe) 1/2 = = 2 
/ Leif (@) Puede = — / Geer oa lars (7.501) 
—oo w~ Jo x |log x| 


The first contribution to the integral on the right-hand side of this last result becomes, 
on using the change of variable x = e~’, 


1! {logx}? Oe eee | 
: / a / dy = 00. (7.502) 
am“ Jo =x |logx| / T~ Jlog2 Jy 


Since the other factors in Eq. (7.501) cannot cancel the result in Eq. (7.502), it is clear 
that {ee |Hf (x)|Pu(x)dx diverges, and hence this example shows that Eq. (7.480) 
cannot be a sufficient condition for Eq. (7.482). The reader is invited to test the 
weak-type inequality, Eq. (7.484), to see if it is satisfied by this second example. 

This section is concluded by reporting a few key results for two-weight inequal- 
ities, and the interested reader is left to pursue the detailed proofs in the work of 
Muckenhoupt and Wheeden (1976b), or to follow the hints provided in a few of the 
exercises at the end of the chapter. For non-negative weights v(x) and w(x), with 
1 <p < om, and 


i [Mf (x)Pu@)dx < cf If) Pwor)dx, (7.503) 


for each interval J C R, 


a bas vu(x)dx 1 i sche p-l 
uP i (Z| ce |x —x7\|)P (G 7 w(x) P Ss Ci, (7.504) 


where x; is the center of /. If 


/ ” HF CPuceydx < C / * LF@Pw(xdx, (7.505) 


then for each interval J C R, Eq. (7.504) holds. If 
[o,@) 
i, v(x)dx < cn] Ifo) Pw)dx, for A > 0, (7.506) 
|Hf (x)|>A —00 


then for each interval J C R, Eq. (7.504) holds. 
If, for non-negative weights v(x) and w(x) and for almost all x, 


i; WOE cn, (7.507) 


oo |x —t| —~ 
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then 
/ “ii Quis Se / HF OwOee (7.508) 
and 


/ Hf wade < C | LPG) |woode. (7.509) 


7.16 Some miscellaneous inequalities for the Hilbert transform 


This chapter concludes with a few miscellaneous inequalities that are satisfied by the 
Hilbert transform. On the unit circle the following result applies. If0 < 4 < 1 and 
v < 1 —A, then (Kober, 1943a) 


1 a7! 1 
(/ IH (0)1 cos-"(0/2)40) < Cis f Lf (0)|d0. (7.510) 


For v = 0, the preceding formula is just the Kolmogorov inequality discussed in 
Section 7.2. Hence, the inequality is obvious for v < 0. Apply Hélder’s inequality to 
the left-hand side of Eq. (7.510) and assume A < p~! < 1 — v, then 


1 


Sa 1 P 
i, HPO) cos /2)40 = { f H/o" ae) 


=I =I 


x (p/p 
( i cos "0-6 /2)d0 ) 


1 Xr cd (p-1)/p 
<c([ /(0)10 (/ cos "90-6 /2)40 , 


(7.511) 


where the Kolmogorov inequality, Eq. (7.38), has been employed in the preceding 
step. Since —1 < —vp/(p — 1), the integral over cos~’?/(P—)) (9/2) is bounded, 
and, on taking the A~! power of both sides, Eq. (7.510) follows. Apart from intrinsic 
interest, the inequality in Eq. (7.510) is useful to prove a particular weighted inequality 
for the Hilbert transform on R, a topic that is now addressed. 

if f e L(R), 0 <d < 1l,and1 —A < 2y, then (Kober, 1943a) 


-1 
oO 1 » dx A lore) 
( / ee) Oxy f_ [feniae. (7.512) 


To prove this result requires the use of both the Hilbert transform on R and on the unit 
disc. The following proof is due to Kober. Starting with Eq. (3.133) and noting the 
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change of variables employed, Eqs. (3.128) and (3.129), and using the substitutions 
6 = 2£ and ¢ = 2a, with —z < ¢ < 7, leads to 


Hf (x) = =? ie («m()) cat(* = * ao 
- Pfs («m(5)) tan( Jao. (7.513) 


If the following substitution is employed: 


g(6) = (1 +e)? («m(5)). (7.514) 


the first integral in Eq. (7.513) can be written as follows: 


Pfs («m($)) cat(* 5 * ao = Pf (tases cot( 25" *) ecoyae 
av? 
: 1 ca 1+ ce? ~-0 
= ip) 2 cee, 7 eee res 
=(1+e') [re eel \(ES) 9 5 )«on| 


= (1+ ei#? {He = = ‘4 g(6)d0 


din! a [2— (1 +e!%)? — 2el+9)] 


= NETS eco] (7.515) 


The second integral in Eq. (7.513) can be written as follows: 


ee 0 By ie 5 Dita, eye 
sh ff («m()) uan(5) dé = ae ee (d+e”) tan( >) e(@ao 


= sh [ (1—e2)e(@)d0. (7.516) 
2m Jin 


Introducing the definition 


je of? 
Ch = — |] el” g(6)dd, (7.517) 
20S =% 


and on collecting the results in Eqs. (7.515) and (7.516), then Eq. (7.513) becomes 
Hf (x) = (1 +e!) (Hg(p) — ico} 
i a . . . 
+ al [2—(1 + e!%)? — 2e' + _ (1 — 7!) o(6)d0 
20 pa 


= (1 + e%)?{He(d) — ico} — 2101 + e!®)ey. (7.518) 
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Now, 


Hf (x)* < la ca eHe()|. a la 4 ei ical. as id + ei%)e,|" 


= 27 cos”'() {Hear + |col* + cos*()e*} . (7.519) 


Using the change of variable t = tan(@/2), c; can be written as follows: 
1 of 23 
lei] = = / cM (040 
Pi a ae 


1 ee) 
= fee {fo 


< ae 2 [f(@)| dt. (7.520) 
T J—oo 


Noting 


(7.521) 


then 
1 rs 
leo] = =| e«o)ao| 
Jon 
1 (% 1—it 
= t)dt 
4a es 1+ ia? | ) 


< xf. If ()| de. (7.522) 
4m J_oo 


Making use of Eq. (7.519), it follows that 


gl-2a i IAPC)" dx oa, is Af (tan ($/2))I" dg 
—co (1+2x7)# Jig cos?-2#(G/2) 
1 A sa 
Z | He) dd ia | de 


=p COS yD) fe CORT EPPA) 
7 i do 
+ |e1| [. aD (7.523) 


Noting that 2 — 24 — 2 < 1, the final two integrals in Eq. (7.523) are bounded. 
Identifying v = 2 — 2 — 2d and making use of Eq. (7.510) allows Eq. (7.523) to be 
written as follows: 


© Af (x)|* dx X a 
se dae =o ( (#0189) +Colcol*+Cilei*, (7.524) 
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where Cy and C, denote the second and third integrals involving the cosine function 
in Eq. (7.523). Employing Eqs. (7.520) and (7.522) and noting that 


1 


ir 00 
a / Ig()|do = / |f (x)|dx, (7.525) 
mw Jon 4m Joo 


allows Eq. (7.524) to be written as follows: 


oO 1; » dx lee) Xr 
/ ee ef fodid) (7.526) 


which is the required result. 
Some inequalities of the Zygmund-type for the Hilbert transform on the circle are 
now considered. The first result is given by (Essén, Shea, and Stanton, 1999) 


ae 2 20 
7, <= [ reritosce + rernae 
0 
20 
+B f (f@)iloglog(e+|f@de+ Bish, (7827 


where Bo and B; are constants. The constant 2/z is optimal, and By < 4n—!. If 
a > 1, then 


DTG ss 2 2 20 
a \7@)|tlog(e + |F@))}*"' 40 < — [ /@ {loge + LF @)IN}* d9 


2 2n 
—— i If @)|flog(e + If @))}*! 


x log log(e + | (@)|)40 


2n 
+A [ If @)|{log(e +f (@))}*—! dd, 
(7.528) 


with A a positive constant. The constants 2/ma@ and 2/z are optimal. A related result 
for 0 <a < 1 isas follows: 


DTG nats a 2 20 
i, \7(@)|tlog(e + |7@))}°-! 40 =< — [ /@)|log(e + |f@))}* 46 


2n 
+A i Lf (@)| log log(e-+ Lf (@)|)49. 
(7.529) 
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Also, 


2m -_ 2 2n 
[FO |Fo|tosce+ |Fepr tae < = [fe Iloglogte + fede 
+Allfilly, (7.530) 


and, if f is non-negative, 


20 2m 
f (0) log(1 +f (6))d0 < =| \7(@)|a0 + 2n f (0) log(1 +f(0)). (7.531) 


The reader interested in further details on these, as well as additional, related inequal- 
ities, should consult the work of Essén et al. (1999) and the more recent effort by 
the same authors, Essén et al. (2002), where further study is carried out on obtaining 
improved inequalities and the determination of sharp bounds. 

Arather different type of inequality involving the Hilbert transform on the unit disc 
takes the following form. Let g(x) denote a non-negative, continuous, and increasing 
function for 0 < x < oo. Suppose g(x) satisfies the following for 1 < a < b < oo: 


(0) = 0; (7.532) 
and, for x —> 00, 
g(2x) = 0(9@)), (7.533) 
/ : oa: = (22) (7.534) 
and 
i eon = (2) (7.535) 


Functions having the preceding set of properties will be designated as belonging to 
the class M (a, b). If p(x) € M(a, b) and satisfies the following additional conditions 
asx — 0: 


p(2x) = 0(g@)), (7.536) 


| god 
[ Shr =0( 22). (7.537) 


and 


“p(t)dt — (v) 
[ aa =o( a 7 (7.538) 
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then the following is employed: g(x) € Z(a,b). If g(0) € M(a,b) for 1 < a 
< b < w, then 


Qn 7 Qn 
[ elffe|joesc f ourennd +c, (7.539) 


where C and C; are constants independent of f. If g(x) € Z(a,b), the constant C; 
in the last inequality is zero. This formula is associated with Marcinkiewicz (1939). 
Zygmund (1956a) and Koizumi (1958a, 1959b) have given proofs, and the reader is 
directed to these two authors for further details. For a < r < b, both the functions 


g(u) =u" (7.540) 
and 
g(u) =u' log(1 +u) (7.541) 


belong to the class Z(a,b). The choice in Eq. (7.540) leads directly to the Riesz 
inequality. Equation (7.541) yields 


Qn, op - Qn 
f(@)| log( 1+ |f(@)})dé<C [f()|" log + | f(@)|)dé. (7.542) 
[Fol tee(.+|Fejae =e f 


An interesting inequality of Pichorides (1975b) is as follows. Let f be a real periodic 


function with period 27, and bounded such that | f| < k < a then 


1 
I|sinh(Hf'/2)|l2 < ek IF /2 ll - (7.543) 


A lower bound can be given for the conjugate function (Calderén, Weiss, and 
Zygmund, 1967) that takes the following form. Let f(x) be periodic with period 27 
and integrable over a period, and restrict f so that f(x) > 1 for x € R, then, with 
I= (1/2m) fy” f@)dx, 


1 20 1 20 
— f (x) log f(x)dx < — il (Hf) (x)|dx + log I. (7.544) 
20 0 20 0 
This can be proved with a short argument starting from the Poisson integral of f. The 
details are left for the reader. 


Notes 
§7.1 For an early extension of the Riesz inequality, see Forelli (1963). Some addi- 
tional reading on the Hilbert integral and Hilbert’s inequality can be found in Phong 
and Stein (1986). Essén (1992) discusses inequalities of the form of Eq. (7.22) and 
some generalizations. 
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§7.2 For further discussion on Kolomogorov’s theorem involving the distribution 
function of f, see Koosis (1998, p. 92), and for a real-variable proof, see Loomis 
(1946). For a generalization to several variables, see Zhizhiashvili (1983). For work 
on the best constants in some one-sided weak-type inequalities involving the Hilbert 
transform, see Kuilaars (1998). Further reading on the approach of Davis can be 
found in Davis (1973, 1974, 1976, 1979). For a review, see Tsereteli (1977), and for 
some additional reading consult Grushevskii (1986). The situation where f € L?, 
with 0 < p < 1, is discussed by Hardy and Littlewood (1932). 

$7.3. For further reading on Zygmund-type inequalities, see Littlewood (1929), 
Pichorides (1972), Bennett (1976), and Essén et al. (1999, 2002). 

§7.4 There is a concise account of some of the history associated with the Shannon 
sampling theorem in Zayed (1993), and the essay of Higgins (1985) provides some 
interesting historical notes on the cardinal series. Two of the key original references 
are Whittaker (1915) and Shannon (1949). For further reading on the sampling the- 
orem, see Kohlenberg (1953), Stens (1983, 1984), Butzer, Splettst6sser, and Stens 
(1988), and Butzer, Higgins, and Stens (2000). Reading on the situation where dis- 
tributions are considered can be found in Campbell (1968) and Pfaffelhuber (197 1b). 
The cardinal series can serve as a useful method for approximating the Hilbert trans- 
form; see Stenger (1976, 2000). Boas (1954, sect. 11.4) provides a source for further 
reading on Bernstein’s inequalities involving conjugate functions. 

§7.5  Arelated bound is given in Buffoni (2004), and some further discussion can 
be found in Logan (1978). 

§7.6 For an extension of the inequality in Eq. (7.156) for operator norms, see 
Berkson and Gillespie (1985). 

§7.7  Helson and Szeg6 (1960) discuss weighted norm results for the Hilbert trans- 
form in the context of a problem in prediction theory. Muckenhoupt (1969, 1970) 
exploits weighted norm inequalities in studies of the convergence of some classical 
polynomials. Chen (1944) and Babenko (1948) also gave proofs of the Hardy— 
Littlewood inequality. Gaposkin (see alternative spelling Gaposhkin (1958)) gave 
an extension of the Hardy—Littlewood inequality to include more general weight 
functions. Flett (1958), Chen (1963), and Andersen (1976a) gave a number of exten- 
sions involving even and odd functions as well as some additional related results, 
and Stein (1957) gave a generalization to R”. Dyn’kin and Osilenker (1985) have 
reviewed contributions to the theory of weighted singular integrals, with particular 
emphasis given to work from the 1970s to the early 1980s. For some further reading, 
see the following: Cotlar and Sadosky (1975), Muckenhoupt and Wheeden (1976a), 
Kaneko and Yano (1975), Arocena, Cotlar, and Sadosky (1981), Treil (1983), and 
Gurielashvili (1987). 

§7.8 Among the first papers on weak-type inequalities for the Hilbert transform are 
the works of Besicovitch (see alternative spelling Besikovitch (1923)), Kolmogorov 
(see Kolmogoroff(1925)), Littlewood (1926), Hardy (1928b), and Titchmarsh (1929). 
For some weighted weak-type inequalities, see Muckenhoupt and Wheeden (1977). 
A generalization of Eq. (7.220) has recently been obtained by Pinsky (2001). His 
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principal result is as follows: if f € By, with By = {f: fe Lf (x)|dx/C + |x|) < co}, 
then Hf exists a.e. if f > 0, and u(A) is the weighted measure w(A) = 
wu yd +.x7)~! dx, then he finds an upper bound for p{x : |Hf| > a} which 
contains the Kolmogorov weak-type inequality as a special case. 

§7.9 The key paper for the Hardy—Littlewood maximal function is Hardy and 
Littlewood (1930). See Phillips (1967) for another exposition on the Hardy— 
Littlewood maximal function. For additional reading on the Marcinkiewicz inter- 
polation theorem, see Zygmund (1968, Vol. II, p. 111), Sadosky (1979), Bennett 
and Sharpley (1988, p. 216), and Folland (1999, p. 203). For a connection with 
the Hilbert transform, see Cordoba and Fefferman (1977). The representation of the 
function F(x) in Figure 7.1 is based on Koosis (1998, p. 173), and the construction, 
originally due to F. Riesz, forms part of the rising sun lemma, or, ina slightly modified 
form, the flowing water lemma. 

§7.10 Additional discussion including proofs and generalizations of Cotlar’s 
inequality can be found in Kaneko (1970), Garcia-Cuerva and Rubio de 
Francia (1985, p. 204), Davis and Chang (1987, p. 57), Meyer and Coifman (1997), 
and Duoandikoetxea (2001). The derivation of the relative distributional inequality, 
Eq. (7.332), is discussed in Davis and Chang (1987, p. 61), and for generalizations 
see Garnett (1981, p. 265), and Stein (1993, pp. 151, 206). Hunt (1972) gave an 
exponential-type bound of the form m{x € (—,2) : Mf(x) < y, |Hf()| > Ay} < 
Ce, ford > Oandf € L!(—z, 7). The following related exponential-type bounds 
are discussed in Garsia (1970, pp. 119, 123). if f is an essentially bounded function 
with support restricted to the interval A, then m{x : |Hf(x)| > A} < C 71 4e7 0% 
for constants C, C’ > 0, || fll, < 1, and A selected sufficiently large. For the max- 
imal Hilbert transform, m{x : Hy f(x) > CA} < x7!4e, and m{x : Hu f (x) = 
CAI loo} < A7!Ae™*. Samotij (1991) discussed an example where a non-negative 
integrable function on the real line has a Hilbert transform that cannot be a.e. domi- 
nated by the Hardy—Littlewood maximal function. The approximation of the Poisson 
kernel shown in Figure 7.2 is based on Garnett (1981, p. 23). 

§7.11 For an extension, see Forelli (1963). 

§7.12 Some general references for discussion of A, weights are: Garnett (1981), 
Dyn’kin and Osilenker (1985), Garcia-Cuerva and Rubio de Francia (1985), 
Torchinsky (1986, chap. 9), and Stein (1993). Some specific references for the prop- 
erties (i)-(xili) are: (i) Torchinsky (1986, p. 236), Dyn’kin and Osilenker (1985, 
p. 2096); (41) Torchinsky (1986, p. 239), Jones (1980), Rubio de Francia (1982); 
(iii) Dyn’kin and Osilenker (1985, p. 2096); (av) Coifman and Fefferman (1974); 
(v) Dyn’kin and Osilenker (1985, p. 2096); (vi) Hunt e¢ al. (1973); (vil) Davis and 
Chang (1987, p. 72); (viii) Muckenhoupt (1972), Coifman and Fefferman (1974); 
(ix) Hunt etal. (1973); (x) Muckenhoupt (1974a); (xi) Coifman and Fefferman (1974); 
(xii) Davis and Chang (1987, p. 67); (xii1) Torchinsky (1986, p. 230). 

§7.13 For further reading on weighted norm inequalities, see Kahanpaa and 
Mejlbro (1984), Garcia-Cuerva and Rubio de Francia (1985), Kokilashvili (1980), 
Kokilashvili and Krbec (1991), Pick (1994), Treil and Volberg (1995, 1997), Nazarov 
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and Treil (1996), Kokilashvili and Meskhi (1997), Katz and Pereyra (1997), and 
Petermichl and Wittwer (2002). For the case of the finite Hilbert transform, see Wegert 
and Wolfersdorf (1988), and Astala, Paivarinta, and Saksman. (1996). A proof of 
Eq. (7.450) can be found in Garnett (1981, p. 265). L6fstrém (1983) has shown that 
there are no non-trivial translation invariant operators on weighted L? spaces for 
which the weight functions are rapidly varying. 

§7.14 The case discussed in this section has been treated in detail by Adams (1982), 
where both the sufficiency and necessity of Eq. (7.475) are proved. 

§7.15 The material of this section is authoritatively reviewed by Muckenhoupt 
(1974b, 1979). For some further work on weighted inequalities with two weights, see 
Andersen (1977a), Andersen and Muckenhoupt (1982), Dominguez (1990a, 1990b), 
Fernandez-Cabrera and Torrea (1993), Edmunds and Kokilashvili (1995), and Treil, 
Volberg, and Zheng. (1997). 

§7.16 For extensions and further discussion of Eq. (7.539), see Chen (1960). Some 
bounds for the integral (1/|/|) f |Hf — (Hf);\dx, where f7 = (1/|/|) f, f dx and 
I denotes an interval, can be found in Jiang (1991). See Cordoba, Cordoba, and 
Fontelos (2006) for some further inequalities. 


Exercises 


7.1 Determine a value for the constant C,,_ in Eq. (7.37). 

7.2 if f isa complex-valued function, does Eq. (7.51) provide the optimal constant 
in the Kolmogorov inequality in Eq. (7.38)? If it does not, can you find such a 
constant? 

7.3 Determine if the Fourier transform of the function f(x) = (sin 1x — 2x) /mx* 
is band-limited. 

7.4 if f(x) = (1 — cos mx)/sx?, find the support of f. 

7.5 Does the function in the preceding question € E” 0 L?? 

7.6 Evaluate the contour integral A C f (2)dz, where f(z) = cotz/(z(z — B)) for Ba 
constant, and C is the square with corners located at z = 1( I(N+1/2). 
By making a suitable choice for 6 and taking the limit N — oo, show that 
Eq. (7.116) is obtained. 

7.7 Using a similar approach to Exercise 7.6, but with the choice f(z) = cscz — 
z—!, derive Eq. (7.117). 

7.8 For f € E™ 1 L?(R), and making use of Eq. (7.108), show that 


ee 


~. ffl — cosa(x — 1} 
H@= ays 


k=—0o 


7.9 Find the analog of Eq. (7.101) when the function f has a Fourier transform 
having compact support in the asymmetric interval [—o, 7]. 
7.10 Taking advantage of Eq. (4.127) or otherwise, show that H {(sin xx—sx)/x7} = 
(1 — cos HH) [ 


7.11 


7.12 


7.13 


7.20 


7.21 
Tne 
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Attempt to derive Eq. (7.158) using less stringent conditions than those stated 
in Section 7.6. 

Verify that the condition expressed by Eq. (7.160) is required in order that 
Eq. (7.167) holds. 

If0<a<b, p> 1,and—1 <a <p-—1, show that there exists a constant 
Cy depending only on p such that 


[o,@) 
ie 
By taking advantage of the result in Exercise 7.13, or otherwise, prove 
Eq. (7.161). [Hint: Approximate the function by a sequence of step functions. ] 
Prove that the integrals occurring in Eqs. (7.196) and (7.199) do not become 
unbounded due to the singularity in the integrand, and that the integrals are 
bounded by a constant Cy.q < 00. 

Prove Eq. (7.204). 

If f € L'(R), and assuming that f is not equal to zero almost everywhere, is 
Mf € L'(R)? 

If f € L?, for p > 1, show that ||P. fl, < Lf ll, . where 


|p C b 
log |x|% dx < —+_ f |x|% dx. 
p—1l-a a 


b-x 
a-x 


1% ef (dt 
Pef (x) = =f (x —t)? + 2° 


If f(x) = (1 +x’)7!, show that 


= 0, for a,b > 0. 


i {if (a — bt) — Hf (a — bt) }dt 
Aes (t2 + 1) 


Verify Eq. (7.310) by evaluating the integral on the right-hand side of the 
formula. 

Check that Eq. (7.310) is satisfied when f(x) = x7! sinx. 

If f is a real periodic function with period 27 and bounded above as | f| < k 
with k < 2/2, show that 


: = 2 1 1 20 nh re 1 20 
|sinn 7/2) < {= | sin?{ f(6)/2}d0 — sin {= rovao}. 


cosk | 27 


and hence 


|sinnF/2))], < sent If /2ll 


osk 


where f is the conjugate of /. [Hint: See Pichorides (1975b).] 
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7.23 If f is even, f > 0, and f € B, for B) = {f: i tigen [f (x) |dx/(1 + |x|) < oo}, 
then, with (A) = 2! ify +x)—! dx, show that, for a > 0, 


4 f° [fedids 
miss WHf|zay< of UAE 


7.24 Determine if |x|* is an A; weight; if it is, specify the range of values for the 
constant a. 

7.25 For the finite Hilbert transform Tf(x) = a~!P LPF (Ode/x — t), with 
x € (a,b), is i w(x)|(Zf) (x)? dx bounded above by fe w(x)| f(x)? dx? What 
condition(s) must be satisfied by the weight function w(x)? 

7.26 Prove Eq. (7.504), assuming Eq. (7.503) holds. [Hint: Treat the cases where 
dy w(x) PD dx is zero, infinite, and lies between these limits, separately, 
and set f(x) = w(x) D on / and zero elsewhere. | 

7.27 Prove Eq. (7.504), assuming Eq. (7.505) holds. Use the same hint as in 
Exercise 7.26. 

7.28 Using the fact that Mf and Hf are bounded above by [°.. |f(é)|dt/Ix — tl, 
prove that Eqs. (7.508) and (7.509) follow if Eq. (7.507) holds. 
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Asymptotic behavior of the Hilbert transform 


8.1 Asymptotic expansions 


In this chapter the behavior of the Hilbert transform Hf (x) as x — oo is examined 
for some different choices for the asymptotic behavior of the function f. Problems of 
this type are of particular importance when the asymptotic behavior of a function is 
of interest, and the function is only known via its relationship to a Hilbert transform 
of a different function for which the asymptotic behavior is known. 

The tilde sign ~ (also termed the twiddle symbol) is employed in the following 
manner: if 


f(x) ~ g(x), asx > 00, (8.1) 
then 
Lx) > l,asx> ow. (8.2) 
g(x) 


Based on Eq. (8.1), f(x) is termed asymptotically equal to g(x), as x > oo. 
If f(x) can be written in the following form: 


n 
f= > ayx* + O(n"), for integer n > 0, asx > ~, (8.3) 
k=0 


then f(x) can be written as the power series 
(oe) 
FO) ~ Yi age, (8.4) 
k=0 


and this is called the asymptotic expansion of f(x). The power series may be either 
convergent or divergent. The key is that the error involved in truncating the expan- 
sion with the term a,x—” in Eq. (8.3) goes to zero as x — oo faster than the last 
term included in the series. The equations just presented can be readily extended to 
functions of a complex variable. 
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For the functions f and g, the asymptotic series can be added and multiplied to give 
the corresponding asymptotic series for f(x) + g(x) and f(x)g(x). The asymptotic 
series for the integral of f (x) can be obtained by integration of the asymptotic series. In 
general, the asymptotic series for f’ (x) cannot be found by the termwise differentiation 
of the asymptotic series for f(x). The asymptotic expansion for a given function is 
unique, but an asymptotic series does not uniquely determine the function. 

The approach presented in this section to study the asymptotic behavior of the 
Hilbert transform is due to Wong (1980b, 1989). The Hilbert transform Hf is first 
split as follows: 


1 (*° f(s)ds ae 1, %° f(s)ds 


Hf (x) = = (8.5) 


x+s x Jo xX-S- 


In what follows it will be assumed, without any loss of generality, that x > 0. The 
first integral in Eq. (8.5) is the Stieltjes transform of f(—s), and the second is the 
one-sided Hilbert transform of /. The asymptotic behavior of Hfcan be obtained by 
separately examining the asymptotic behavior of each of the integrals in Eq. (8.5). 


8.2 Asymptotic expansion of the Stieltjes transform 


Recall that the Stieltjes transform can be written in the following form: 


Sf (z) = pe with |argz| <7. (8.6) 
0 zts 


In the following developments, consideration is restricted to the case where Im z = 0 
and Rez > 0. The asymptotic behavior of Sf (x) is examined for three separate cases: 
when f has an exponential decay; when / has an algebraic asymptotic decay; and 
when f has an asymptotic decay which is the product of an oscillatory component 
multiplied by an algebraic term. 

If the asymptotic behavior of f is an exponential decay, and f is integrable on 
[0, co), then the moments of this function: 


Ce 
m= | s"f(s)ds, n=0,1,2,..., (8.7) 
0 


will be finite. Employing the expression 


n—l ny—n-1 
Pes k—-k-1_, (os)" x 
=e = x a Sane (8.8) 
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Eq. (8.6) can be written, for Im z = 0, as follows: 


_ [°F @)ds 
Sf) = evecs 
n—1 
= re se ae ieee fs Peds 
2 Ike [ strevas+ Lyx [ ey 
n—1 
= Sok xing + (x). (8.9) 
k=0 


The error term €,(x) can be expressed as follows: 


t 
/ s” f (s)ds 


0 


len(x)| < x7"! sup 


te(0, oo) 


; (8.10) 


This result can be obtained as follows. Let g(s) be defined by 


AY 
g(s) = t" f (dt. (8.11) 
0 
Using integration by parts leads to 


pe s” f(s)ds =a 1 dg(s) 4. 
0 (l+sx-!) “Jo x4+s 


[ g(s)ds 

=X 

0 (+s)? 

sx{ [f° I sup |g(s)| 
2 0 &+5)7J 500, 0) 


= sup lg(s)|, (8.12) 


s € (0, &) 


and Eq. (8.10) follows. 
Consider the case where the asymptotic behavior of f is algebraic; that is, suppose 


[o,e) 
fO~ Sas", fr <a 1. (8.13) 
k=0 


With this type of asymptotic expansion for f, the same approach employed in 
Eqs. (8.8)-(8.10) cannot be used, since the required moments m, would in gen- 
eral be divergent. For the choice given in Eq. (8.13), the asymptotic expression for 
the Stieltjes transform is given, for the case 0 < a < 1, by 


n—-1 


—1)* “ (-1)*b 
So) = yy ER, B14) 


i k+a 
sin 7a x 
k=0 k=1 
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where 
by = [cas (8.15) 
0 
and 
n—-1 
Wnls) =f(s)— Yo ays. (8.16) 
k=0 


The term R,,(x) represents a remainder contribution. Equation (8.14) can be derived 
by the methods set forth in Section 8.3. This result was obtained by McClure and 
Wong (1978) using techniques based on the theory of distributions. These authors 
have also studied the case w = 1 in Eq. (8.13), as well as the case where f(x) is 
oscillatory near infinity, that is 


iQ? Saar" (8.17) 


k=0 


where c is real and not equal to zero. 


8.3 Asymptotic expansion of the one-sided Hilbert transform 


In this section the asymptotic behavior of the one-sided Hilbert transform is examined. 
This transform is written as follows: 


%° f(s)ds 


> 
X—S 


M f(x) = =P (8.18) 
with x € (0, co). The approach employed is based on Wong’s (1980b) analysis of the 
asymptotic expansion of the one-sided Hilbert transform, but the present work adopts 
the opposite sign convention to Wong, and a factor of z~! is introduced to conform 
with the definition of the Hilbert transform used previously. For a real constant c, the 
asymptotic form of f is taken to be 


lee) 
f(s) ~ & S° ags*%, as s > 00, withO <a <1. (8.19) 
k=0 


After considering the general result for 0<a<1, two special cases where 
a=1,c=0, anda = l,c # 0, are examined. The functions w,,(s) and 6,(x) are 
introduced by the following equations: 


n—-1 


Vn(s) = f(s) - &® a aps *-*, for0 <a <1, (8.20) 
k=0 
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and 
] CO Gf 
8n(x) = a) se ACH (8.21) 
4 0 x—S 
and the coefficients b, are defined by 
] lee) 
pa if s"— |W, (s)ds. (8.22) 
Tu JO 


In Eq. (8.20) the standard summation convention is employed, that empty sums 
nee {}, for j < i, are zero. If n is replaced by n — 1 in Eq. (8.20) and the resulting 
equation subtracted from Eq. (8.20), the following recurrence formula is obtained: 


Vin(s) = Wn—1(8) — apis" 1, (8.23) 


Making use of the identity 


Nn 
er ae | eee 1 (8.24) 
x-—s x—s 
it follows from Eq. (8.21) that 
oo onl d ] oo 
SSP / sas / st! ,(s)ds. (8.25) 
Iv 0 x—S Tw JO 


This result can be simplified by inserting the definition of b, and employing 
Eq. (8.23); hence 


co yn-l _ ee CO pics .—a 1 lee) 
R= “p | Ss" Wn-1(s)ds xa ‘pf es ds ih gil Code 
Uv 0 0 0 


x-—s Tu x—Ss a 
= Xbn—1(X) + by — XAn—|E ac (x), (8.26) 
where 
1 ©O gics .—a d 
Eqe(X) = —P / a (8.27) 
IT 0 x—S 


From Eq. (8.26) it follows, for n = 1,2, and 3, that 


51 (x) = by — ap xEgc(x) + xd0(x), (8.28) 
5o(x) = xby + bo — {xay + x7a0}Eu.c(x) + x789(x), (8.29) 


and 


63(x) = x7 by + xb2 + b3 — {xa2 + xa + ag} Ea,e(x) + x S0(x). (8.30) 
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Clearly the nth term is given by 


n n—-1 
Bux) = be x”* — Eae(x) Dag x” + x"5o(x); (8.31) 
k=1 k=0 
hence, 
n n—-1 
x" Bul) = Yo de x* — Ea e(x) ¥\ ayx* + 80x). (8.32) 
k=1 k=0 


From Eq. (8.20) and the definition given in Eq. (8.21), 


do(x) = Af), (8.33) 


and using Eq. (8.32) it follows that 


LS | 
ky (x) 


xk xn 


a1 
Hif () = Exel) 1G , (8.34) 
k=0 


k=] 
which is the required result. To complete the analysis, it is necessary to determine 


the asymptotic expansion for Ey ,-(x) and to find a bound for the error term x~"6,,(x). 
The first order of business is to evaluate the integral in Eq. (8.27). This is done by 


considering the integral 
1 el@2-% dz 
1 [ t-z ° 


where c and ¢ are both real and greater than zero, and C is the contour shown in 
Figure 8.1. 


Figure 8.1. Quarter-circle contour centered at the origin with an indentation at the point f. 
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From the Cauchy integral theorem it follows that 


t-—eé eloxy—@ dx u eic(t+ee!”) do R elXy—@ dx 
ee 
0 t—x 0 (t+eel’)% tte $x 
n/2 eicke”” (Rei?) i Rei? do 0 e- (iy)—% idy 
- +f) —— 
0 R 


- - =0. 
t — Re’? t—iy 


(8.35) 


In the limit R — oo, Jordan’s lemma can be applied to the fourth integral to show 
that it vanishes, and hence in the limits R > oo and e > 0 it follows that 


! co ee dy 
Eu, (t) +it el + 01 i: ———_. = 0. 8.36 

a,c(t) +1 eo+m 1 0 y%(y + it) ( ) 

Recalling the definition of the gamma function: 

[o,@) 
T(z) = i fle‘ dt, Rez>0, (8.37) 
0 
and employing the incomplete gamma function, 
[o,@) 
T'(a,z) = / ete, (8.38) 
Zz 


yields 


is enw dy _ oo [ une au eu + ite)s a 
0 vy tit) 0 0 


ioe) : ioe) 
= il elles as | ute (its)u du 
0 0 


CoO one 
= / Ceti age? as | w “%e_” dw 
0 0 
lo) 


=T(1 — apelin f st—le- dys 


1tc 


=T(1—a)I(a, itc)e (it)~*. (8.39) 


Therefore, Eq. (8.36) simplifies to 


ict 


Eqe(t) = —<—({wi + e“@™ P(1 — a) F(a, ict)}. (8.40) 


mt 


The asymptotic behavior of the gamma and incomplete gamma functions have 
been extensively studied (see Abramowitz and Stegun (1965, pp. 257-263) and 
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Olver (1997, pp. 66, 88, 293)), and are given by 


T(z) ~ e727! /(2nz) {! + : ae ; 


ioe * 2882 3184003 


zZ— oo, larg z| < z, (8.41) 
and 


BEN sp EES , 


—z,a—1 3m 
T'(a,z)~e~z 1+ “Fy 2 —> 00, larg z| < —. 


Zz Zz 


(8.42) 


These results allow the asymptotic behavior of Ey,-(t) to be determined. 

To establish how the error term is bounded, the integral for 6,,(x) is split into the 
three integration ranges: (0,x—1), (x—1,x+1), and (x+ 1, 00), and the contributions 
denoted as 6,1 (x), 5n,2(x), and 6,3 (x), respectively, so that 


8n(x) = bn) + 87,20) + 62,3) 
x—l qn x+l qn 

_ 1 / s"wWy(s)ds of aa S"Wr(s)ds 
0 Xi 


1s x—S 4 =| x—S 
] lee) n 
+-/ aes (8.43) 
IT x+1 xXx—S 
The following definitions are introduced: 
1 
i= if $" Wn(s)ds, (8.44) 
0 
Mn = sup{s"**|Wn(s)| +s = 1}, (8.45) 
and 
Mn3 = sup{s"**| yi (s)| 2s > 1}. (8.46) 
Forx > 1, 
if S'Walsds _ a s"Yin(s) | 4. 
0) x—S 0 x—S 
1 : M, 
—— i, |s"vn(s)|ds = — (8.47) 
x—1 Jo x-1 
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and 
OE gee 
1 x—Ss 1 s(x — S) 
x1 
d 
<My2 i enue 
1 s*(x — s) 
Myo (SD dt 
Oe die OD) 
ee dt 
CO L/x t(1 — ft) 
2Mn2 | 
< ein, 2 OB (8.48) 
xe 
Now, 
1 wn d x=] ga d 
Bata) =a f EOE eat f aes (8.49) 
0 x—Ss 1 x—s 
hence, it follows, from Eqs. (8.47) and (8.49) and for x > 2.38, that 
[8,,1)| < 277! (Mat + Mn2)x~% log x, (8.50) 


where the inequality (x—1)~! < 2x~ log x, which holds for 0 < aw < 1 andx > 2.38, 
has been employed. 
The integral over the interval (x + 1, oo) can be expressed as follows: 


[o-e) 
ae] ext f 
x+1 


oe ds 
< m Myo | aie Fak 
x+1 S%(s — x) 


1 ds a ds 
wre tie [ator 
ee Sigs +9" Jy sd +994 


ood 
<a” "Mn? {f° +f =| 
1/x Ss ser 


oes 


nat 
Ss Wn(s) ag 


s%(x — s) 


<1 +a7 Ma — 


(8.51) 


To obtain a bound for 5,3 (x), the inequalities 1 < (1+s)® for the integration interval 
(x~!, 1) and s® < (s + 1)® for the interval (1,00) have been employed, and x > e is 
assumed. To complete the derivation, a bound for 5n,2 (x)| is required. On writing 


gn(s) = 8" Wnls), (8.52) 
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then 


Hl sty, (s)ds 


x4 
=) x—S 
x4 


bn2(x) = a) 


_oip [7 galsdds 
x-1 XS 
ype ie {gn(s) — Pn(x)}ds 
x-1 SX 
x+1 
a—n f oi(e)ds, (8.53) 
x—-1 


where the mean value theorem has been employed and é lies between s and x. From 
the definition of g,,(s) it follows that 


sy (5) ae 


ed. (5) | Camel 
< {nMn2+Mn3}s-%,  fors > 1. (8.54) 


leh2(9| < {nm 


From Eq. (8.53) it follows that 


x x+1 
raca| sx f len(@)|as+-" f Wilds. (8.58) 


Note that € lies between s and x, €~* < s~% in the first integral in Eq. (8.55); for the 
second integral use &~* < x~®. Hence, 


[Sn20)| <7 '{nMy2 + Myg}x*{1 + (1 — a) !xf1 — = x7!) } 


[o,@) 
2 Ak-1 
= 1, “ola +s) {3 ) ah (8.56) 
k=1 


where a,, denotes a Pochhammer symbol. On making use of 


A Ok 1 od x 
2s kixk = pee =tog{ 1], forx > 1, (8.57) 


k=1 k=1 


and the inequality for x > 3.3, 
log{x(x — 1)7!} < x7! logx, (8.58) 
Eq. (8.56) can be written as follows: 


[Sn2(x)| < 207! {nMy2 + Mn3}x * log x. (8.59) 
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The constant in Eq. (8.59) could be improved by sharpening the inequality used for 
the sum in Eq. (8.56); however, this is not pursued further, since the overall approach 
employed only produces a rough bound for |6;,(x)| . 

Combining Eqs. (8.50), (8.51), and (8.59) leads to the following result: 


logx 
l5n(x)| < Me 


(8.60) 


xe? 


where &/ is the obvious collection of constants from these three inequalities. This 
bound establishes the condition 


on(x) = o(1), asx > ~. (8.61) 
Two special cases of Eq. (8.19) are now considered: a = 1,c=Oanda=1,c #0. 
These particular cases cannot be evaluated from Eq. (8.34) because Eyc(x) diverges 


for a = 1. The case aw = 1,c = 0 is considered first. From Eq. (8.23) 
Vn(s) = Wn-1(8) — Gps”, (8.62) 
and the constants c, are introduced by 
1 : n—1 1 ae n—1 
— Ss Wy (s)ds — — s’ Wy(s)ds. (8.63) 
wT JO WJ] 


Starting with the definition for 6,,(x), Eq. (8.21), and making use of Eqs. (8.62) and 
(8.24), yields 


ioe pf 5" Wn (s)ds . Lp [* s" Un (s)ds 
x Jo x—S or 1 x—S 
1 gn-1 _ d 1 1 | 
S *p f s”' Wn—1(s)ds / Np a(Shds + yi og| —| 
4 0 x—S HX Jo x 
oo onl 7 d. 1 lee) 
+ *p | sae 1D / 8" Uin(s)ds — dni! log(x — 1), 
WU 1 x—S Sy 
(8.64) 
and hence 
5n(X) = X8n—1(%) + Cn — An_10 | logy. (8.65) 
From this result it follows, for n = 1,2, and 3, that 
81 (x) = cy + x80(x) — ag! log x, (8.66) 


6o(x) = co + xc} + x759(x) — {aox + ai}n—! log x, (8.67) 
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and 
63(x) = c3 + xe +x7¢) + x80 (x) _ {ayx? + ayx+ an}! log x, (8.68) 


and hence for the nth term it follows that 


n n—1 
bn(x) = ¥ cx" * + x"8q(x) — 7! logx ee Gx. (8.69) 
k=1 k=0 
which can be rearranged to read 
n n—1 3 (x) 
Mf (a) =— > cgx* +27 logx )) ayx hl + a (8.70) 
k=1 k=0 
For the case a = 1,c ~ 0a similar approach can be employed, so that 
nls) = Vn—1(8) — anes, (8.71) 
bf’ s"Ynls)ds _ “pf s™yy_1(s)ds 1 [ Hei esd 
IT 0 x—S IT 0) x—S wT Jo 
1 ,ics d 
= ayant f ac (8.72) 
0 x—S 
and 
tp f~ s"Wn(s)ds = =p [” shy (s)ds 1 [ino 
ue 1 xXx—S us 1 xXx—S Tw /i 
CO. ics d 
= ay tsP | ee (8.73) 
1 s(x—s) 
and hence 
bn(X) = Cn + Xbn—1(X) — An—1 Ec (x), (8.74) 
where 
1 ,ics d oO Zics d 
E,() =| —S eae | ee, (8.75) 
0 x—-Ss 1 s(x—s) 


Following the same procedure discussed for the preceding case, 


n—-1 n 
Af (x) = E(x) x ae DE yx * + —_ (8.76) 
k=0 k=1 
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To complete this case the asymptotic expansion for E,(x) is required. From Eq. (8.75) 
it follows that 


oo ics q oo ics q 
Oe al ee +21 | mi 
0 1 


x—S Ss 


= 1! e!{Ci(|c| x) — i Si(cx)} — w~!{Ci(le]) + i Si(c)} 


cs scl — el) son c, (8.77) 


where Ci(x) and Si(x) denote, respectively, the cosine and sine integrals: 


lee) 
Ci«) =— / gosydy (8.78) 
. * siny dy 
Si(x) = / bea stcay (8.79) 
0 y 


The asymptotic behavior of Ci(z) and Si(z) for |argz| < wz are given by (Abramowitz 
and Stegun, 1965, p. 232) 


Ci(z) = f(z) sinz — g(z) cosz (8.80) 
and 
Si(z) = 5 — f(z) cosz — g(z) sinz, (8.81) 
where 
14 (-1)£ 24)! 
LOD oe (8.82) 
k=0 
and 
1 (OR I)! 
OO aca ea 5 a (8.83) 
k=0 


From these results and Eq. (8.77), the asymptotic behavior of E,.(x) can be constructed. 
Ursell (1983) considered the case where the asymptotic form for f is given by 


CO (oe) CO 
ag be, Ck 
x)~ ) — + cos wx ) — + sin wx y —, asx > o, 8.84 
ae k=1 xi k=1 xi k=l xi 
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where w > 0. Defining 
“\ ak “bk “\ Ck 
0) = Vn) + DIG + cosax )) + sinox )—F, forn> 1, (8.85) 
k=1 k=1 k=1 
1 oo 
dy = / 5” Wy_1(s)ds + / s"fhn_1 (8) — ans "}ds, forn>1, (8.86) 
1 
and 
1 ost d. 
8n(x) = P| a OL (8.87) 
a x—S 
it follows from Eq. (8.85) that 
"_ ec, sin oss”. (8.88) 


Wns) = Wn-1(S) — ans—" — by cosws s~ 


Equations (8.87) and (8.88) lead to 
°° {hy COS ws + Cy Sin ws}ds 


n(x) = =P S(Yn-1(8) = ans "}ds I i 
Ww 0 x—S A 0 x—s5 
(8.89) 


The first of these integrals can be simplified as follows: 


OO on = ait 1 
‘pf S"{Yin-1(8) = ans "ds =P f gol (— = ) (Wn—1(S) — ans~")ds 
x Jo x—S 1s 0 x — 8 
+ apf st! (= 7 ) (Wn—1(s) — ans ")ds 
IU 1 X—S 


= x8,_10) — 2 'd, 


Pad Poe 
—ann! lim {? [ z +f <| 
0 x—-Ss 1 Ss 


T>o 


= x5,_1(x) — 17! d, — 27! ay logx. (8.90) 


Inserting this result into Eq. (8.89), and following the procedure previously discussed, 


yields 
© sin ws ds | 


ees °° cos ws ds 
Mf (x)= > {a tap togs + oP [ ke i, 
Hy 0 x—S 0 


X—S 


1 pf SUES. (8.91) 
0 


x—S 


x" 
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where the final integral represents a remainder term. To complete this result, the 
following formulas are required: 


00 d oe 

P| Poe ees 2% 7 sin wx + Ps k!(ox)*"! cos[(k + 1)x/2] (8.92) 
0 x—S 

k=0 


and 


Pf mS Hm coseox + > k(oxy | sin[(k+ 1/2]. (8.93) 
Ope RS k=0 


These results are obtained in the following manner. Consider the evaluation of the 
contour integral $c el2 dz / (z —&), for w > 0, where C is a quarter-circle contour 
centered at the origin as shown in Figure 8.1 (with the circular section of the arc 
denoted by I and & replacing ¢). Hence, by the Cauchy integral theorem and taking 
the limit ¢ — 0, it follows that 


R aiox dx : iwz d R ,-oyv d 
P| z ~inciot + [ fee i ee) (8.94) 
0 x—& reas o y+ig 
In the limit R + ov, the integral over I vanishes by Jordan’s lemma, and hence 
CO plwx dx : OO g-wéu g 
P / <= inei” — i if el (8.95) 
0 x— é 0 1l—iu 


The last integral in Eq. (8.95) can be written as follows: 


00 g—OEU dy ay wy 
ra ae {> reer te 
0 = 
— iFk! 
= > (ony + Rn(é), (8.96) 
k=0 
where the remainder term is given by 


an [+ iwute" O8 du 
Ry(we) =i" [ ian (8.97) 


This term can be bounded as follows: 


2) (1 + in)ue O54 
Rn (@&)| < [ * eae d 


u 


n! 


2 ara (8.98) 
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In the asymptotic limit € — oo, and taking the limit n > oo in Eq. (8.96), 


Oe -O8U dy iI 
= 8.99) 
i 1 — iw dX (wg) : 


An alternative approach can be made by employing Watson’s lemma (Watson, 1944, 
p. 236). Hence, it follows that 


[o,@) elox dx 4 e(kt+Di/2 x} 
Py 


x-§ Loe 


(8.100) 


Taking the real and imaginary parts of this result leads to Eqs. (8.92) and (8.93). 


Notes 


§8.1 A good source for general information on the asymptotic approximation of 
integrals is Wong (1989). 

§8.2 For further reading on the asymptotic expansion of the Stieltjes transform, see 
the books by Bleistein and Handelsman (1986) and Wong (1989), and the journal 
articles by Woolcock (1967, 1968), Zimering (1969), McClure and Wong (1978), 
and Wong (1980a). A useful reference for the asymptotic expansion of various special 
functions is Olver (1997). 

§8.3. For additional reading on the asymptotic expansion of the one-sided Hilbert 
transform, see Wong (1980b, 1989). A detailed study of the coefficients d,, appearing 
in Eq. (8.86) can be found in Ursell (1983). 


Exercises 


8.1 Assuming a > 0 and x > 0, determine the asymptotic behavior for large x for 
the following integrals: 


—as 
oo © ds 


O fs ae 
7 sinse” “ ds 
(ai) ine xts 
ar e ds 
(iii) i “es > 
i e ™ das 
(av) i GLa 


—ias 
0 eS ds 


©) fe SS: 
(vi) Jo 


ds 
(s? + Dats) 
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8.2 Determine the asymptotic behavior for large x for the following integrals 


8.3 


8. 


Nn 


8.6 


assuming a > 0 and x > 0: 


(i) Pie ——*, ds" 

Gi) Pfr SES. 
(iy poe <<; 
(iv) PS a 
() Pie <—S. 


Determine the asymptotic behavior for large x for the following integrals 
assuming a > 0 and x > 0: 


w P[®, e7als| =e 


—s 
oo Ssinse 5! ds 


(ii) Pil fae ee 


ooo 


—as? 
on Ne ds 


(iii) P f°>, ; 


(iv) pyc, — ee 


"ds ; 
+ 1)a~—s)’ 


—ias 
oe ds 


i 2 nee = 


Evaluate the Geer behavior of (Hf)(x) for large x with f(x) = 
. 2 

sincxe”“ , fora > 0. 

Evaluate the asymptotic behavior for large x for the integral 


2x, (~ fs)ds 


mz Jo x2-s2 


for the even functions (i) f(x) = 1/(x? +a”), a > 0, and (ii) f(x) = ene 


a > 0. These integrals correspond to Hef and arise in the Kramers—Kronig 
transforms of even functions. 
Evaluate the asymptotic behavior for large x for the integral 


(oe) 
=P [ Oe 
4 0 x* — § 


for the odd functions (i) f(x) = x/(x* + a7), a > 0, and (ii) f(x) = xe @” 
a > 0. These integrals correspond to Hy f and arise in the Kramers—Kronig 
transforms of odd functions. 
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8.7 


8.8 


8.9 


8.10 


8.11 
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For f(x) = xe~“"!, with a > 0, determine the asymptotic behavior for large 
x of the allied integral (2/7) i cos xt dt fs FS) sin st ds. 

For f(x) = e “| with a > 0, determine the asymptotic behavior for large 
x of the allied integral (2/7) ee sin xt dt tocar ©) cos st ds. 

Evaluate the asymptotic behavior for large x for the integral 


I is f& — 8) —f@ + s)}ds 
a JO 


Ss 


for the functions 


(i) f(x) = sinax/(x? + b*),a > 0, b > 0, and 
(ii) f x) = xe~@"!, a > 0. 


Determine the asymptotic behavior for large x for the integral 


1 ee i 
P| LOE 


UW. Je Ss 


> 


which is the Boas transform (discussed later in Section 16.4), for the functions 
[o,@) 
(i) f@) = > fax sin kx + By cos kx}, where a, and f; are constants, and 
c= 
(ii) f@) =e, a > 0. 


The Bessel function of the first kind Jp (x) can be written as 


1 cos xt dt 
J =— ——— 
= |4 (OP 


Find an expression for the asymptotic behavior of Jo(x) for large positive 
values of x. 
Show that, for large positive x, 


pf Jo (s)ds 535 logx ip Glog2+y) cos2x  sin2x  logx 
0 x-S UX UX x 4x2 8rrx3 
Blog2—5/2+y)  5cos2x 
mx 32x3 ° 


where y is Euler’s constant. [Hint: See Ursell (1983).] 
Show that, for small positive x, 


© J2(5)ds — 2Jo(x)Yo(x) = T(k + 1) coskx x2k+1 
P o ~ k 
ae gt Looker ae 


where Yo(x) denotes a Bessel function of the second kind and I’ (4) designates 
a gamma function. Make a numerical comparison between the result just given 
and the formula from Exercise 8.12. [Hint: See Ursell (1983). ] 
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8.14 Evaluate the following one-sided Hilbert transforms: 


CO .-a 
- s—“ cosas ds 
x'P if ee 
0 


xXx—S 


CO oA g 

2 s~” sin as ds 

4 Bh ————., fora > Oand0 <a < 1. 
0 x—S 


Determine the asymptotic behavior for each integral for large values of x. 
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Hilbert transforms of some special functions 


9.1 Hilbert transforms of special functions 


The Hilbert transforms of some of the common special functions that occur widely 
in various applications are investigated in this chapter. The Hilbert transforms of 
the classical orthogonal polynomials are considered in the first few sections. These 
polynomials are orthogonal on the interval (a, 6) with a weight function w(x), that is 


Ch n=m 


aes (9.1) 


B 
/ W(X)Pn(x)Pm(x)dx = | 


where c, is a constant and P,,(x) denotes one of the orthogonal polynomials. In dis- 
cussing the Hilbert transforms of the classical polynomials, it is necessary to multiply 
the polynomial by a suitable weight function, to ensure that the Hilbert transform con- 
verges. The weight function selected is usually the w(x) given in Eq. (9.1), multiplied 
where appropriate by a rectangular pulse function or step function, to restrict the inte- 
gration interval to a required range. The polynomials that are considered are shown 
in Table 9.1. The notation GY (x) is also commonly employed for the Gegenbauer 
polynomials. 

It is a standard technique in solving many problems to expand a function under 
investigation on a particular interval, in terms of polynomials orthogonal on the 
same interval. When it is desired to determine the Hilbert transform, it may be 
considerably more convenient to work with the series representation of the func- 
tion, rather than directly with the function. This leads to a number of strategies to 
carry out the numerical evaluation of the Hilbert transform. 


9.2 Hilbert transforms involving Legendre polynomials 


Legendre’s differential equation of order 7 is given by 


2 
d-y 5, 2 


2 
qd «a2 re 


+n(n+ ly =0. (9.2) 
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Table 9.1. The important classical orthogonal polynomials 


Polynomial Symbol Interval (a, 8) Weight w(x) 
Legendre P(x) (—1,1) 1 

Hermite A, (x) (—oo, co) en 

Laguerre Ly(x) (0, co) ec* 

Chebyshev (of the first kind) Tn(x) (-1,1) JIG — x7)-4] 
Chebyshev (of the second kind) U,(x) (—1,1) afi aey 
Gegenbauer (ultraspherical) Ci (x) (-1,1) (1 —x2)A-1/2 
Jacobi P&P) (-1,1) (1 —x)*(1 +.x)8 


For integern > 0, the solutions of this equation are the Legendre polynomials, denoted 
by P,,(x). A second set of solutions of this equation are the Legendre functions of the 
second kind, QO, (x), and these are discussed in a later section. This differential equa- 
tion arises in a number of applications; for example, the solution of the one-particle 
Schrédinger equation in three dimensions is reducible to Eq. (9.2) for certain quantum 
numbers. The related problem of finding the eigenfunctions of the square of the angu- 
lar momentum operator for the same problem also reduces to the Legendre differential 
equation. The generating function for the Legendre polynomials is given by 


Fie ED -> P,(x)t". (9.3) 


The evaluation of the Hilbert transforms of the functions P,,(cos 6) and P,,(sin @) 
are examined. A waveform that can be expanded in terms of a series of sine or 
cosine functions can be rearranged to a series of Legendre polynomials. When this 
rearrangement is carried out, it is of interest to have results for the Hilbert transform. 
The original series could, for example, represent a dissipative process; the Hilbert 
transform would then correspond to the dispersive component of the process, or 
vice versa. A continuous function with support in the interval [—1, 1] has a unique 
series expansion in terms of Legendre polynomials, and the details are discussed 
momentarily. Functions with support extending outside the interval [—1, 1] can be 
multiplied by an appropriate step function to achieve restriction to this interval. It is 
also of interest to be able to evaluate the Hilbert transform of these step function— 
Legendre polynomial combinations. 

From the generating function, a compact formula for P,,(cos 0) can be determined 
in the following manner. Starting with 


1 1 
JU — 2412) J(1— 2tcos6 + 7) 
as 1 
~ /(. = tel? — te“? + 22) 
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1 1 
~ /( = te®) /( — te-i9) 

= sone y ave, (9.4) 

k=0 j=0 

with 

it k=0 
Nk = ) (2k —1)!! (9.5) 

> 1, 


ey 
and the reader is reminded of the definitions for the double factorials: 
(2k —1)!=1-3-5----- Qk-1) (9.6) 
and 
(2k)!!=2-4-6---- + (Qk). (9.7) 


Let ag = the? ny and b= the? nj, then the double infinite summation in Eq. (9.4) 
is of the following form: 


ao Bo+ aoB1 + a0B2 +0083 + --- 


[o,@) [o,@) 
+ 1 Bo + 01 By + By +1 B3 + --- 

= 98 

EDD ann een aes ve 


+ a3 Bo +038, +a3Bo+---, 


which can be rearranged by summing along the diagonals (left to right) to yield 


ioe) ioe) oo on 
de DB = Dy Dd nm Bn 
k=0 j=) n=0 m=0 
ioe) n 
z >»: t” > el(n—2m)o Nn—m Nm- (9.9) 
n=0 m=0 


Comparing this expression with the result from the generating function yields, on 
taking the real part, 


P,(cos@) = > cos{(n — 2m)OIn—m Nm- (9.10) 


m=0 


The product 4yn—m Nm can be written in terms of binomial coefficients as follows: 


I f2 2n —2 
Nn—m Im = 77 ( ) ( ‘ ) : (9.11) 
4° \m n-m 
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Equation (9.10) can be written in a form that avoids the repetition of cosine terms 
with the same argument, as follows: 


P, (cos @) 


oh en p 
_n{ on n m n—2m 
4 Ga) + Fin=1 y ee 4 ") es 7 .) cos2m0, for n even 
m= 


—1)/2 
Tk y ( n+2m+1 )( n—2m—1 


jan GPS ea) Gash n) cos[(2m + 1)@], for n odd. 


(9.12) 


This result is most suitable for determining the Hilbert transforms of the Legendre 
polynomials. To evaluate H{P,,(cos @)}, it follows, from Eq. (9.12) and the linear 
property of the Hilbert transform, that 

HP,, (cos @) 


/2 
lisa te n+2m n—2m\ . 
ea nf2—m sin 2m0, for n even 
m= 


(n—1)/2 
1 n+2m+1 n—22m-—1 ; 
inal » ( +1/24 5 & ~1)/2- = sin[(2m + 1)], for n odd. 


(9.13) 


From Eq. (9.13), a table of Hilbert transforms for the Legendre polynomials can be 
constructed (Table 9.2). Some additional entries are given in Appendix 1. 

The determination of H{P,,(sin @)} is now considered. From Eq. (9.12) it follows 
that 


Py(sin 6) 
n/2 


2 
1 fon 1 n+2m n—2m m 
i & + ina » es 4 es _ “ (-1)" cos2m6, for n even 
n= 


(n—1)/2 

1 n+22m+1 n—2m—1 ae 

7inaT 2 Gs oo) @ ed (—1)” sin[(2m + 1)6], for n odd, 
n= 


(9.14) 
and hence 


HP,, (sin 6) 


eee n+2m n—2m 
yn=1 > Ge Ws ) ca sinane for n even 
n m} \n/2—m 
m=1 


(2 

1 +2m+1 —2m—1 7 

et @ Re 4 ie a ) (—1)"*! cos[(2m + 1)6], for n odd. 
m=0 T T 


(9.15) 
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Table 9.2. Hilbert transforms of the Legendre polynomials P,(cos 0) 


P,,(cos @) HP, (cos @) 

Po(cos @) 0 

P\(cos@) sin 6 

P (cos @) (3/4) sin 26 

P3(cos @) (1/8)[3 sin @ + 5 sin 30] 

P4(cos@) (5/64)[4 sin 20 + 7 sin 46] 

Ps(cos@) (1/128)[30 sin 6 + 35 sin 36 + 63 sin 56] 


Table 9.3. Hilbert transforms of the Legendre polynomials P,(sin 0) 


P,,(sin 6) HP, (sin 0) 

Po(sin 6) 0 

P,(sin@) —cos 0 

P2(sin 6) —(3/4) sin 26 

P3(sin@) (1/8)[5 cos 36 — 3 cos 4] 

P4(sin 6) (5/64)[7 sin 40 — 4sin 20] 

Ps(sin @) —(1/128)[63 cos 50 — 35 cos 36 + 30 cos 6] 


Some values for H{P,,(sin 6)} are presented in Table 9.3, and additional values are 
given in Appendix 1. 

The Legendre polynomials form an orthogonal set of functions on the interval 
[—1, 1], and satisfy the following condition: 


1 
2: 
Py(x)Pm = —— drm, wl 
a Pa )Prlddx = = — (9.16) 


where 6,,, is the Kronecker delta (see Eq. (2.38)). On the interval [—1, 1], a continuous 
function can be expanded in terms of a series of Legendre polynomials as follows: 


[o,@) 
f(x) = Yo agPe (x), (9.17) 
and the coefficients a, are given by 


2k _ 
an = a SP) dx, (9.18) 


which follows from Eq. (9.16). 
The most direct manner in which to restrict the support of a function to the interval 
[—1,1] is to multiply it by a step function. The unit rectangular step function is 
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a 


1 Toq(*) 


—a a x 


Figure 9.1. Rectangular step function ITz_(x). 


defined, for a > 0, by 


0, for |x| >a 


9.19 
1, for |x| <a, ( ) 


Tax) = | 


and it has the appearance shown in Figure 9.1. In some books the vertical sections 
at x = —a and x = a are drawn, to give the appearance of a rectangular form. The 
definition given in Eq. (9.19) is sometimes augmented by the assignment I2,(x) = 
1/2 for |x| = a. For a = 1/2, the abbreviation T(x) = M1 (x) is widely employed. 

The Hilbert transform of the function P,(x)T2(x) is now considered. The pres- 
ence of the factor Il7(x) has the effect of reducing the Hilbert transform on R to a 
finite Hilbert transform on [—1, 1]. Finite Hilbert transforms are explored further in 
Chapter 11. Two approaches are shown to work out the desired Hilbert transform. 
The first method involves setting up a recursive scheme, based on the well known 
recurrence formula for the Legendre polynomials: 


n+l 
Prat (x) = “5 xP, (x) Pi) forn > 1. (9.20) 


The Hilbert transform of xP,,(x)II2(x) is considered first. From the Hilbert trans- 
form of the product x” f(x) (see Section 4.7, Eq. (4.113)), 


1 [o,@) 
A[xPy (x) 12 (x)] = x [Pa(x)T12@)] — - | Py (x) 112 (x) dx. (9.21) 
—0o 
The last integral simplifies, using Eq. (9.16) and recalling Po(x) = 1, as follows: 


le) 1 
/ P, (x)TIp(x)dx = / Py (x)dx 
le) —l 


1 
= / Po(x)Pp(x)dx = 280. (9.22) 
-1 
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Hence, 
2 
AlxPy,(x)2(x)] = xH [Py (x)T12(x)] — = on (9.23) 


So, from the recurrence relation for the Legendre polynomials, it follows that 


2n+1 
A Pn41@)M2@)] = Tee 


— —"_FIP._16)Tb(O), forn > 1. (9.24) 
n+1 


x H[Py(x)I12(x)] 


This relationship can be employed with the following starting values: 


A[Po(x) 2 (x)] = HU2()] 


- ~ tog | * , bl, (9.25) 
A l1-x 
and 
2 
ALP (x) T2(x)] = x A[T]2(x)] — 7 
1 l+x 
i {tog -2]., Ix] 41. (9.26) 
TU 1-— 


The algebra involved in this type of recurrence scheme can be handled effectively 
with modern symbolic packages such as Mathematica. 

An alternative approach to evaluating H[P,(x)Il2(x)] starts directly with the 
series expansion for the Legendre polynomials: 


[n/2] 
4 2n—2k\ (n\_ y_ 
P,(x) =2 2 1 ( ; ) (i) a (9.27) 


where |x| denotes the floor function, the greatest integer not larger than x; that is, for 
integer m, 


B = ee for m even (9.28) 


2 (m—1)/2, for m odd. 


It is slightly more convenient to consider the cases n even and n odd separately. For 
n even, set n = 27, then Eq. (9.27) can be written as 


H 
P(x) = > aj x, (9.29) 
k=0 
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a (4 +2k\ (2 
aj =4 anes (7 v ) Goa: 


From Eq. (9.29) it follows that 


with 


1 j oo /2kTT,(1)4 
H(P2)Ta@)] = — Dane f onde 
k=0 


—00 x—t 


which simplifies, on using a summation rearrangement of the type 


J m J J 
2. —2 2m—2 
de wim" YT Bax = YD ot jn Bom, 
m=1 n=1 m=1 n=mn 
to yield 


1 


1 
A[P2j@)112@)] = — log 


l1-x = 
Did 2k-1 d aim 
-— - —__+—_—_., with 1. 
aoe Derren gs ae 
k=1 m=k 


In a similar manner for odd n, on setting n = 27 + 1 in Eq. (9.29), 


J 
2k+1 
P41) = So binx se 
k=0 


with 


== /(24j+2k+2\ (234+1 
4a 2j—-1¢__yyk+j J J 
po ee) ( Atl \G7)- 


From Eq. (9.34) it follows by a straightforward calculation that 


=> ——— , W th # 1. 
Xx ; 1 |x| 


445 


(9.30) 


(9.31) 


(9.32) 


(9.33) 


(9.34) 


(9.35) 


(9.36) 


From Egs. (9.33) and (9.36), the following table of Hilbert transforms has been 


constructed (Table 9.4). Additional cases are given in Appendix 1. 
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Table 9.4. Hilbert transforms of the functions Py (x)T2(x) 


P(x) ALP, (x)T2(x)], (lx] 4 1) 
1 
Po(x) a log| Ruki 
l-x 
1 
P(x) a {tog| =| 2] 
l-x 
3 1 1+x 
P. 7 = 1 
(x) oA {5° | og ae sx 
5 3 1+x 4 
P3(x) a {| 5" 5" log i 5 431 
35 15 3 l+x| 35 55 
P _ 4 2 l 3 
4 (x) 4 {|= a fe a >| 
63 35 15 l+x| 63 49 16 
P _ 5 3 ] 4 2, 
5@) i [Ss eal | | 4 a =| 


9.3 Hilbert transforms of the Hermite polynomials 
with a Gaussian weight 


The calculation of the Hilbert transforms of the Hermite polynomials using a weight 
function of e~* are considered in this section. Waveforms involving a product of 
Hermite polynomials with a Gaussian have found application in wavelet analysis. 
For example, the whimsically named Mexican-hat wavelet, introduced by Gabor, can 
be written as follows: 


f(x) = { 5Hocs = jtn0| eo 1/2) (9.37) 


This function is illustrated in Figure 9.2. 

The Gaussian function is useful in waveform analysis because it is localized in 
both the time and frequency domains. The range where the function is significant 
can be modified by multiplication by appropriate functions, of which the Hermite 
polynomials are one choice. The functions generated from the product of a Hermite 
polynomial and a Gaussian function arise in a number of applications, because they 
are eigenfunctions of the Fourier transform operator. 

Hermite’s differential equation is given by 


d?y dy 
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Figure 9.2. The Mexican-hat wavelet. 


For integer n > 0, the solutions of this equation are the Hermite polynomials, H,,(x), 
which have the following explicit representation: 


Ln/2] m n—2m 
H,(x) = eT age oa i eee (9.39) 


m!\(n — 2m)! 


The Hermite differential equation occurs in several important applications. The first 
encounter with this equation often arises in a quantum mechanical study of the one- 
dimensional harmonic oscillator, which serves, among other uses, as a model for 
vibrational motion. The Hermite polynomials satisfy a recurrence relation of the 
following form: 


Ana (x) = 2x Ay (x) — 2nAy-1(x), forn > 1. (9.40) 


A continuous function f(x) with appropriate asymptotic behavior as x — oo can be 
cast in terms of a series of Hermite polynomials multiplied by the Gaussian weight 
function e-’. 

The calculation of the Hilbert transforms of the Hermite polynomials using a weight 
function of e~*” can be effectively carried out in at least two different ways. The first 
involves the use of the recurrence formula just given, and the second method involves 
finding an explicit expression based on the moment formula for the Hilbert transform 
of x” f(x) developed in Section 4.7. From the recurrence formula for the Hermite 
polynomials it follows that 


Hl Haze | = 2H [x Hae |] — 2n HiHy-1@)e"" ], forn>1. (9.41) 


Using the moment formula for the Hilbert transform of x” f(x), yields 


Hx Hae" ] = x H[Ay (we | — - / * Hen” dt. (9.42) 
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The final term in Eq. (9.42) can be evaluated using the orthogonality condition for 
the Hermite polynomials: 


2"n!./n, n=m 


7" aves (9.43) 


we 2 
/ Ha()Hm(e dx = | 
—oo 
Since Ho(x) = 1, 
lee) 2 lee) 2 
/ H, (oe dx = i Ho(x)Hy(x)e™ dx = 0/7. (9.44) 
—0o —0o 
The recurrence result in Eq. (9.41) thus simplifies to 

HAyaiQe-® | = 2xH [Hye |] —2n H[Hy-1@e* |, forn>1. (9.45) 


To use this relationship the first two values of H[H,, (x)e"*"] forn = Oandn = | are 
required. In Section 5.2 the Hilbert transform of the Gaussian function was evaluated 
to be 


H(e-®) = —ie~® erf (iV(a) x). (9.46) 


This Hilbert transform is denoted by G(a, x), and the abbreviation G(1,x) = G(x) is 
employed. Thus, 


H[Ho(@)e-*' ] = G@) (9.47) 
and 


H[Mi (xe ] = 2x G(x) — = (9.48) 


Equation (9.48) is obtained using Eq. (4.111). With these two results, HLH, (x)e“*"] 
can be evaluated using Eq. (9.45). 

Direct evaluation of the Hilbert transform H[H,, (xJe J starts with the expansion 
Eq. (9.39). Using this result and the moment formula for the Hilbert transform of the 
product x” f(x) and with g(x) = Hf (x), yields 


l n—1 oO 
Hix" f()] = x"g@) — — Do xt / fr adi. (9.49) 
= k=0 Tee 
From this it follows that 
‘ j j 
H[Hy (ae ] = G@) Daim x?" — Y° Bim x? (9.50) 
m=0 m=1 
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and 
j 
: =x77 (Aj + 2)ajmG(x) 2m+1 ye 
HApj+1 (xe 1= >| ma Cjmx™ \, (9.51) 
where 
am (—1J+m (apy! 
og = oe La 9.52 
tim Com) j — m)! C2. 
j 
Bim = 1! Sain (2 — m+ 1/2) 
jom 
ee l(j-—-m—k+1/2) 
= 4/q_71(2))! ; 9.53 
3 One (—4)F Qj — 2h)! Ce”) 
and 
j 
Adee Ainl (n — m+ 1/2) 
Cim = 1 '4j+2)5¢ d mal / 
jom 
a oe TG —m—k+1/2) 
= 2+1y-1 27+ 1! : 9.54 
Ia CaF —2k+ DI ven) 


In Eqs. (9.53) and (9.54), (7) denotes the gamma function. To obtain Eqs. (9.50) 
and (9.51), summation rearrangements of the type 


J m 
> An > Bmn = 
n=1 


m=1 


gi 


j 
SS taba (9.55) 


m=|n=m 


have been employed. Evaluation of Eqs. (9.50) and (9.51) leads to the results pre- 
sented in Table 9.5, and additional values are given in Appendix 1. 


9.4 Hilbert transforms of the Laguerre polynomials with 
a weight function H(x)e"* 


Laguerre’s differential equation is given by 


dy 


dy 
—> — x) = 0. 56 
xa + a ty 0 (9.56) 


The solutions of this equation for integer n > 0 are the Laguerre polynomials Ly (x). 
These polynomials can be evaluated using Rodrigues’ formula: 


i= — zee), (9.57) 
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Table 9.5. Hilbert transforms of the Hermite polynomials with a 
Gaussian weight function 


The function G(x) is defined in Eq. (9.46) with a = 1 


Hy (x) AA, (xje7*"] 

Ho (x) G(x) 

Hi (x) 2xG(x) — = 

Ha (x) (4x2 — 2)G(x) — = 

pap) 
F3(x) (8x3 — 12x)G(x) + Baa) 
ft 
93 
Hate) (16x! — 48:2 + 12)G@) + SAT? 
J 
— 9x2 4 
Hs(x) Gr i1ie eee 
ft 

and they satisfy the recurrence formula, 
En+1@) — Qn + 1 x)Ln) + nr Ln-1(x) = 0. (9.58) 


A continuous function f(x) with appropriate asymptotic behavior as x — oo can 
be cast in terms of a series of Laguerre polynomials multiplied by the weight 
function e™*. 

Clearly, both H[L,(x)] (for n > 1) and H[L,(x)e™] diverge. The Hilbert trans- 
form of H[L,(x)H()e™~], where H(x) denotes the Heaviside step function, is well 


behaved. The Heaviside step function is defined by 


1, x>0 


0, x <0. ve?) 


H(x) = | 


This definition is sometimes supplemented with the assignment H(x)=1/2 for 
x = 0. On making use of the expansion 


LO= > dina" (9.60) 


m=0 


with 


pe ( a ) (9.61) 


m! n—-m 
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it follows that 


s™e* ds 


HULn(2)H@)e~"] = — > dam P i} 


m=0 


l n oe) ™_1)e-%d CO e-3 
aa {f ((s/x) Je = +f e | 
aor 0 x—S 0 x—S 

m—1 


lee) 
Raa ske ds 
k=0 0 


xXx—S 


= E()Ln() = — dam x" 


m=1 
1 n m—1 
= E@)In@) — = No Gig er Ble (9.62) 
m=1 k=0 
and the definition 
] lee) 1 d 
EQ) =—P / aoe (9.63) 
ue 0 x—-S 


has been introduced. The integral in Eq. (9.63) can be easily recast in terms of the 
exponential integral function: 


E(x) =~ 'e™* Ei(x). (9.64) 


If a summation rearrangement of the following form is employed: 


n 


n m—1 n 
a, Gngk i> Bux * = Soa! a OnmBm—j, (9.65) 
m=1 k=0 


j=l om 
then 
HUba()HG)e*] = BG) Lals) — eyix (9.66) 
j=l 
with 
Cnj = ss ee ae (, 7 ») (9.67) 
mj 


The first few results generated from Eq. (9.66) are shown in Table 9.6, and some 
additional values are given in Appendix 1. 
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Table 9.6. Hilbert transforms of Ly(x)H(x)e* 


Ln)  AlLn@)H@)e™] 


Lo(x) — E(x) 

Li) (L-xE@) +27! 

Lox) [(2— 4x +x?) E(x*) +: 27!B —x)]/2 

L3(x) — [(6 — 18x + 9x? — P)E(x) +: 7! (11 — 8x + x7)]/6 

La(x) — [(24 — 96x + 72x? — 16x37 +. x4) E(x) + 27! (50 — 58x + 15x? — x3)]/24 


9.5 Other orthogonal polynomials 


There are a number of polynomials that occur widely in applications that are orthogo- 
nal on the interval (—1, 1) with the appropriately chosen weight function. The Hilbert 
transform of the product of each of these polynomials with its corresponding weight 
function, multiplied by a suitable step function, can be worked out in a manner related 
to the discussion given earlier for the Legendre polynomials. For the Chebyshev, 
Gegenbauer, and Jacobi polynomials, 


T,(x)Tox)]_ 1, f’ Tn (t)dt 
. J (1 — x?) 7 2. (x — t)./(1 — t?)’ (9.68) 
1 _ 72 
H[U,@)Tha@)/0 — 2)] = —P i UOMO SMG (0.69) 
WU -] x-—t 
ar AIRE 1/2 
HICHC)TA@)A = 2y""| = LP i. A “ 70) 
=a _ 


and 


1 PHAN —H7( + HF dé 
1 x—t , 


HP®?) (x) T(x) (1 =—x)*(1 +x)7] = ~P | 
(9.71) 


In Eqs. (9.68)-(9.71) x € (—1, 1), so that the principal value of the integral is needed 
in each case. These four integrals can be most conveniently regarded as particular 
cases of the finite Hilbert transform, a topic discussed in Chapter 11. The integrals 
given in Eqs. (9.68) and (9.69), as well as some related cases, are considered in 
Section 11.12, and particular cases of the other two integrals are also examined in 
Chapter 11. 
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9.6 Bessel functions of the first kind 


Bessel functions arise frequently in problems in physics and applied mathematics. 
The solutions of the differential equation 


d2 d 
2 eee Dy? 


7 = v)w =0 (9.72) 


are Bessel functions of the first kind J+,,(z), Bessel functions of the second kind 
Yy(z), and Bessel functions of the third kind Hi. (1) v(Z), HE @) 7» (Z). Other names and nota- 
tions are employed for these functions. The Y,,(z) are also called Weber’s functions, 
and H. Oe ), Aas 2) 7» (Z) are called Hankel functions. A summary of some of the more 
common alternative notations can be found in Abramowitz and Stegun (1965, p. 358) 
or in Erdélyi et al. (1953, Vol. I, p. 3). 

Attention is first directed to Bessel’s function of the first kind. This function has 
the following series expansion: 


. 00 (—1)* (2 /2)2k + ¥ 
Jy(z) = pS KP@tk+1)’ (9.73) 


where I'(n) denotes the gamma function. The determination of the Hilbert transform 
of Bessel functions is now considered. The simple example Jo(ax) is examined first. 
This calculation can be approached in at least two ways, the first involving the Fourier 
transform method discussed in Section 5.2. The Fourier transform of Jo(ax) fora > 0 
is given by 


2 
Ai eae (9.74) 
0, 


a < |x| < @, 


for a > 0. The Hilbert transform of Jo(ax) for a > 0 is thus determined as follows: 


2 We 
H{Jo(ax)] = -iF 7! [sens {7/4 ee me eae 


a < |x| < oo 


—_— — 
Rapa sane [Ve P), O<|tl<a |r 
2m J—oo a <|t| < 00 
i f% sgnte™ de 
7 —a J (a? — t?) 
2 f% sinxtdt 
Pe Mel 9.75 
I J(@ — 1) (9.75) 


The latter integral can be expressed as follows: 


a ‘ d m/2 m/2 
/ ee / sin[ax sin 6\d@ = / sinfaxcos6|d0. (9.76) 
0 Vi@-y) Jo 0 
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A more general form of this integral arises in applications. Struve’s function H, (z) 
has the following integral representation (Abramowitz and Stegun, 1965, p. 496): 


2(z/2)” m/2 
V(r) Tv + 1/2) Jo 


Using this result, and noting that [(1/2) = /z, yields 


H,,(z) = sin[z cos 6] sin?’0d0. (9.77) 


H{[Jo(ax)] = Ho(ax). (9.78) 


The Struve function can be evaluated from the power series representation: 


(—1)* (2/2)** 
T(k+3/2)r(k ++ 3/2) 


H,(z) = (¢/2)°*! )> (9.79) 
k=0 


The determination of H[Jo(ax)] can be approached in a more direct manner using 
an integral representation for Jo(ax). The Bessel function Jo (ax) can be expressed as 
follows (Abramowitz and Stegun, 1965, p. 360): 


1 rs 
Jo(ax) = - | cos(ax sin @)dé. (9.80) 
0 


From this result, and making use of H(cos ax) = sgnasinax, it follows fora > 0 
that 


1 dt 1 f* : 
H{Jo(ax)] = —P i == / cos(at sin 6)d@ 
0 


-oxrx—-ta 


8 ] (oe) Hy 
i ao | cos(at sin 0) dt 
0 ue 00 x—t 
Tv 


/ sgn(a sin 8) sin(ax sin 0)d@ 
0 


qo gl Sieg 


i sin(ax sin 0)dé. (9.81) 
0 


The fact that asin @ is positive for 0 < 6 < a has been employed in the preceding 
sequence. The reader is requested to justify the interchange of integration order in the 
steps given. The last integral in Eq. (9.81) can be written as follows: 


a4 m/2 0 
/ sin(ax sin@)d@ = / sin(ax sin@)d@ + i. sin(ax sin 0)d@ 
0 0 n/2 


m/2 m/2 
-|/ sin(ax sinoyao + | sin(ax cos 6)dé 
0 0 


m/2 
= 2 | sin(ax sin 0)dé, (9.82) 
0 
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and Eq. (9.76) has been employed in the last step. Equation (9.78) is obtained from 
Eqs. (9.77), (9.81), and (9.82). 

To approach the calculation of the Hilbert transform of functions like 
A[sin(ax)J,(bx)] and H[cos(ax)J,(bx)] for 0 < b < a and n taking integer val- 
ues 0, 1, 2,..., it is worthwhile to check if Bedrosian’s theorem (see Section 4.15) 
will work. The underlying reason for examining this approach is that a number of 
Fourier transforms involving Bessel functions vanish in some interval, which cor- 
responds to the support of the Fourier transform of sin ax or cos ax. It will prove 
useful to consider Bedrosian’s theorem for functions that are even or odd. The 
Fourier, Fourier cosine, and Fourier sine transforms of f(x) and g(x) are denoted by 
F(x), Fe(x), Fs(x), G(x), Ge(x), and Gs(x), respectively. If f(x) is an even function 
with F.(x) = 0 forx > a (a > 0), and 


(i) g(x) is an even function with G,(x) = 0 for0 <x <a, 
or 

(ii) g(x) is an odd function with G,(x) = 0 for 0 < x <a, 
or 
(iii) G(x) = 0 for |x| < a; 


or f (x) is an odd function with F';(x) = 0 for x > a, and either (i), (ii), or (iii) applies, 
or F(x) = 0 for |x| > a, and either (1), (ii), or (iii) applies, then 


ALf@)g@)] =f @) Hg). (9.83) 


The reader is requested to supply a proof of the preceding result. Some examples are 
now examined. The first choice is 


sin? bx 


f= 


3, forb>0, (9.84) 
x 
which does not involve special functions. This function is even and satisfies 


Fox) =0, forx > 3b. (9.85) 


Now select g(x) = sinax (a > 0), which is an odd function and satisfies (in the 
distributional sense) 


G;(x) =0, for0 <x <a, (9.86) 


then if a > 35, it follows using Eq. (9.83) that 


H sin ax a | Bes one 

x 

= COs ax a bx (9.87) 
x 
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Note the importance of the condition a > 3b, without which Eq. (9.83) does not hold. 
In a similar manner, if g(x) = cos ax (a > 0), then 


G(x) =0, for0<x <a, (9.88) 
then, for a > 3b, 
cos ax sin? bx sin? bx 
H | ——,—— | = H[cosax]—, 
x x 


sin ax sin? bx 
= —_{—.. (9.89) 
% 

A number of applications of this approach can be found for Bessel functions, and 
the cases H[sin ax J,(bx)] and H[cos ax J,(bx)] forn = 0,1,2,...anda>b>0 
are now examined. The case H[sin ax J2,(bx)] is considered first. From Eq. (9.73) 
it is clear that J>,,(bx) is an even function, and the Fourier cosine transform of this 
function can be expressed in terms of Chebyshev (alternative spelling Tchebichef) 
polynomials 7,,(x) as follows (see Erdélyi et al. (1953, Vol. 1, p. 43); note that 
there is a typographical error in the range given in this standard reference, and this is 
corrected in the next equation): 


(=1)"Ton(b~'x) jects 
——_. — , x 

Fe Jon(bx) =} JP — 2) (9.90) 
0, b<x< Om. 


With the condition a > b > 0 and the results given in Eqs. (9.90) and (9.86), 


A[sin ax Joy, (bx)] = H[sin ax] Joy (bx) 
= —cos ax Jp, (bx). (9.91) 


To evaluate H[sin ax J2n+1(6x)], first note from Eq. (9.73) that Jo,+1 (bx) is an odd 
function, and the following result holds (Erdélyi et al., 1953, Vol. 1, p. 99): 


(—1)" Tong. (71x) 
Fs Jon+1 (bx) = V(b? — x?) 
0, b<x<m. 


», O<x<b (9.92) 


Using this result and Eq. (9.86), it follows that 


A[sin ax Jon+ 1 (bx)] = A[sin ax] Jon+) (bx) 
= —cos ax Jon41 (bx), for0<b<a. (9.93) 
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This result can be combined with Eq. (9.91) to give 
A {sin ax J,(bx)] = —cosaxJ,(bx), for0<b<a, (9.94) 

which holds for n = 0, 1,2,... In a similar manner, 
H{cos ax J,(bx)] = sinax J,(bx), for0<b<a. (9.95) 


Obviously, this approach to evaluating the Hilbert transforms of these functions 
requires significantly less labor than a direct evaluation. A number of Hilbert trans- 
forms of Bessel functions that have been worked out in this manner are presented in 
Appendix 1, Table 1.8. 

An alternative evaluation approach for H[sin ax J;,(bx)] is now considered, and in 
the process some complications that arise when the condition b < ais not satisfied are 
examined. A similar approach to that discussed previously for H[Jo(ax)] is adopted. 
The function J,(ax) for integer n can be expressed as follows (Abramowitz and 
Stegun, 1965, p. 360): 


] Big 
Jy(z) = -| cos(z sin 6 — n@)dé. (9.96) 
0 


From this result it follows that 


°° sinat dt 1 7 
pees = i} cos(bt sin 8 — n0)dé 
0 


A[sin ax J, (bx)] = Pf 


-o x-t 


uA 
1 is 40 Pf sin at cos(bt sin 6 — n@)dt 
T JO as 

1 71 


ee x—t 


[o,@) : a 
= - | is {cosmo P f sin at cos(bt sin 0)dt 
0 


a ua —~0o x—t 


ee Fe is sin at sin(bt sin 0)dt }ao 


—00 x—t 


1 f7 1 °° sin(a — bsin@)t dt 
= — ycosné P 
2a Jo 2 Lig x—t 


eens [ sin(a + bsin@)t dt 


—00 x—t 


oe — bsin@)t dt 
+sinno Pf cos(a — bsin@)td 
—oo x—t 


SS : 
~sinno Pf “ee lao 


—00 x—t 
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1 8 
= — / {sgn(a — bsin 6)[— cosné cos(a — bsin @)x 
20 0 


+ sinné sin(a — bsin @)x] 
— sen(a + bsin @)[cos né cos(a + b sin @)x 
+ sinné sin(a + bsin @)x]}dé. (9.97) 


The different parameter ranges can be examined by consideration of this result. If 
a> b> 0, then sgn (a — bsin@) = 1 for0 < 6 < z, and so Eq. (9.97) simplifies to 
give 


1 a 
A[sin ax J, (bx)] = om / {—cos n6 cos(a — bsin@)x + sinné sin(a — bsin@)x 
0 


— cosné cos(a + bsin @)x — sinné@ sin(a + bsin @)x}dé 


rs 
hse / {cos n@ cos(bx sin 8) + sin n@ sin(bx sin 6)}dé 
te 0 


a 
Bey wacciiaae / cos(n6 — bx sin 6)d0 
18 0 


= —cos ax J, (bx), (9.98) 


which is in agreement with the result obtained previously using Bedrosian’s theorem. 
For the case a = 5, a similar argument applies, and it follows from Eq. (9.97) that 


1 a: 
A[sin ax J, (ax)] = — on / {cos n@ cos(a — asin@)x — sinné sin(a — asin @)x 
wT JO 


+ cosn@ cos(a + asin @)x + sinné sin(a + asin 0@)x}dé 


cosax [7 . 
=— / cos(n@ — ax sin @)d0 
us 0 


= —cos ax J; (ax). (9.99) 


To illustrate the problem that arises when b>a>0, consider the case 
A[sin ax Jo(bx)]. Employing Eq. (9.97) leads to 


1 rs 
A[sin ax Jo(bx)] = — on / sgn(a — bsin@) cos(a — bsin 6)x dé 
a Jo 


if rs 
= / sgen(a+ bsin@) cos(a + bsin @)x dé. (9.100) 
wT JO 
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Since sgn(a+ bsin@) = | for 0 < 6 < z, the second integral on the right-hand side 
of Eq. (9.100) is given by 


COS ax 


1 7 cr 
aoe / sgen(a + bsin@) cos(a+ bsin@)x dé = — / cos(bx sin 0)d@ 
Tw JO 0 


sin ax 


20 


us 
/ sin(bx sin 0)d@ 
0 
1 
=— 5 cos ax Jo (bx) 


1 
He 5 sin ax Ho (6x). (9.101) 


The first integral on the right-hand side of Eq. (9.100) is somewhat more tedious to 
evaluate. On writing c = a/b, it follows that 


1 Mi 
—— / sgn(a — bsin@) cos(a — bsin @)x dé 
20 0) 


1 m/2 
=-—— / sgn(a — bsin 9) cos(a — bsin @)x dé 
0 


ca 
cosax [7/2 ; ’ 
Tree i sgn(a — bsin @) cos(bx sin 0)d6 
0 
sinax 7/2 ; : : 
— — sgn(a — bsin @) sin(bx sin 6)d0 
a 0 
sin“! ¢ m/2 
peas i cos(bx sin 0)d@ -[ cos(bx sin 6)dé 
1s 0 sin7!¢ 
sin ax sin-!¢ m/2 
- / sin(bx sin 0)d@ — / sin(bx sin@)dO¢. (9.102) 
0 sin7! ¢ 


The integrals in the preceding expression can be evaluated by an appropriate series 
development, or dealt with by numerical quadrature techniques. 


9.7 Bessel functions of the first and second kind for non-integer index 


In this section the evaluation of the Hilbert transforms of Bessel function of the first 
and second kind is illustrated using integral identities for J, (x) and Y,(x). For x > 0 
and —1/2 < Rev < 1/2 (Watson, 1944, p. 170), 


2 © sin xt dt 
Jo) = Tay /2 — w/a” | (pete oe 
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and 


2: °° cos xt dt 
a= Jf (#) PA /2 — v)(%/2)” | (2 — 1th?" or 


The preceding two results are called the Mehler—Sonine integrals. To evaluate 
A[ |x|’ Yy(a|x|)] for a > 0, it follows from the preceding equation that 


A[|x|"Yy(alx|)] = Toes a = a i HE | 
goat [ H[cos(atx)|dt 
MPU =v) Jp. C1 
goa" i sgn(at) sin(axt)dt 
JV(n)T/2— v) Ji Cea lyri 
senx 2°+! %  sin(alx|t)dt 


= J(r)yTU/2—v) Jy (2 — 1)et1/2” (9.105) 


and hence 


Al |x|" Yy(alx|)] = —sgn x |x|°Jy(alx|), fora > 0, and —1/2 < Rev < 1/2. 
(9.106) 


Starting from Eq. (9.103) yields, in a similar fashion, the following result: 


H {sgn x |x|°Jy(alx|)] = |x|” Yy(alx|), fora > 0, and —1/2 < Rev < 1/2. 
(9.107) 


The reader is left to determine if Hilbert transforms of functions like 
|x|? Yy(a|x|) sin bx and |x|” Yy(alx|) cos bx, where b is a constant, can be worked 
out by employing the integral relationships for J, (x) and Y,(x) given at the start of 
this section. The case H[|x|"Jy(a|x|)] is worked out in Section 9.8. 


9.8 The Struve function 


The Struve function H,,(x) is closely related to the Bessel function J, (x). The Hilbert 
transform of the Struve function can be worked out in much the same manner as 
described for the Bessel function J,,(x). This is illustrated by considering Ho (ax) 
fora>0: 


es Pde. Oe 
HUo(ax) = —P i; / sin(as cos 0)d0 
1s 0 


co X—-SH 


a2 [" Pf sin(as cos 0)ds 
0 4 


a as x-—S 
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2 m/2 
= -= | sgn(a cos @) cos(ax cos 6)d@ 
az JO 
1 £13 
= / cos(ax sin 0)d@ 
0 


IU 


= —Jo(ax), (9.108) 


which is the skew-symmetric partner of Eq. (9.78). An example where the Hilbert 
transform of the Struve function shows up is in the determination of the radiation 
impedance for a rigid circular piston (Mangulis, 1964). 

The result in the next example, involves the Struve function. Consider the Hilbert 
transform H[|x|~’J, (a|x|)], for the constant a > 0. This can be evaluated by reference 
to the following integral identity (Abramowitz and Stegun, 1965, p. 360): 


v 1 
J, (Zz) = sans | (1—?7)""!/? cos(zt)dt, for Rev > —1/2. 
0 
(9.109) 
Hence, 
2(a/2)” 1 
A{|x|-’J,(alx|)] = sare" | (1 — 2)"- "2 costaxt)dt 
2(a/2)” 1 
~ Vr) Fae a (l= 2°)" sin(axt)de 
v 1 
. vaomieeah (l= 2)?"? sin(alx¢)dt. (9.110) 


The Struve function can be represented by the following integral identity 
(Abramowitz and Stegun, 1965, p. 496): 


2/2) : 
H, (z) = G2) i (1 —?7)""!/* sin(zt)dt, for Rev > —1/2, 
V(r) T/2 + v) Jo 
(9.111) 
so that Eq. (9.110) simplifies to give 
Al|x|~’ J, (alx|)] = sgnx |x|~’ H,(alx|), for Rev > —1/2. (9.112) 


The preceding result can be used to evaluate H[|x|~’J,(a|x|)], for a > 0. Starting 
from the identity (Abramowitz and Stegun, 1965, p. 358) given by 


_ cosvm Jy (z) — Jy(Z) 
Y= ae (9.113) 
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and employing Eqs. (9.112) and (9.106) yields 


A[|x|"Jy(alx|)] = sec vr H[|x|” Jy (alx|)] + tan vr AL |x|" Y (alxl)] 
= sen x |x|” {sec va H_,(a|x|) — tan vz J, (a|x|)}, (9.114) 


which holds for a > 0, and —1/2 < Rev < 3/2. 


9.9 Spherical Bessel functions 


The spherical Bessel functions of the first kind are defined in terms of the Bessel 
functions of the first kind by 


jn) = J (=) Jnvi2@), (9.115) 


and the spherical Bessel functions of the second kind are given in terms of the Bessel 
functions of the second kind by 


m2) = J (S 


ae) Yani 2@)- (9.116) 


These functions arise in the solution of the following differential equation: 


d2 d 
x? + 2x + (x? 


n(n+1))w=0, forne Z; (9.117) 
that is, 

W = ajn(X) + BYn(X), (9.118) 
where @ and # are constants. 


The Hilbert transform of the spherical Bessel functions can be most quickly 
determined by employing the Rayleigh formulas: 


1d\" /si 
n(x) = ( ot ( =) (=). forn € Zt, (9.119) 
x dx x 
and 
waxy (1s ree forn € Zt (9.120) 
Yn = de % , A . 


Making use of the table of Hilbert transforms (Appendix 1, Table 1.5) yields 


1 —_ 
Hjo(x) = —— (9.121) 
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d sinx 
Aj\(x) =—-——H [=| 
_ d (- =<) 
dx x 
sinx 1-—cosx 
: = (9.122) 


To evaluate H j2(x), make use of Eqs. (4.111) and (4.137), so that 


: _ d /l1d sinx 
Hp) =H E Ces) 


Ga 1 (~@ d /1d sint 
= xH / dt 
dx \xdx x a J_o dt \t dt t 
=| 
dx xdx x 
d {1 d sinx 1 © 1/cost  sint 
= H 
ane {; E x + UX I. t ( t 2 Ja 
dfld sin x 1 
arated x = 
d {ld /1—cosx 1 
=x 
dx |x dx x 2x 
_ 1 oe 3 1 3 sinx 
~ Ox x3 x ape 


(9.123) 
To evaluate Hj,(x) for higher values of n, the most direct approach is to make use of 


the recurrence formula for j,,(x), which takes the following form (Abramowitz and 
Stegun, 1965, p. 439): 


Minti (x) = (20+ Dn) —xin10), forn EN. 

Taking the Hilbert transform of this result and employing Eq. (4.111) yields 
; (2n+ 1) 

Hjnzi(x) = i 


(9.124) 


1 [o,@) 

Hints) — Hin-s00) +f Unail) +Jn-1(OIAt. (9.125) 
IX Joo 

As an example, consider the case n = 1. Employing Eqs. (9.121) and (9.122), 


1 [o-e) 
Hjx(s) = =H) — Hjols) + — if Lin(t) + Jo(d) 1d 


3 ( sinx l1— >) (1 — cosx) 3 
= +4 5 
x x 


© [sint —tcost 
of els 
x x IX Joo t 


(9.126) 
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Making use of the result 


hae 
[sin t — tcosf] oA 

t= 9.127 

/ ee as (9.127) 


—0o 
allows Eq. (9.126) to be simplified to give Eq. (9.123). 
The Hilbert transforms of the spherical Bessel functions of the second kind involve 
the Dirac delta distribution. Making use of results from the table of Hilbert transforms 
(Appendix 1, Table 1.5) yields 


Hy(x) = —H [=| ee (9.128) 
x 
d cosx 
Hy) (x) =1[ 2] 
d COs x 
aad bare 
d {sinx 
= —{-“"_ 4 
=| 3 oo 
= —n8/(x) + (9.129) 
x x 
and 
Bs d (1d cosx 
eo ee “ax xdx x 
=1 [= a ad 
Xx x x 
3 1 3 
= 2 (s(x) +38") + + ( *) sin x. (9.130) 
2 x x, IX 


Additional examples can be worked out in a similar fashion. The appearance of the 
Dirac delta distribution is discussed in detail in Chapter 10. The Hilbert transform of 
the spherical Bessel functions of the third kind can be evaluated directly in terms of 
A jn(x)] and H[ y,(x)]. The spherical Bessel functions of the third kind are defined by 


A(z) = jn(z) + iyn(z) = / (=) HO pO (9.131) 
and 
AP @) = jn@) — in) = V (=) HO n®: (9.132) 


where HY” (z) are the Bessel functions of the third kind. The functions A(z) and 
1h (z) are also referred to as the spherical Hankel functions of the first kind and 
the spherical Hankel functions of the second kind, respectively, and the functions 
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HY) and HY) (z) are also called the Hankel function of the first kind and the 
Hankel function of the second kind, respectively. 


9.10 Modified Bessel functions of the first and second kind 


The solutions of the differential equation 


d? d 
oa +25 ~(+y)w=0 (9.133) 
are the modified Bessel functions of the first kind, /+,,(z), and the modified Bessel 
functions of the second kind, K,(z). Series expansion formulas for these functions 
are given in Appendix 1, p. 455-6. The two functions are connected by the following 
result: 


m{I_,(z) — L)@)} 


K, = 
»@) 2 sin av 


(9.134) 

Hilbert transforms of the modified Bessel functions are most conveniently worked 
out by taking advantage of various integral identities. For cases where the function 
of interest belongs to Z?(IR) for 1 < p < o, the inversion property of the Hilbert 
transform can be employed to generate a second Hilbert transform. In the sequel, 
the inversion property approach is not exploited; the Hilbert transforms are directly 
calculated using several integral identities satisfied by the modified Bessel functions. 
The evaluation process is illustrated using several examples. For the modified Bessel 
function Ko(ax), the following integral identity due to Mehler holds (Watson, 1944, 
p. 425; Gray, Mathews, and MacRobert, 1966, p. 74): 


Reais] OOO ere he: (9.135) 
2 2 
0 yVe+x 


From this identity, for a > 0, 


A[Ko(a|x|)] = H {f 


og 1 
=| yvJo(ay)dy H Feed 


=a Jo(ay)dy 
0 ytx 


© yJo(ay)dy 
y + x2 


(9.136) 


The Nicholson integral identity (Nicholson, 1911; Watson, 1944, p. 425) is given by 


[o,@) 
i Aho =o {Io(ax) —Lo(ax)}, fora> 0, and Rex > 0, (9.137) 
0 yro+x 2x 
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where L, (x) denotes the modified Struve function, and this is defined in the table of 
Hilbert transforms (Appendix 1, p. 456). Only the situation of real x is of interest for 
the application at hand, and to include the case x < 0, the preceding formula can be 
rewritten as follows: 


© Jo(ay)d 
/ LOY _ * teanxylae)— Lyla}, fora > 0. (9.138) 
0 ywt+ex 2x 


Employing this result allows Eq. (9.136) to be simplified to 
H[Ko(alx\)] = 5 (sen. Jo(ax) -~Ly(ad}, fora>0. (9.139) 
The Hilbert transform of the functions cosh(ax)Ko(a|x|) and sinh(ax)Ko(a|x|) can 


be evaluated by taking advantage of the following integral identities (Gray et al., 
1966, p. 78): 


me Jo(by)d 
cosh(ax)Ko (bx) = i SOUND sc (9.140) 
0 x+y 
and 
inh(ax)K % si 
sinh(ax)Ko (bx) =i sk a (9.141) 
x 0 x+y 


The limit 5 — a can be taken in both of the preceding integrals. From Eq. (9.140) 
it follows that 


H{cosh(ax)Ko(a|x|)] = H i —e 
0 


x2 +y 
e 1 
= J dy H | ~— 
[ y cos(ay) o(ay) iy E = 


_ “fo cos(ay) Jo(ay)dy 
0 


Zag (9.142) 


The following integral identity holds (Gray et al., 1966, p. 78): 


i © cos(ay) Jo(by)dy — x 
0 


Diep a8 | to(bx), fora>0, -a<b<a, (9.143) 


which can be re-expressed for general x as follows: 


oo b 
[ Oa me sgnx e741 [9 (bx). (9.144) 
0 x“+y 2x 


The limit b > aholds for the preceding integral. Equation (9.142) simplifies to yield 


H{cosh(ax)Ko(a|x|)] = =senx e“KlIo(ax), fora > 0. (9.145) 
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In a similar fashion, 


H{sinh(ax)Ko(alx|)] =H {x / . Sota Wigne| 
0 


x2 +32 
oO ; x 
=f sin(ay) Jo(ay)dy H la 


= / © ysin(ay) Jo(ay)dy 
do Pty 


(9.146) 


The following integral identity holds (Gray et al., 1966, p. 78): 


/ © ysin(ay) Jo(by)dy _f 
0 


242 5 e “Io(bx), fora>0,-a<b<a, (9.147) 
x Jy 


which can be rewritten for general x as follows: 


© si Jo(by)d 
| omnes dy =e *lJ9(bx). (9.148) 
0 


The limit b — a holds in the preceding result. Equation (9.146) simplifies to 
H{sinh(ax)Ko(alx|)] = Fe o(ax), for a > 0. (9.149) 
Taking the sum of Eqs. (9.145) and (9.149) yields 


—me“Ig(ax), x <0 


0, ae fora > 0. (9.150) 


Ale“ Ko(alx|)] = | 
Taking the difference of Eq. (9.149) and (9.145) leads to 


Hle~“Ko(alx|)] = —. (9.151) 


me “Ip(ax), x > 0, 


for a > 0. To deal with the Hilbert transform of functions like e~'*!Jo(ax) and 
sgnxe~“"l/9(ax), the integral identities given in Eqs. (9.144) and (9.148) can be 
employed. Hence, 


H{e~*"|Io(ax)] = =H (f eee 
0 


x? + y? 
2 spSin 1 

~ =f y sin(ay) Jo(ay)dy H [| 
2x [°° sin(ay) Jo(ay)dy 

1 i: x? + 


(9.152) 
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which simplifies on using Eq. (9.141) to yield 
zs 225 
H{e~“"!Io(ax)] = — sinh(ax)Ko(a|x|), for a > 0. (9.153) 


In a similar fashion, starting with Eq. (9.144), 


H{sgnxe~“"'Ig(ax)] = =H {* i) *° cos(ay) ee 
0 


x? 4 y2 


-:[° (eyed a 
=a cos(ay) Jo(ay)dy ayo 


2 £* d 
a i, ee”) Md, y (9.154) 
mw Jo x+y 
which simplifies on employing Eq. (9.140) to give 
2 
H{sgnx e~“""Iy(ax)] = —— cosh(ax)Ko(alx|), for a > 0. (9.155) 
4 
The sum of Eqs. (9.153) and (9.155) leads to 
—a\x| 2 —ax 
ALU + sgnx)je Ip(ax)] = ——e “Ko(a|x|), fora > 0, (9.156) 
a 
and the difference of Eqs. (9.153) and (9.155) yields the following result: 
ws 2 
H[( — sgnx)e~*"'Zp(ax)] = =e“ Ko(alx|), fora > 0. (9.157) 
ua 


The Hilbert transform of |x|"K,(a|x|), with a > 0, can be evaluated by taking 
advantage of two integral identities. From Watson (1944, pp. 172, 185) 


Ky(xz) = 


TD(v + 1/2)(2z)” (°° — cos(xt)dt 
x” /t [ (2 + 22)r41/2? 


for x > 0, —1/2 < Rev, |argz| < 2/2, (9.158) 


which is due to Poisson, with later contributions from Basset and Malmstén. The 
second integral identity required is given by (Erdélyi et al., 1953, Vol. II, p. 38) 


2 2 Vv [o,@) 
L(x) = L(x) Te — a5 f (7 +1)?! sin(xt)de, 
forx > 0, —1/2 < Rev < 1/2. (9.159) 


Setting z = 1 and x > a|x| with a > 0 in Eq. (9.158) leads to 


|x/°Ky (alx|) = 


Pw + 1/2)(2/a)” i cos(alx|t)dt (9.160) 
0 


<he (t2 + 1)vtl/2? 
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and setting x > a|x|, with a > 0 and v > —v, in Eq. (9.159) gives, for —1/2 < 
Rev < 1/2, 


i sin(a|x|t)dt (aki) /@)Pd/2— v){Z,(alx|) — Ly (alx|)}. (9.161) 


(t2 + 1)P+1/2 ~~ 9v+l 


From Eq. (9.160), the Hilbert transform of |x|”K, (a|x|), with a > 0, can be calculated 
as follows: 


H[\|x|"Ky(alx|)] _ Tv + 1/2)(2/a)" 57 tf cos(a|x|t)dt 


i @+ pie 
Pv + 1/2)(2/a)” ie dt 
Va 0 (2 +12 
_ PW +1/2)(2/a)” if sin(axt)d 
Va 0 (2 +112 
To + 1/2)(2/a)"sgn x ie sin(a|x|t)dt 
Jn ane ae) ae 


A[cos(axt)| 


~ 


(9.162) 
Employing Eq. (9.161) leads to 
1 
Al|x|"Ky(alx|)] = gi wer TEC (2 ase Ix/"{y(alx]) — Ly (alx)}. 
(9.163) 


The preceding result can be simplified by making use of the reflection formula for 
the gamma function: 


T(z) Td —z) =z cse(zz), (9.164) 
so that, fora > 0 and —1/2 < Rev < 1/2, 


qt sec(7v) 


Al |x|"Ky(a|x|)] = 5) 


sgn x |x|"{Z)(alx|) — Ly (alx|)}. (9.165) 
The limit v + 0 in the preceding result reduces to Eq. (9.139). 
One approach to the evaluation of the Hilbert transform of products of modified 


Bessel functions is the following scheme based on the Tricomi identity. From the 
Tricomi relation, Eq. (4.270), with g =f, 


1 1 
Hif Hf} = 5(HfY — af. (9.166) 
Consider the case f(x) = e~4!Jg (ax), for a > 0; employing Eq. (9.153) leads to 


H{e~*"" sinh(ax)Io(ax)Ko(alx|)] = ~ sinh? (ax){Ko(alx))}? = Ze o(ax)P. 
(9.167) 
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9.11 The cosine and sine integral functions 


Recall from Section 8.3 that the cosine integral function Ci(x) is defined as follows: 


lee) 
Ci) = - i posy ey. (9.168) 
ee > oy 


To evaluate the Hilbert transform of Ci(a|x|) for a > 0, the following approach can 
be employed: 


°° cosy dy 
a|x| y 


dw 
— -{ A[cos(aw|x|)]— 
1 Ww 


H{Ci(a|x|)] = —H 


=— [> Mteostane 
1 Ww 


_ i °° son(aw) sin(axw)dw 
1 


Ww 


‘ie sin(a|x|w)dw 
= —sgnx ——— 
1 Ww 


lee) be d 
= —senx f nQug (9.169) 
a|x| Y 


The reader is asked to justify the switch of integration order that has been employed. 
The sine integral function si(x) is introduced by the definition 


ae 
si(x) = — i uy (9.170) 
fe dh 


and this is connected to the function Si(x) by 


x * d 
sian) = | SE Noe IE Oe (9.171) 
0 2 


Hence, H[Ci(a|x|)] can be expressed as follows: 
AT Ci(ax) = —sgn x si(a|x]). (9.172) 


The evaluation of H[sgn x si(a|x|)] for a > 0 is left as an exercise for the reader. 


9.12 The Weber and Anger functions 
The Anger function can be defined by the integral 


1 ie 
Jy(z) = - | cos(v@ — zsin@)dd, (9.173) 
wT JO 
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and the related Weber function is defined by the integral 
1 8 
E,(z) = — / sin(v@ — zsin@)dé. (9.174) 
wu JO 


These integral representations are particularly suitable for evaluating the Hilbert trans- 
forms of J, (x) and E, (x). To illustrate the procedure, suppose the constant a satisfies 
a > 0; then 


HU, (ax) = “H If cos(v@ — ax sin ava] 
= u te {cos(v0)H[cos(ax sin 8)] + sin(v@)H[sin(ax sin 9)]}dé 
— - 1 sgn(a@ sin 8) {cos(v@) sin(a@x sin 8) — sin(v@) cos(a@x sin 8)}dd 
= = A {cos(v@) sin(ax sin 6) — sin(v@) cos(ax sin 0)}dé 
= ae i. sin(v@ — ax sin 6)d6, (9.175) 
wT JO 


and hence 
HJ, (ax) = —E,(ax), fora > 0. (9.176) 
Starting from Eq. (9.174), it follows in a similar fashion that 
HE, (ax) = J,(ax), fora > 0. (9.177) 


The reader is left to decide if a similar approach can be employed to evaluate the 
Hilbert transform of examples such as E,(a@x) sin Bx, Ey(ax) cos Bx, Jy(ax) sin Bx, 
and J, (ax) cos Bx, where f is a constant. 


Notes 


Two major sources on information for special functions are Abramowitz and Stegun 
(1965) and Erdélyi et al. (1953). For those having access to the web, Eric Weisstein’s 
World of Mathematics (supported by Wolfram Research) is a very useful resource: 
www.mathworld.wolfram.com. The Hilbert transform of some relatively simple func- 
tions can be evaluated in terms of special functions. For example, the Hilbert transform 
of a number of logarithmic functions can be evaluated by employing results for the 
dilogarithm function; see Lee (1996). Tables of selected Hilbert transforms of special 
functions can be found in Erdélyi et al. (1954, Vol. II, p. 239), Hahn (1996a, p. 397, 
1996b), and Poularikas (1999). The opposite sign convention to that employed in the 
present book is used in Erdélyi et al. (1954). 
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Exercises 


9.1 Determine the Hilbert transform for the following functions: 


_ fT), xl <1 
@) fa) = i Hene 
ee es 
(ii) f@) = 4 JU — x7)’ 
0, |x| > 1, 


forn € Zt. 

9.2 Is there a simple recurrence scheme for Hf (x) as a function of n using the 
choices for f given in Exercise 9.1? 

9.3 Determine the Hilbert transform for the following functions: 


; — JUn@), |x| <1 
@ £0) = {5 ee 
JU =x?)Un(x), [x] <1 


wfor=fp 


forne Zt. 

9.4 Using the functions in Exercise 9.3, can a simple recurrence relationship in the 
index n be established for Hf (x)? 

9.5 Determine the Hilbert transform for the following functions involving 
Gegenbauer polynomials: 


|x| > 1, 


: _ JCr@), |xl<1 
G) f@) = fs iS a 
rr (Lax? 78. x <1 
(i) f@) = | ‘ 
0, |x| > 1, 
forn € Zt. 
9.6 For the following functions involving Jacobi polynomials, determine the 
Hilbert transform: 
(a,B) 
: — J Pa” (x), |x| <1 
aro={P ee 


: (lL—x)*(1 +x) POP), |x| < 1 
Gi) f@) = (° iS: 
forn € Zt. 
9.7 Evaluate HT,,(cosx) forn € Z*. 
9.8 Determine HU,,(cosx) forn € Z*. 
9.9 For the Gegenbauer polynomials, calculate HC* (cos x), for n € N, allowing 
for both the cases a = 0 anda £0. 
9.10 Evaluate H[2F)(—n,n+1;1;cosx)], forn € Z*, where 2F} (a, b; c;z) denotes 
a Gauss hypergeometric function. 
9.11 Determine H[,F)(—n,n;1/2;cosx)], forn € Z*. 
9.12 Calculate H poe ) (cos x), form € Z*, and hence determine AP? (cos x). 
9.13 Evaluate HH, (cos x), forn € Zt. 
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9.14 Determine H[P,(x)e~* T(x)], forn € Z*. 

9.15 Evaluate H[|x|°Jy(a|x|)], for —1/2 < Rev < 1/2anda> 0. 

9.16 Determine H[sin ax Jo(b./(x? +c?))], where 0 < b <aandc > 0. 

9.17 Calculate H[cos ax J, (x)J_»(x)], for a > 2. 

9.18 Evaluate H[sin ax Jn41/2(bx)Jn+41/2(cx)], for b > 0,¢ > 0,a > b+ c, and 
n=0,1,2,.... 

9.19 Determine H[cos ax J,4x(b)Jy—x(b)], for Re(u + v) > landa>z. 

9.20 Calculate H[sin ax{J, (bx) — J_,(bx)}], for 0 < b < a, where J,,(z) denotes 
Anger’s function, defined in Eq. (9.173). 

9.21 Evaluate H Si(a|x|), for a > 0. 

9.22 Determine H[./(|x )J1/2(ax)], for a > 0. 

9.23 Calculate H[,/(|x|)J—1/2(ax)], for a > 0. 

9.24 Evaluate H[L./(|x )Y\/2(ax)], for a > 0. 

9.25 Determine H[./(|x|) ¥_1/2(ax)], for a > 0. 

9.26 Calculate H[./(|x|)J3/2(ax)], for a > 0. 

9.27 Evaluate H[./(|x|)J—3/2(ax)], for a > 0. 

9.28 Determine H[./(|x|)K1/2(a|x|)], for a > 0. 

9.29 Calculate H[/(|x|)K—1/2(a|x|)], for a > 0. 
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Hilbert transforms involving distributions 


10.1 Some basic distributions 


The Hilbert transform of a distribution can be formally defined in more than one 
way, and this chapter is concerned with setting forth some of the most commonly 
employed definitions. Some more formal properties are also considered, and the 
foundations for establishing the key properties of the Hilbert transform of distributions 
are discussed. Some distributions occur very widely in applications in physics, applied 
mathematics, and branches of engineering. It is of interest, both practical and intrinsic, 
to have methods available for the evaluation of the Hilbert transform of distributions 
of different classes. This chapter will treat some of the more important cases that arise. 

An introductory non-rigorous evaluation of the Hilbert transform of a pair of distri- 
butions, one of which occurs frequently in applications, is given first. The emphasis 
is on doing some informal operations that at least have some intuitive appeal, but 
are definitely not to be regarded as representing a rigorous derivation. Later sections 
will deal with a more formal and rigorous approach. A definition of the Dirac delta 
distribution that will be particularly useful, is as follows: 


at = Bi ae 


(10.1) 


This formula was discussed in Section 2.15. The reader is reminded (and detailed 
elaboration will be given in the following section) that 6 (x) is not an ordinary function 
on R. Consider the evaluation of the Hilbert transform of x~!. The Hilbert transform 
of this function can be evaluated by considering the following result: 


x a 
H - 10.2 
(ae) axe un) 


Now examine the limit a — 0 in this expression. Then it follows that 


x x 1 a 
lim H =H{ li =H =-—li 10. 
nae (z=) (im +=) (<) ae ee 0,3) 
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and therefore 
1 
a(<) = —78(x). (10.4) 
x 


To make sense of this calculation, it is necessary to justify the interchange of limit and 
integral. For the moment it will be assumed that this interchange can be performed. 
Before proceeding further it is necessary to give some interpretation of the equation. 
Equation (10.4) is to be understood in the distributional sense. That is, for a suitable 
test function #(x), then 


1 
(#(<) 409) = (—75(x), $@)). (10.5) 


A moment’s reflection will also indicate that the Hilbert transform of x—! is divergent 
at x = 0, and further that the limiting operation will not be defined in the sense of 
ordinary functions. To sharpen, at least a little, the intended meaning of H (x7!), 
it is necessary to discuss some points on distributions. The generalized function 
P(x—") for n > 1, termed the principal part of x~”, is introduced by the following 
definition: 


(PO), 6(x)) = y Poh (x)dx 


J a 1 1 1 
a. e $5 (x + ie)" + (x — ie)” Jas, te) 


where ¢ is a suitable test function. Note formally that the limit can be removed outside 
the integral, and this is part of the definition. More on this issue will be discussed 
in the following section. The case of immediate interest is n = 1, and, on using 
Eq. (10.1), the following two formulas are obtained: 


: 1 1 : 
lim a = P(~) i8(x) (10.7) 
and 
li I = p(-) i) 10.8 
fect (x—ie)  \x Tee un) 


These occur widely in applications in physics. A derivation of these two results is 
given in Section 10.3. The Heisenberg delta functions, defined by 


stn) = +3) - (+ ah : (10.9) 
— — 1m . 
2 ‘ 2mi \x 271i e>0+ (x + le) 
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and 


1 1 1 1 1 
é] = -6 P = li 10.10 
©) 2 as 21 (<) Qni ase (x — is)’ ( ) 


also show up in practical applications. These distributions are sometimes defined 
with the meaning of 6+ and 5~ interchanged; see, for example, Schwartz (1962). The 
distribution P(x—!) is occasionally termed a pseudofunction and is at times denoted 
by Pf (x~'). The distribution P(x—!) is also written as p.v.(x—!), where p.v. is read 
as principal value, so that p.v.(x~') is called the principal value distribution. This 
choice comes from the connection of Eq. (10.6) for the case n = 1, with the Cauchy 
principal value integral. For a suitable function @(x) anda > 0, 


P| g(x)dx -| (dx (9) OOVE | seo f ee 
a x Ix|>a x ag Xx -a x 
(10.11) 


The first two integrals on the right-hand side are well behaved, and the third integral 
satisfies 


| ot 0: (10.12) 


-qg x 
Now, from Eq. (10.6) 
(P(x'), @(x)) = / P(x! )p(x)dx 


= lim | sey eee jas 
e>0t+ Jin 2 [t+ie) (x ie) 


=I OE: “ {h(x) — b(O)}dx 
lx|>a 


x 24 x 
0) ¢? 1 1 
+ lim oo”) + : Jas. (10.13) 
e>0+ 2 J_g{xt+ie x-ie 


The last integral simplifies to 


¢ 1 1 i Weta 
lim / | + Jas = a | log(x + ie) |“, + log(x — ienItap 


e>0+J_qglx+ie x-—ie 


—0, (10.14) 


which completes the demonstration of the association of P(x~!) with p.v.(x7!). 
Henceforth, the notation p.v.(x~!) will be employed to describe the particular distri- 
bution under discussion, although the notation P(x~!) or just P(1/x) is very common. 
With the latter choice, the symbol P is then used to signify a distribution and, as part 
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of the symbol Pf’, is employed to indicate a Cauchy principal value integral. The 
choice P(1/x) has been avoided to minimize any possible confusion for the reader. 
Equation (10.4) will be written in the following form: 


(px) = —76(x), (10.15) 


and this will be regarded as a symbolic result. The discussion later in this chapter will 
amplify this point. 

A second example is now examined which is a slightly more complicated case, 
H(cosax/x), assuming Ima = 0. If the limit a > 0 is investigated, it is clear 
that this Hilbert transform must involve a delta function. Based on the preceding 
comments this is written as H{ p.v.(cos ax/x)}. Three approaches are examined for 
the evaluation of this transform, the more lengthy method being considered first. In 
the same spirit as Eq. (10.3) , start with the result 


(10.16) 


xcosax\\ — xsgnasinax |ble—!24l 
b* + x? b? +x? b? +x? - 


This formula can be established by considering the contour integral of the function 
zelaz 


f@= (z2 + b?)(z — x0) 


(10.17) 


and integrating around a semicircular contour, center the origin, with a semicircular 
indentation around x9, choosing the upper or lower half planes depending on the sign 
of a. If the limit b > 0+ in Eq. (10.16) is considered, then 


cos ax X COS ax 
Hy p.v.{ —— ]}? =A| lim ——>} 
[= ( x ) (,tin, ea) 


— lim H X COS ax 
b> 0+ b2 + x2 


. : b . 

ss —_ +4 Rue Rag { sgn a sinh ab — cosh ab} 

Sper eee he aay, (10.18) 
Xx 


The last line follows using Eq. (10.1). 
The second approach to the evaluation of H{ p.v.(x~! cos ax)} starts with the result 


: i= 
(=) 2 senaf =*\. (10.19) 
x x 


which can be derived in a straightforward manner. The right-hand side of Eq. (10.19) 
is well behaved in the vicinity of x = 0, but if it is separated into two terms, then 
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each is understood in the sense of p.v.(). Taking the Hilbert transform of both sides 
of Eq. (10.19), and making use of the inversion formula for the Hilbert transform, 
leads to 


1 ; 
senatt| pa.( °°) = sen att (p.0.~) + eam (10.20) 
x x x 
which simplifies on employing Eq. (10.15) to give 
How. (—*) = —18(x) + sgna———. (10.21) 
x x 


The preceding scheme involves somewhat less labor than the first approach described. 
A third procedure involves splitting this transform into two terms, that is 


{pw (—")| =H {p=} +n{ Sen}, (10.22) 
x x Xx 


and evaluating H{(cos ax — 1)/x} (see Appendix 1, entry (5.113) of Table 1.5), leads 
to Eq. (10.21). 


10.2 Some important spaces for distributions 


This section introduces some of the important spaces that are employed to discuss 
the basic properties of distributions. Further elaboration is provided in the following 
sections as the need arises. The focus of the presentation in this chapter will be the 
Hilbert transform of distributions on R. Accordingly, most of the following discussion 
is restricted to one-dimensional spaces. Much of what is given can be generalized 
to R” in a straightforward fashion. In Section 2.15.2 the space D(R) of all C%° 
functions with compact support was introduced. This space is often abbreviated as 
D. The alternative notation Cj°, or sometimes C?°, is occasionally used in place 
of the Schwartz notation D, but the latter is more common when the focus is the 
discussion of distributions, and will be employed in this book. A real-valued function 
(x) belongs to D if p(x) and all its derivatives 0° (x)/dx*, k = 1,2,3,..., exist, 
and there is a constant x, such that for |x| > x¢,@(x) vanishes. To help the reader 
in the remainder of this chapter, general distributions are represented usually by T 
and S, which is a commonly employed notation, and ordinary functions are typically 
designated in the familiar way as f and g. Test functions are commonly denoted by 
,@, or 0. 
Recall that a linear functional 7 on the vector space D satisfies 


(T,ab + By) = a(T, 6) + BIT, 9), (10.23) 


fora, B € C and ¢,@ € D, and that a continuous linear functional on the vector 
space D is called a distribution. The set of all distributions on D form a vector space 
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which is denoted by D’. The reader will need to be a little alert with the appearance 
of a prime, since it is used as shorthand for a derivative as well as a designation for a 
space of distributions. Context should make the intended meaning fairly obvious. 

To characterize a particular distribution space it is necessary to specify a topology 
for the vector space of test functions. This is done by defining the concept of con- 
vergence on the vector space. For the Schwartz space D the following requirements 
define convergence. Let {g;} be a sequence of functions such that g; € D for all j. 
Then gj > g with g € Das j — ov if: (i) the supports of g; belong to a common 
bounded set, independent of /; (ii) the derivatives 0’; for any m converge uniformly 
to 0” as j — oo. For a distribution space a topology may also be specified. If {7;} 
denotes a sequence of distributions, then 7; converges to T, Tj > T as j — ov, if 
fora @ € D the lim;_..0(7j,¢) = (T,¢). That is, the limit of the sequence 7; is a 
T € D’. For the following spaces that are introduced briefly, the topology is not spec- 
ified. The reader is urged to consult one of the several books mentioned in the chapter 
end-notes for the appropriate details on this aspect of characterizing test-function and 
distributional spaces. 

A space related to D is Dz», which is defined for functions satisfying the two 
conditions: 


(i) d(x) € C™, 


ak 
(ii) oe €IP(R), ke Zt, forl <p<oo. 


The dual space of Dz» is denoted by D/,, where g is the conjugate exponent of p: 
q = pp — 1)7!. A caution on notation is appropriate. It is wiser to use Di rather 
than writing D7, since the latter notation is also used with another meaning (the 
space of left-sided distributions, that is those with supports bounded on the right) . 
The space D/, satisfies the inclusion relation Di, C D’. All summable functions 
belong to D, ,, and any distribution with compact support also belongs to this space. 
The reader might anticipate, from the central role played by functions of the class 
Z(R) in the earlier development of the properties of the Hilbert transform, that the 
space D/, will occupy an important place in the following discussions for the Hilbert 


transform of distributions. The space D7» satisfies the following inclusion relation 
Dip CD, Vp <4. (10.24) 


The following result will prove to be useful for defining the Hilbert transform for a 
class of distributions. If T ¢ D/, then 


“hy 
T«)=>> a for hy € L?. (10.25) 


A proof of this result can be found in Beltrami and Wohlers (1966a, p. 33). A more 
general result is the following. The distribution T € D), with 1 < p < o, iff there 
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exists an m > 0 (depending on 7) such that 


"hy 
Pays). ae for hj € L?. (10.26) 


A proof for the case 1 < p < ov is given by Barros-Neto (1973, p. 173). An example 
for the case p = 1 is as follows: 


1 d2e7/! 
8(x) = ~4e Fl 10.27 
=, {° da ( ) 
First note that e~'*! € L'. Making use of the two results 
d 
—|x|% = a|x|?~! sgnx, fora > 0, (10.28) 
dx 
and 
d 
— sgnx = 26(x), (10.29) 
dx 
then 
1 Pel) 1 
fer 2 = slo —e Msgnx)? + 2c 50a} 
=e Fl3() 
= 8(x). (10.30) 


The space D’, denotes those distributions on the space D’ whose supports are to the 
right of some specified point. If T € D’,, then supp(7) € [a,co) for a € R. The 
situation of most interest is a = 0, and these distributions vanish on the negative real 
axis. In this case the distributions are sometimes referred to as causal distributions 
when the variable dependence is time. The space D’, will be useful for discussing the 
connection of causal behavior and Hilbert transforms of distributions, a topic treated 
in Section 17.13. 

The space .Y of test functions that have rapid decay is now introduced. A test 
function belonging to .7 satisfies the following: 


(i) $6) €C™, 
(ii) @(x) and all the derivatives (x),k = 1,2, ..., vanish faster than any inverse 
power of |x| as |x| > oo. 


A comment on the notation for derivatives is appropriate. The customary prime nota- 
tion becomes awkward for higher derivatives, and so the notation pk )(x) is preferred. 
This also has the advantage of minimizing any possible conflicts with the use of a 
prime to denote a dual space. Where there is no risk of confusion, and lower-order 
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derivatives are involved, prime notation is often employed. Condition (ii) can be cast 
as: fork € Z* andm € Z*, then 


lim x =0. (10.31) 


|x| 00 axk 


A good example of a function belonging to .Y is the Gaussian (x) = e-*’. From the 
definitions of the spaces D and -Y, it is clear that 


DZ. (10.32) 


A linear continuous functional T on the space -7 is called a tempered distribution, 
sometimes a distribution of slow growth, or a temperate distribution. The set of all 
such tempered distributions is denoted by .”’. The inclusion relation for the spaces 
D and #' is 


PCD: (10.33) 


An example of a distribution that belongs to D’ but not to.W” is ro 4, 8x — ke ; 
which can be seen by evaluating Spee (x — k), @(x)) using a g@ € Danda 
og € S (try d(x) = e), Every slowly increasing function belongs to the space 7%’. 
Also, the functions belonging to LZ’, for 1 < p, belong to .Y’. One important property 
of the space .”” is that Fourier transforms of distributions in Y’ also belong to 7’ 
(Zemanian, 1965, p. 185), which was the principal motivation for the introduction of 
this space. The Fourier transform of a distribution belonging to D’ does not result in 
a distribution in the space D’. 

Some further spaces of interest will be employed in the discussion of distributions. 
The space of all C® functions with arbitrary support on R is denoted by &. The 
inclusion relation for the spaces D, .”, and & is 


DCSLCE. (10.34) 


The space of distributions having compact support is denoted by &’. That is, &’ is a 
subspace of D’, and it is also a subspace of D/,,. The inclusion connection is 


SEED per CD, (10.35) 


To facilitate discussion of Fourier transforms of distributions belonging to the space 
D, the space Z’ is defined in the following way: if the distribution T € D’ then 
FT € Z’'. Because FT is not in general a distribution for an arbitrary T € D’, Z’ 
is called the space of ultradistributions. The space of functions whose Fourier trans- 
forms belong to D is denoted by Z. These are regarded as testing functions. For the 
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spaces Z and .%, the inclusion connection is 

LCP. (10.36) 
and for .Y’ and Z’ it is 

PZ (10.37) 


The reader is left to decide if Z C D,D C Z, or neither result holds. 

To discuss the case of periodic distributions, the space P of periodic test functions 
of period t is employed. The functions in P; are taken to be infinitely smooth. The 
space of periodic distributions of period t is denoted by P',. The periodic property 
for a periodic distribution T is understood in the sense that, for every ¢ € D, 


(Tit— 1), OO) = (TO, oO). (10.38) 


The space Dy» and its dual D/, have a close connection with Sobolev spaces. The 
Sobolev space is denoted by W?:”, and the notations Lj, and Hy, » are also commonly 
employed. It is defined as the space of functions f for which f € LP and d*f /ax* € 
LIP, fork < m with m > 0 and | < p. The derivatives are taken in the distributional 
sense, so g = 0*f /dx* is taken to be shorthand for 


a* p(x) 
XxX’ 


— dx, (10.39) 


i g(x)o(x)dx = (-1)' ii fo 


with y € D. An integration by parts & times connects the two integrals. Derivatives 
taken in this manner are termed in the weak sense or simply weak derivatives. Equa- 
tion (10.39) can be used to define a generalized derivative. The Sobolev norm is 


defined by 
Pp \I/p m P \I/p 
es) a2 ; (10.40) 
Pp 


m oO 
Ifllyom = (s / 
k=0" °° k=0 L 


The Sobolev spaces serve as a valuable means by which to study the smoothness of 
functions. 

The particular case W?-° is just L?. A useful result is the fact that a distribution T 
belongs to the space Dr if and only if T € W’*” for some m, where W’”” is the 
dual space of W*”". The space Dir can be equated to the union of the spaces W’?”” 
for m > 0. 

Another space that arises is O/., the space of distributions that decrease rapidly at 
infinity. A distribution that decreases faster at infinity than any inverse power is said 
to be rapidly decreasing at infinity. For example, if (1 + x?)*T is bounded for any k, 
then 7 is rapidly decreasing. This space is useful for mapping the Fourier transform 
of a convolution of two distributions into the product of the Fourier transforms of 


a‘f 


a‘f 
axk axk 
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the individual distributions. The space O% is defined as follows. If the distribution 
T € D' satisfies, for real numbers k, the following, 


(ssh 2D, (10.41) 


then T € Oc. Every distribution with compact support belongs to Of. The inclusion 
connection for O( is 


S& COC C Dip. (10.42) 


This section concludes with a comment on terminology. It was indicated in Section 
2.15 that the terms distribution and generalized function are often used synonymously 
by many writers. Some authors make a distinction by using the terminology distribu- 
tion, tempered distribution, and ultradistribution to refer, respectively, to functionals 
belonging to the spaces D’, .Y’, and Z’, and the terminology generalized function 
is used to refer collectively to these three cases, the other functionals that have been 
introduced, as well as some that have not been discussed. 


10.3 Some key distributions 


A few of the properties of some of the key distributions that arise in practical applica- 
tions are discussed in this section. An important distribution employed in discussions 
of the Hilbert transform is p.v.(1/x), and two other distributions that enter into many 
problems in physics and engineering are the Dirac delta distribution 5(x) and the 
Heaviside step distribution. In the physical sciences literature the term “distribution” 
in both of the preceding names is most commonly replaced by “function.” The prin- 
cipal objectives of this section are to establish that these are indeed distributions and 
to ascertain the appropriate spaces to which they belong. The reader is reminded 
that, while it is often useful to write distributions in the form just given, in formal 
calculations the forms (p.v.(1/x), @) and (6, ) are employed, where ¢ is a suitable 
test function. A word on notation is in order. Writing 6(x) gives the appearance that 
the Dirac delta distribution is a function, which of course it is not. It is clearly better 
to write (5, @) rather than (6(x), @(x)). In the equation 


(5,0) = (5%), P(x)) = (0), (10.43) 


the middle factor is an informal mode of writing, and, although it occurs widely, it is 
better simply to write 


(5,0) = $(0). (10.44) 


It is rather convenient in particular cases to write a variable dependence, as in the case 
(p.v.(1/x), @(x)). The reader needs to keep in mind that this notational expediency 
does not of course imply that p.v.(1/x) is an ordinary function. Suppose T is a 
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distribution that has a dependence on the variable x, then one commonly employed 
notational mode signifies this dependence by writing 7,.. The use of the subscript 
avoids writing T(x), and giving 7 the appearance of being an ordinary function, as 
the notation might suggest. Having indicated the ideal formal symbolism, it is to be 
noted that the notation 7 (x) is in very widespread use, and will also be employed in the 
following discussion. This puts an added burden on the reader to pay careful attention 
to distinguish distributions from ordinary functions. The context should always make 
this distinction readily apparent. It will be convenient in some situations to carry 
out symbolic manipulations with distributions. In these calculations the action of the 
distribution on some test function is not explicitly displayed. However, it is assumed 
that the reader can readily formalize the calculation by inserting the appropriate (7, ¢) 
factors, where ¢ is a suitable test function and T is the distribution under consideration. 

The function x~! does not define a distribution because it is not integrable in the 
neighborhood of x = 0. The distribution p.v.(1/x) is defined by 


(pwv.0) =P . ae lim / OD iy: (10.45) 
x eG. e—>0+ Ixljz>e ¥ 


This definition of p.v.(1/x) clearly satisfies a linear condition on the @. Continu- 
ity is examined in the following manner. Recall the convergence requirement for 
distributions. A sequence of distributions 7, converges to a distribution T € D’ if 


jim (Tn. 6) =(T,¢), forevery@e D. (10.46) 


Analogously for the case of a continuous variable, the following can be stated: if T; 
for 0 < e < a denotes a family of distributions, then, for each ¢ € D, T, converges 
to a distribution T € D’ if 


lim (Ts, ) = (T,9), (10.47) 


assuming (7, #) exists. 
Suppose ¢; converges to @ as k > oo in D. Assume the interval (—a, a) contains 
the supports of the ¢;, and that y, = o; — @; then 


foe) a a = 
P| Wa) akon We (0) aga We) — We O) re (10.48) 
—oo x —~a x -~a x 
Employing the mean value theorem leads to 
— 0 
a ve) < maxl¥i)), (10.49) 
x 
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with € € (0,x), so that Eq. (10.48) can be rewritten as follows: 
(oe) 
| / VE) g. 
zy. OX 


and € € (—a,a). The right-hand side of this result > 0 as k — oo. It follows that 
p-v.(1/x) is a distribution belonging to D’. 
The definition of the derivative of a distribution T takes the following form: 


ar \ ab 
(0) = (r. 3). (10.51) 


< 2amax| yi (é) 


, (10.50) 


This definition is consistent with the standard formula from calculus for integration 
by parts. The derivative of the distribution log|x| leads to 


Ae 


6) = (p.v.-.0), Vo ED, (10.52) 
ox x 


which is often written symbolically as follows: 


9 log|-| 1 
= p.v.-. 


10.53 
Ag (10.53) 


The Heaviside distribution, frequently referred to as the unit step function, is 
defined by 


1, x>0 


vO: (10.54) 


Hx) = | 


A second definition is also in widespread use where a value is assigned for x = 0; this 
is discussed further in Section 18.7.1. The derivative of the Heaviside distribution 
can be written as 


[o,@) 

(H’,¢) = —(H, ¢’) = -| b (x)dx = $(0) = (5,9); (10.55) 

that is, symbolically, 
1S 165 (10.56) 

x) = —H(). : 
dx 

The Dirac delta distribution belongs to D’. Since 6(x) = 0 for x 4 0, it follows that 
supp 6 = {0}. In Section 2.15.2 it was indicated that 6 is a singular distribution. To 


see this, suppose there is a function f that belongs to Lh , and a test function ¢ € D, 
such that 


(ois / f@)O@)dx = $0). (10.57) 
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Now, |x|? ¢ € D, and so it follows that 
/ SO) xP ox)dx = 0 = (XI? f(&), P(X). (10.58) 


This requires |x|? f (x) = 0a.e., and therefore f (x) = 0a.e. This leads to a contradic- 
tion: there is no function that belongs to Le . for which Eq. (10.57) holds, and hence, 
6 is not a regular distribution. 

The Heisenberg delta distributions given in Eqs. (10.9) and (10.10) can be obtained 
in the following manner: 


lim log + 1y) = lim {log |x + iy| + iarg(x + iy)} 
yo yo 


= log |x| -+ilim tan7! (=) 
y—> +0 x 


= log |x| + ivH(—x). (10.59) 


To see the preceding limit, it may be helpful to the reader to examine Figure 10.1, 
which illustrates the behavior of z~! tan~!(¢/x) for different small values of e. 
Taking the derivative of Eq. (10.59) leads to 


1 
= p.v.— ¥ in8(x), 10.60 
jeo x+ iy PP x ae @) ( ) 


and hence Eggs. (10.9) and (10.10) follow. 


f(x) 


Figure 10.1. Plot of f(x) = a! tan—!(e/x) for e = 0.1, 0.01, and 0.001. 


10.4 Fourier transform of some key distributions 487 


10.4 The Fourier transform of some key distributions 


This section examines the Fourier transform of several distributions that arise widely 
in problems in the physical sciences and engineering. The focus will be on a couple 
of examples that are important for discussing the Hilbert transform. The key spaces 
for treating Fourier transforms are the Schwartz spaces .Y and .”’. There is a simple 
reason for introducing these spaces. If ¢ € D, it would be desirable if F@ € D. How- 
ever, this result is in general false, which can be seen from the following argument. 
Let the supp of @ be the interval [a, b]; then 


b 
FO(s) = / ep (x)dx, (10.61) 


and (#@)(s) is an entire function of s. It follows that the supp of (F@)(s) is (—00, 00). 

An entire function cannot vanish over any finite interval unless it vanishes identically, 

which leads to the restriction (F@)(s) = 0, that is #(s) = 0. Hence, in general, 

(¥¢)(s) ¢ D. To surmount this difficulty, Schwartz introduced the spaces .Y and 

./', Some examples of distributions in the space .” are log |x| ,6, and p.v.(1/x). 
IfT ¢ W and¢ € .Y, then FT is defined by 


(FT, ob) = (T, Fo), VES, (10.62) 


which has a formal correspondence to the Parseval relation for ordinary functions. In 
analogy once again with Parseval’s relation for ordinary functions, it follows that 


(T,@) = (FT, Fo). (10.63) 


A distribution T with bounded support is a tempered distribution. If T has bounded 
support, then 7 € &’, and, from the inclusion connection & Cc .%’, the preceding 
statement follows. An important property is that the Fourier transform of every 
tempered distribution is also a tempered distribution (Bremermann, 1965a, p. 86; 
Zemanian, 1965, p. 185). A function f(x) is said to be of slow growth if f and its 
derivatives are of polynomial growth as x — ov, that is 


Fane) <Clx|", asx—> co, for k>0, (10.64) 


where C and m are constants and m > 0. A tempered distribution can be constructed 
from every function of slow growth via the formula 


(T,¢) = a T(x)o(x)dx, Vb eS. (10.65) 


Every tempered distribution 7 can be expressed as a finite order derivative: 


T =f (x), (10.66) 
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where f is a continuous function of polynomial growth. Consider the example 


f(x) = x log |x| — x; 
then 
1 1 
p.v.- =f" (x). 
xX 
As a second example, consider the function 


x>0 
x < 0; 


roy = {% 
then 


6=f" 


and Eqs. (10.54) and (10.56) have been employed. 


(10.67) 


(10.68) 


(10.69) 


(10.70) 


Attention is now directed to the evaluation of the Fourier transform of some dis- 
tributions that have wide occurrence in problems. For the Dirac delta distribution, it 


follows, on using Eq. (10.62), that 


(F5, ) 


(500, ve i e“pcoat) 
Be (dt 


1,¢), 


and in symbolic form it follows that 
Fb =1, 


where | is the unit distribution. In a similar fashion, 


(Fel, o) = a / 7 &*g(oat) 


—0o 


= qe ede] ep (t)dt 
=) o(t)dt i. Bee ax 


= (27d(t — a), b(t); 


(10.71) 


(10.72) 


(10.73) 
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that is, symbolically, 
F(e") = 20 8(x — a), (10.74) 
and, for a = 0, 
F(A) = 276. (10.75) 
When comparing with other sources, the reader might note some differences for the 
Fourier transform of a particular distribution. Most common is either the absence or 
appearance of a factor of 27, or a difference in sign. These changes reflect the use of 
a different definition of the Fourier transform; see Eqs. (2.46) and (2.48)—(2.50). 


An important distribution employed in discussing Hilbert transforms is p.v.(1/x), 
and the Fourier transform of this singular distribution is evaluated as follows: 


(Fp..-.0) = (po. f e"g(nai) 
x KJ 05 
ioe) ent 
=f. ona [ dx 
ee 
= =-if” oar [ nay 
x 


= inf sent p(t)dt 


= (-im sgnt, d(t)), (10.76) 
and, in symbolic form, 
1 : 
Fp.v.— = —10 sgnx. (10.77) 
x 


The Fourier transform of the distribution sgn x is given by 


ee) 


(Fsgnx,o) = (sens, f 


—C 


=i sends f e™ p(t)dt 

=|. asf af ep (Hdt 
! ae ane 
=f. ina f povm dy f eX») gy 
im Joo ge Dp a 


oom (oa) 
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= aif ina [ pov.nd( —y)dy 


= -2i f pv-p(odt 


1 
— (-2ip.2.00) F (10.78) 
and hence 
: 1 
Fsgnx = —21 p.v.-. (10.79) 
x 


The Fourier transform of the Heaviside distribution follows in a straightforward 
fashion: 


1 
FH (x) = F={1 + sgny}(x) 


1 1 
=m 4d(x)+ =p] : (10.80) 
wi =x 


10.5 A Parseval-type formula approach to HT 


The Hilbert transform of a distribution T that satisfies T € Dj» is now examined. 
First recall one of the classical results satisfied by the Hilbert transform operator. If 
fi € L?(R) and fp € L7(R), with 1 < p < ~, and q is the conjugate exponent of p, 
then the Parseval-type formula for the Hilbert transform is given by 


[o.@) [o,@) 
/ Af, (x) fo(x)dx = -[ Si (x) Afr (x)dx, (10.81) 
—0o —0o 
or, in compact notation, anticipating the jump to distributions, 


(Hfi.f2) = (fi, Hf). (10.82) 


In the remainder of this chapter the symbols p and q will be employed as defined in 
the preceding sentence. For distributions T € Dj, p, the Hilbert transform HT can be 
defined (see Pandey (1996), p. 96), by the following relationship; 


(HT, ) = (T, -H®), (10.83) 
for all test functions ¢ that satisfy 6 € Dz. Hence, the distribution that results when 


the Hilbert transform operator is applied to the distribution T is calculated formally 
by forming the inner product between T and the new test function —H@. 


10.6 Convolution operation for distributions 491 


Consider the evaluation of H6. It follows V@ € Dz, that 


(H6, 6) = (6, -H®@) 
= -H$(0) 
= 1p [* $0, 
a Jio xX 
and, in symbolic form, 
1 1 
Hd = —p.v.-. (10.85) 
uw Xx 


For the evaluation of H(p.v.(1/x)), it follows, on writing g(x) = H@(x), that 


lu(22).d\=—(o2!.0c} 


=-p fas 


co «CU 


a sinae f OO) 
—oo por lb HX 


xf 6(t) He(t)dt 


1 / 7 3(t) H7p(t)dt 
= —1 (5,6), (10.86) 


and, in symbolic form, 
1 
Ap.w.- = —6. (10.87) 
x 


The inversion property of the Hilbert transform has been employed to obtain the final 
step in Eq. (10.86). 


10.6 Convolution operation for distributions 
In this section the definition of the Hilbert transform of a distribution is established 
by way of a convolution formula. Some preliminary results are needed. Given a test 
function ¢(x,y) € D(R?) and distributions T(x) € D! and S(y) € D’, the tensor 
product of these two distributions is denoted T @ S, and represents a distribution 
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belonging to D’(IR7) that is defined by 


(T(x) ® S(y), PO) = (LP), (SCy), POY). (10.88) 


The tensor product is also called the direct product, denoted by T x S. This definition 
is intuitive provided the function w(x) defined by 


W(x) = (S(y), Oy) (10.89) 


satisfies (x) € D. For a demonstration of this, see Kanwal (1998, p. 173). As an 
example, consider the tensor product of the Dirac delta distribution with itself; then, 


(5 (x) © 5(y¥), b(,¥)) = (8), (5(¥), O(@,¥))) 
= (d(x), h(x, 0)) 
= $(0,0). (10.90) 
The tensor product 5(x) ® 5(y) is sometimes written as 5(x,y), which is the delta 
distribution on R?. The reader should note that nothing can be inferred from this 
example about the meaning of the product of two Dirac delta distributions, that is 


6°(x). No useful way has been found to attach a meaning to this product. 
The tensor product satisfies the following commutative condition: 


(T(x) @ S(y), OQ y¥)) = (S(y) ® TA), O@,y)). (10.91) 
The associative condition for the tensor product is given by 

{T(x) @ S(y)} ® RZ) = T(x) @ {S(y) ® R@)}. (10.92) 
The support of T(x) ® S(y) is given by 

supp{T(x) @ S(y)} = supp{T()} x supp{S(y)}. (10.93) 
The reader should note that the ordinary product of distributions is not in general 
defined, but when such a product exists it is not necessarily associative. That is, if R, 
S, and T denote distributions, then in general 


R(ST) F (RS)T. (10.94) 


For example, 


1 
6 {xp-0.-| =6-1=6, (10.95) 
x 
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whereas 
1 1 
{ox} p.v.- = 0-p.v.- = 0. (10.96) 
x x 
The following results have been employed to obtain the preceding two formulas: 
1 
xp.vu.-=1 (10.97) 
x 
and 
xd(x) = 0. (10.98) 
An example where the product of distributions leads to an obvious contradiction is 
the following situation: 
1 1 1 1 
d(x) = 6x) - 1 = db) jxp.v.- ¢ = {5(x)x} p.v.- = {xd(x)} p.v.- = 0- p.v.- = 0. 
x x x x 
(10.99) 


The fallacy in Eq. (10.99) is assuming the associative property holds, but Eqs. (10.95) 
and (10.96) demonstrate that it does not. 

The concept of the tensor product can be employed to attach a meaning to the 
convolution of distributions. The tensor product concept will be applied in Section 
15.13 to discuss the Hilbert transform of distributions in n dimensions. 

In Section 4.9 the convolution property for ordinary functions was considered, 
and that discussion is now extended to include distributions. Let @ € D, then the 
convolution of two distributions T and S is defined by 


(T * S,@) = (T@) @ S(y), d+ y)). (10.100) 


The convolution of two distributions can also be defined in the following way: 


(T * S,o) = ie (T « S)()o(t)dt 


= ie f. T(t) S(t — nar} ocoar 
= , T(t) {f S(t — nocnarfar 


= i. T(t) f Sent + nax}ar. (10.101) 


The last line of Eq. (10.101) can be written in more compact notation as follows: 


(T * S,p) = (T(x), (S(y), 6 + Y)))- (10.102) 
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Figure 10.3. Region of bounded support for supp {7 (x) ® S(y)}N supp d(x + y). 


This formula makes the connection with the tensor product definition given in 
Eq. (10.100). One issue remains: the function @(x + y) is not a test function, since 
it does not have compact support. The support of @(x + y) is not bounded in the 
xy-plane. If supp ¢(x) = [a, b], then supp ¢(x + y) is the strip shown in Figure 10.2, 
wherea<x+y<b. 

Suppose supp7(x) is unbounded but that suppS(y)=[c,d]; then, from 
Eq. (10.93), it follows that supp{7(x) ® S(yv)} A supp @(@ + y) will correspond 
to the cross-hatched region in Figure 10.3. 

The factor supp{T (x) ® S(y)} N supp d(x + y) is bounded for any @ € D, and 
hence @(x + y) in Eq. (10.100) can be replaced by n(x, y)¢(x+y), where the function 
n(x, y) is defined to be one in the region where supp {7 (x) ® S(yv)} NM supp d(x + y) 
is bounded, and zero otherwise. The function n(x, y) is a test function in D(R7). 

Let R, S, and T denote three distributions; then, two different convolution products, 
Rx (S * T) and (R « S) x T, can be formed. Assuming for the moment that both of 
these exist, then in general 


Rx (S«T) ¢(R«S)*T, (10.103) 


and the associative condition for the convolution of distributions does not hold. A 
well known example involving commonly occurring distributions is as follows: 


(1«6)*H=0*xH=0 (10.104) 
and 


1«(6’*H)=1*6=1. (10.105) 
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The terminology bounded from the left and bounded from the right are defined 
as follows. A distribution is said to have its support bounded from the left if it is 
contained in the interval (a, oo), and it is bounded from the right if its support is 
contained in (—oo, b). If the supports of all but possibly one of several distributions 
are bounded, then the convolution product of the distributions is both commutative 
and associative. The same results holds if all the distributions have their supports 
bounded from the left or, similarly, bounded from the right. As an exercise for the 
reader, consider the situations where supp 7 (x) and supp Sy) are both bounded, or 
where supp 7 (x) and supp S'\(y) are both bounded on the left, or both bounded on the 
right, determine for any ¢ € D the region where supp {7 (x) ® S(y)} MN supp (x+y) 
is bounded. 

If S and T are two distributions and S € D’ andT € &’, thenS*«T ¢ D'.IfSe” 
and T € & ,thenS*T ¢ A. IfS ¢ & andT € ©, thenS*T ¢ &. If S and T 
belong to .”’, then S * T is not necessarily a distribution. For further discussion and 
proofs of some of these assertions, see Zemanian (1965, p. 122) and Gasquet and 
Witomski (1999, p. 297). The convolution of distributions is now exploited to set up 
a definition of the Hilbert transform of a distribution. 


10.7 Convolution and the Hilbert transform 


In this section a common definition of the Hilbert transform of a distribution is 
introduced. The distribution p.v.(1/x) enters in an obvious way, so some results 
about this distribution are considered first. The distribution T belongs to D/,, for 
1 < p < o, iff there exists an expansion of the following form: 


m 
T=) oAY, for hy € L?. (10.106) 
k 


For the distribution p.v.(1/x), 


1 
p.v.— = h(x) — h(a), (10.107) 
x 
where 
© sin xt dt 
h(x) = . 10.108 
(x) ' as (10.108) 


To establish Eq. (10.107), start with Eq. (10.77) and take the inverse Fourier transform 
to obtain the symbolic correspondence 


sgnte™ dt, (10.109) 


[— 

| 

| 
NI] 
eae 
8g «8 


pv.-= 
x 
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which can be recast as follows: 


t 


dey 2 
1 a s(t aa) 


x Oy ae 14+ 
mee: ; d? im sgn te 
—7o9 dx?) Jo 1+ 
d? °° sin xt 
=(l1-—, dt. 10.110 
( =) [ 1+f ( ) 
Using the identification in Eq. (10.83), it remains to show that h € L? for 1 < p. 
Now, 
sin xt dt oo dt sa 
h@)| = = _ 10.111 
In| = [- lett ao a (10.111) 
and, using an integration by parts, it follows for x 4 0 that 
1 °° 2t cos xt dt 
h(x)| = 1 
Ine) =| a 
Cc 
<—, (10.112) 
|x| 


where C is a constant. Hence, for some a > 0 and making use of Eqs. (10.111) and 
(10.112), leads to 


i la(x)/P dx = / ~The)? dx + / la(x)/P dx + / Ma(x)/P dx 


—a fore) ne H 
<c{ brarec f |x|? dx + — dx 
—00 a 2P 


—a 


< OO, (10.113) 


and hence h € L? for 1 < p. It therefore follows that p.v.(1/x) € Dip. 
An important result is the following. If T € Di andS € Dr» then the convolution 
T * S exists and 


F{T * S} = FTFS. (10.114) 
This can be established by writing 
m k 


a 
1 ar Sex) (10.115) 


k 


10.7 Convolution and the Hilbert transform 497 


and 


ve de ar 81), (10.116) 
i x 


where fj and g; belong to L?. Since the individual terms (44+! /ax**/){ fy * gi} are 
defined, the sum also exists as a distribution. The Fourier transform connection can 
be established similarly by appeal to the classical result for the Fourier transform 
of a convolution of L? functions. Equation (10.114) will be used in the sequel, but 
immediate use of the existence of T * S can be made if T,S € Di. In particular, for 
Te Dp and using the fact that p.v.(1/x) € Dp» then the convolution T * p.v.(1/x) 
exists. 

The Hilbert transform of a distribution T € Dp can be defined by the convolution 


1 1 
S=HT = —T x pv.-. (10.117) 
ma x 


The second of the Hilbert transform pair can be written as 
1 1 
T = —HS = ——S * p.v.-. (10.118) 
a x 


This definition can be formalized with the following result. If T € Dp» then HT 


exists and HT € Dp. To establish this result, first note that if T <€ Dr, then 
ath 
f= ne (10.119) 
— Ox’ 


with h, € L”. It follows that 


1 (akin) 1 
HT = — v.- 

+(y: axk ee 
k 


(3: ia) K(x) * Pv 
= (> a] Hh,(x). (10.120) 


= 


Using the Riesz inequality, Hh, € L? since hy € L*, and hence HT € Di. 

The preceding result can be generalized. If T € D), and S € Di, with 1/p + 
1/q = 1, then the convolution S* T exists and S*T € Dj, with 1/r = 1/p+1/q-1. 
This result is due to Schwartz (1966a, p. 203). The Hilbert transform of the distribution 
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T € D_» can therefore be defined in terms of the convolution with the distribution 
p.v.(1/x) for 1 < p < 0, so that 


1 
AT = 


1 
= —T* pv.-. (10.121) 
IU x 


10.8 Analytic representation of distributions 


In this section an alternative definition of the Hilbert transform of a distribution in D’ 
is given by making use of the analytic representation of distributions. The discussion 
follows the approach of Orton (1973), and also Lauwerier (1963). Unless there is a 
statement to the contrary, distributions and test functions are assumed to be real-valued 
in this section. 

Suppose g* (z) and g7 (z) are analytic functions for Imz > 0 and Imz < 0, respec- 
tively. On the real axis let 


g(x) = lim gt(x+ iy) (10.122) 
y 0+ 
and 
g w= lim g (x+iy). (10.123) 
y>0- 


The Hilbert problem is the determination of analytic functions g* (z) and g~ (z) such 
that 


g(x) =gt@) +g @), (10.124) 


where g(x) is some given function defined on R. This problem can be generalized to 
more complicated situations, and these are considered in Chapter 11. 

Attention is now directed to the analog of the preceding problem for distributions. 
Let g € D{, for 1 < p < o, and define 


gt(x) = lim GT +iy) (10.125) 
y> 0+ 
and 
g w= lim G(x +iy), (10.126) 
VU 


where the analytic function G(z) is such that 


g(x) =g7 (a) +g @). (10.127) 
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The function G(z) for Imz > 0 is given by 


G(z) = ee (ew, =}. (10.128) 
271 t—z 

This is a generalized Cauchy integral representation of the distribution g. Mostly 

upper case letters have been employed to designate distributions in this chapter; 

the preceding choice is a departure from this convention. A commonly employed 

approach to denote the generalized Cauchy integral representation of a distribution 

T is given by 


te = = (r0.—). (10.129) 
271 tz 

The analytic representation of a distribution T will be denoted by T(z). The reader 
will recall that the symbol * is also commonly used to denote the Fourier transform; 
however, that usage is not employed in this chapter, so there should be no confusion 
about the intended meaning. Equation (10.128) can be rewritten as follows: 


Ge) = = (20. (10.130) 


=u Es ei — 
Ti a} + ale "(xP ty] 


Two problems are posed for the reader. For g € D/,» with 1 < p < 00, show that 


: 1 y = 
slim, (20.7) = g(x) (10.131) 
and 
iu ieie ee ) = -He (10.132) 
slim (¢ an (t—x+y2] ae ‘ 


With these two results it follows from Eq. (10.125) that 
4 1 i 
gi'xa= 78) + 5 fg). (10.133) 
In a similar fashion, define G(z) for Imz < 0 by 
1 1 
Giz) =-—— (ew, =} 5 (10.134) 
1 t= Z 


which can be rewritten as follows: 


Sih x-—t 1 y 
G@) = > (ew, ei oA} = (ew, aatea (10.135) 
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Hence, on noting y < 0, 
= 1 i 
g () = 58) — 5 Hg). (10.136) 
Equation (10.127) is obtained from Eqs. (10.133) and (10.136), and also 


Hg(x) = —i{gt (x) — g- @)). (10.137) 


The important skew-reciprocal structure of the Hilbert transform of distributions is 
now considered. Let u(x, y) be harmonic in the upper half plane and let v(x, y) be its 
harmonic conjugate. Let u and v be distributions that belong to D),, with 1 < p < oo, 
and let 


g(x) = lim u(x, y), (10.138) 
y>0+ 
h(x) = lim v(x, y), (10.139) 
y>0+ 
and 
Gz) =u + iv. (10.140) 


Since G(z) is an analytic function in the upper half plane, 


1 ‘ 1 
G(z) = oral (u + 1v, =} 


= (ui rn =| (10.141) 

Taking the limit y > 0+ in this result leads to 

d ire . t—x 
g(x) + iA(x) = eeu ( + iv, ate) 
* mR, ( ey courey) 
= — 5 (He) + 1i1Hh(x)} + see + ih(x)}, (10.142) 
and hence 

g(x) + Ah(x) + i{h(x) — Hg(x)} = 0. (10.143) 


From the real and imaginary parts it follows that 


h(x) = Hg(x) (10.144) 
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and 
g(x) = —Hh(x), (10.145) 


which are the skew-reciprocal formulas for the Hilbert transform of distributions 
belonging to Dp with 1 < p < o. 
If T € D’, then the analytic representation of T is defined by 


lim {T(x + iy) —T(x — iy) }O@)dx = (T(x), Ox), VED. (10.146) 
Vem. —0o 


The generalized Cauchy integral representation of 7 defined in Eq. (10.129) will 
now be utilized. The functions u(x, y) and v(x, y) for y > 0 are introduced by the 
following definitions: 


u(x,y) = T@ + iy) — T@ — iy) (10.147) 
and 
v(x,y) = -i{ Te + iy) + To — iy}. (10.148) 


The functions u and v are conjugate harmonic functions in the upper half plane. 
The distributional limit of a function u(x, y) is defined, for a distribution T € D’, 
as follows: 


uM 7 u(x, y)o(x)dx = (T(x), ¢(@)), VGED. (10.149) 
Dar —0o 


The Hilbert transform of a distribution T € D’ can be written as follows: 
oo A 
lim i v(x, y)b(x)dx = —(HT(x),O()), Vb ED. (10.150) 
y>0+ J—oo 


The Hilbert transform can be defined in the following manner. Let T (z) denote the 
analytic representation of a distribution T € D’. The Hilbert transform of T relative 
to T(z) is defined by 


HT(x) = lim i{ 7 + iy) + T(x — iy)}. (10.151) 
yo 
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To see how this definition is suggested, consider the following sequence: 


HT(x) = lim {T(x +iy) +7 —iy)} 
y> 0+ 


i 1 To) x—t 
= lim ; 
y>0+ (x — t)? +y 
fo x 
~ ya O* Pa 
1 1 
= —T (x) * p.v.-. (10.152) 
18 x 


The final result agrees with the convolution definition developed in Section 10.7. 


10.9 The inversion formula 


A fundamental property of the classical Hilbert transform is the inversion formula 
H?f = —f. The details on this were discussed in Section 4.4 for ordinary functions, 
including the restrictions on the functions for which this identity applies. The analog 
of this result for distributions is now considered. Suppose that the distribution T 
satisfies T € Dj», with 1 < p < 00; then it follows that 


(H?T,) = (HT,—-H¢) 


=H}, (10.153) 


where all test functions satisfy @¢ € Dz7. Because of the latter condition for the test 
functions, the classical inversion formula H7¢ = —@ can be applied; hence, 


(H°T,$) = (-T,9), (10.154) 
which can be written as the symbolic result 
H°T =-T, (10.155) 


for distributions satisfying T € Dip. 
A short digression is made to derive the following result: 


1 1 
Dp.v.— * p.w.— = —n78(x), (10.156) 
x xX 


which will be employed in the derivation of the inversion formula for the Hilbert 
transform. For two distributions T € & and S € &', or S € Y, or T € OG and 


S € S’, it follows that 


F(T * S} = FTFS. (10.157) 
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This result also holds for the case that T € Di, and S € Dj,, withp~! + q-! — 
1 > 0. In Section 10.7 it was shown that p.v.(1/x) € Dis so the left-hand side of 
Eq. (10.156) exists. Now, 


1 1 1 1 
F {par * po} = F {pa} F {pw} - (10.158) 
x x x x 
and employing 
1 F 
F {pw} = —i7 sgn x, (10.159) 
x 
leads to 
1 1 2 
FY p.u.— * p.v.—¢ = —1". (10.160) 
x x 


Taking the inverse Fourier transform of this result and making use of 
F-'{1} x) = 8(x) (10.161) 
leads to Eq. (10.156). 


A convolution argument is now employed to obtain the inversion formula for the 
Hilbert transform of distributions. Let S = HT, where T € &’; then 


HT = HS 
1 1 
= —S * p.v.- 
x 
ae r 1 
=5 * p.U.— 9 * ne 
1 1 1 
= I * )pv.— * pvt. (10.162) 
ad x x 


The associative property of three distributions 7, S, and R, namely 
T *(S* R) = (T * S) * R, (10.163) 


holds if the supports of at least two of the distributions are bounded. This statement 
generalizes to a convolution of distributions, with the associative property holding 
if n — 1 of the distributions have bounded supports. The associative condition also 
holds under the conditions that the supports of all distributions are bounded on the 
left, or all the supports are bounded on the right. Since the associative property does 
not hold for distributions in general, it is necessary to justify the application of the 
associative condition in the preceding step. The distribution p.v.(1/x) can be written 
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in the following manner: 
1 
pv.-=S+f, (10.164) 
x 


where S is a distribution that belongs to &' and f is a function satisfying f € L?. 
Hence, it follows that 


pu * pv. =S*S4SaftfaSt fas. (10.165) 
Since T € &, 
T *«(S*S) = (T *S)x*S, (10.166) 
Tx (Sx*f) = (T*S) xf, (10.167) 
T«(f *«S)=(T x f)*S, (10.168) 


and, if the support of T is taken to be (—a, q@), the result is as follows: 


Tx(fxf) = im rina [faa fte—1— du 


=A rina f fafee 1d 


=O 
[o,@) a 
= fondu f TOf@—t—u)dt 
—cC —a 
=(Tx«f)xf, (10.169) 
where Fubini’s theorem has been employed to reverse the order of integration. Hence, 
the application of the associative property in Eq. (10.162) is justified. Employing 
Eq. (10.156) and using 
Txd=T, (10.170) 
means Eq. (10.162) simplifies to 


H°T =-T, (10.171) 


which is the required result. 


10.10 The derivative property 


Let denote the derivative operator and suppose the distribution T satisfies T € D/,, 
for 1 < p < ov; then the distribution formed by applying the derivative operator, 07, 
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is defined for all test functions @ € Dz« by 
(dT, b) = (T,—d¢). (10.172) 


The reader should note that this definition of the distributional derivative is consistent 
with what would be expected if 7 were replaced by an ordinary function. The result 
for a normal function can be seen by doing an integration by parts. 

The commutation property of the derivative and Hilbert transform operators is now 
established for distributions belonging to D{,,; that is, symbolically, 


0H = Ho. (10.173) 
To derive this result, employ Eq. (10.83) with T replaced by dT, so that 


(HAT, ) = (aT, -H¢) 
= (T,dH®). (10.174) 


For the test function ¢, using Eq. (4.137) leads to 
dH¢ = Hdd, (10.175) 
and hence, on reversing the steps in Eq. (10.174), that 


(HdT,o) = (T,Hdd) 
= (—HT, 09) 
= (dHT,¢), (10.176) 


which establishes the symbolic correspondence 
dHT = HOT. (10.177) 


By an induction argument, the preceding result can be generalized to deal with the 
kth distributional derivative: 


a*HT = Ha*T, fork EN. (10.178) 


10.11 The Fourier transform connection 


One of the key properties satisfied by the Hilbert transform is 
FHf (x) = —isgn x Ff (x), (10.179) 


where ¥ denotes the Fourier transform operator and f is a function satisfying f € L? 
with 1 < p < 2. In this section the extension of Eq. (10.179) to the case of distri- 
butions is examined. Recalling the definition of the Fourier transform of a tempered 
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distribution, and making use of Parseval’s formula (Section 10.4), it follows for 
T € #’, that 


= 
| 
s 
II 


(T, Fb), for be SZ. (10.180) 


In this result fT denotes a new distribution that is also a tempered distribution. From 
Eq. (10.180) it follows, using Fubini’s theorem, that 


(T, Fo) = a Teax f o(s)e ds = i oooyas | T(x)e* dx 
Sen: (10.181) 


A key point to note is the obvious shift from the space D to the space .Y for the test 
functions under consideration. The Parseval formula corresponding to Eq. (10.180) 
for @ € D is not useful as a definition of the Fourier transform of a distribution, 
since the function ¥@ may not be a test function satisfying Fé € D. See Eq. (10.61) 
and the sequel explanation for a discussion of this point. It is therefore clear that it is 
necessary to expand the set of functions beyond those in D to include test functions 
having suitable decay characteristics as |x| — too. Equation (10.181) makes the 
connection with the definition of the Fourier transform of a classical function. 

By analogy with Eq. (10.180), the inverse Fourier transform operation can be 
established for distributions T satisfying T € .7’, with the result that 


(F—'T, 6) =(T,F-'6), forde-Z. (10.182) 


It is not difficult to establish, for T € 7’, the operator equivalence: 


1 


FF 1 =F 'F HI, (10.183) 


To arrive at an analog of Eq. (10.179) for distributions, start with test functions 
satisfying @ € Y and let T € D_ p; then, 


(FHT, ) = (HT, Fo) 
= (T,-HF$), (10.184) 


where both Eqs. (10.180) and (10.83) have been employed. On making use of 
Eq. (5.57), it follows that 


(FHT, 6) = (T(x), — Flisgn y 6(y)]@)) 
= (FT (x), — isgn x 6(x)) 


= (-isgenx FT(x),¢(@)), (10.185) 
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which yields the following symbolic relationship: 
FHT (x) = —isgnx FT(x), for Te Dyp. (10.186) 


This section concludes by revisiting the evaluation of the Hilbert transform of a 
couple of key distributions. To calculate 4, start with Eq. (10.185): 


(FH5, 6) = (—isgn x F6,9(x)) 
= (—isgn x, (x)), (10.187) 


and Eq. (10.72) has been employed. Using Eq. (10.77), the inverse Fourier transform 
of sgn x is given by 


1 
F—|{-insgn x} = p.v.-. (10.188) 
x 


If T = FH6 is employed in Eq. (10.182), and Eqs. (10.187) and (10.188) are utilized, 
it follows that 


(H5, 6) = (FHS, F~'¢) 
= (—isgn x, F') 


= (F—'{-isgn x}, ¢) 


1 
= (pv.—. 6), (10.189) 


and, in symbolic form, 


1 
Hé = p.v.—. (10.190) 


TUX 


To evaluate H(p.v.(1/x)), use Eq. (10.77), so that 


(FH (ov.2) 6) = (ise x F(pw..) #00) 
x x 


= (—isgn x (—isgn x), d(x)) 
= (-1,¢(x)), (10.191) 
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and it follows, on using Eq. (10.182) with T = FH (p.v.(1/x)), that 


(#( pw.) ) = (FH(pu.-) #6) 
x x 
(—1, F~'9) 


n(F~'{-1}, 6(x)) 
= (-15,6). (10.192) 


Symbolically, this gives the now familiar result 


a (p.~) = —18(x). (10.193) 


10.12 Periodic distributions: some preliminary notions 


The goal of this section is to introduce the idea of a periodic distribution. A particular 
focus is the connection with the Fourier series expansion of an ordinary function. 
This section considers the set of conditions that allow a periodic distribution to be 
written as a general trigonometric series of the form 


lee) 
TORS veges (10.194) 


n=—-C} 


where Tt is employed to denote the period. The meaning of the coefficients cy, and 
how they are determined will be given in this section. The following section will deal 
with the determination of the Hilbert transform of a periodic distribution. 

First, some preliminary ideas. Givenag € D, thena unique function 6 (t) belonging 
to the space P, can be generated from the following expansion: 


a(t) = SY) o(t—kr). (10.195) 


k=—00 


Since @ has compact support there are only a finite number of non-vanishing terms in 
this expansion. It will be useful for later purposes to have a test function that vanishes 
for |t| > 1 and satisfies the condition 


2 U(t—kt) = 1, (10.196) 


k=—00 
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U 


x 
-l —0.5 0.5, 1 


Figure 10.4. Behavior of the unitary function U(x) on the interval |x| < 1. 


for all values of ¢. Lighthill (1958, p. 61) called this a unitary function. An example 
for the case t = 1 is: 


i er U9)! dy 


x| 


i = ae l<x<l 
U@= 4 fper CG dy (10.197) 


0, |x| > 1, 


which is displayed in Figure 10.4. As for the case of Eq. (10.195), there are only a 
finite number of non-vanishing terms in the sum in Eq. (10.196). The unitary function 
just given is constructed so that the derivatives of U(x) vanish atx = +1. The function 
U(x) satisfies 


U(x) +U—-1)=1, for0<x<1. (10.198) 


An immediate consequence of the definition of a unitary function is that, for a suitable 
regular periodic distribution T with period rT, 


e THU(Odt = [ THU (ode. (10.199) 
—0o 0 


The Fourier transform of U is given by 


Vt) =FfUO)= / U(x)e™ dx 
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=e +f uae ars f uae ars f U(xje"™ dx 
a3 =2 1 


1 ; 2 ‘ 3 : 
+ / U(xye™ dx + i: U(xye™ dx + i. U(xje dx +--- 
0 1 2 


[o@) 1 ; 
=) i e+ + k)dx, (10.200) 
0 


k=—00 


where the appropriate change of integration variable in each integral has been made 
to obtain the last summation. If t = 27m with n € Z, using Eq. (10.196) leads to 


1, n=0 


10.201 
0, nX£0. Cro20) 


1 
V(2xn) = / ee d= 
0 
The notation U/, will be used to denote the space of unitary functions that satisfy 
Eq. (10.196). A principal utility of the unitary function is that the integration of a 
periodic distribution T(t) over a single period can be replaced by the integration 
of T(t)U(t/t) over the interval (—oo, 00). It is left as an exercise for the reader to 
decide why this approach might be useful, as opposed to multiplying 7 (t) by a suitable 
characteristic function for the appropriate interval. Start by thinking about the issue 
of multiplying two distributions and deciding if the distributions are separably locally 
integrable. Is the product of the two distributions also locally integrable? 
For a given 6(t) € P; anda U(t) € U,, UO € D. The product U(t — kt)0(t — kt) 
summed over & can be simplified in the following way: 


Y> UG=kr)o(t—kt) =00) D> Ukr) = 0), (10.202) 
k=—00 k=—00 


which follows from the periodic nature of 0(f). 
If T € D’ and T is a periodic distribution with period t for t > 0, so that 


T(t) =T(t—7), (10.203) 
then, for every ¢ € D, the following definition is employed: 
(T(t), @@) = (Tt — 7), @@). (10.204) 


For example, 7(t) = sin(27t/t) is a regular distribution with period rt. 

The standard definition for a regular distribution associates with the distribution T 
the value (7,@) for each ¢ € D. This is replaced for a periodic distribution by the 
following: fora 6 € P;, the dot product T - 6 associates a value for a given periodic 
distribution 7’, and this product is defined by 


T-0 = (T,U6), (10.205) 


10.12 Periodic distributions 511 


for any U € U,. The terminology dot product used here is not intended to convey 
the usual usage that it has in vector analysis. An important feature is that this defini- 
tion is not tied to a particular choice of unitary function. The distribution 7 can be 
written as 


ee) 


T)= D> THUG —ke), (10.206) 


k=—0o 


which follows directly from Eq. (10.196). The summation in this equation will have 
only a finite number of terms. For any ¢ € D, it follows that 


(x T(HQU(t — kn.600) = (roe yi ue- io) = (T,o). (10.207) 
k k 


From Eq. (10.205), linearity on P; can be established. Further, if {6,}°° , converges 
to 6 in P;, then {U6,}°° , converges to U6 in D, from which it can be deduced that 
T is a continuous linear functional on P;. 


The definition given in Eq. (10.205) can be replaced by 
T-0=(T,$), Vb ED. (10.208) 


This follows by employing the periodic property of 7, and using Eqs. (10.195) and 
(10.196), to give 


T -6 = (T,U6) 
-(ro.v0 3 oko) 
k=—00 
= 3 (T(t), UMo(t — kt) 
k=—00 
= y (Tt +kt),U¢+kt)b()) 
k=—00 
= 3 (T@), Ut + kt)6@) 
k=—00 


= (T(),¢() Y) Ut+kr)) 


k=—00 


= (T),¢), (10.209) 


which is the desired result. 
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If T is a periodic distribution with period t, then it has the following series 
expansion: 


[ee 


T(t) = + ope FE. (10.210) 
k=—00 
where the coefficients cz are given by 
1 a t —2mikt/t 
Ck = — TMU {—Je dt. (10.211) 
Ef 68 T 


Inserting Eq. (10.210) into the preceding integral and employing the properties of 
the unitary function shows that the right-hand side of Eq. (10.211) is indeed cx. The 
sequence {c,}7-., is of slow growth and the summation in Eq. (10.210) converges in 
YS’ to T. The proof of this can be found in Zemanian (1965, p. 332). 

The Dirac comb distribution is defined by 


ee) 


A, = ys d(t — kt), (10.212) 


k=—00 


where the period rt satisfies t > 0. The action of A; ona test function can be written 
symbolically in the following manner: 


Ar(@)= >> okt). (10.213) 
k=—0o 


The Dirac comb is an example of a distribution belonging to P'’,. If T is a distribution 
and g € C®™, then gT is a distribution defined by 


(eT, ) = (T,g¢), Vp ED. (10.214) 


Analogously, gA; is a distribution defined by 


CO 


(gAr,¢) = (Ar,g6) = 2 gkt)p(kt). (10.215) 
k=—0o 
Symbolically, this can be written as 
[o,@) 
gAr= >> g(t)d(t— kr). (10.216) 
k=—0o 


The Dirac comb represents a sequence of impulses spaced at equal intervals t apart. 
If the variable ¢ is regarded as a time, and g a signal, then from Eq. (10.216) an 


10.12 Periodic distributions 513 


approximate determination of the function g can be made from the sampled values at 
the positions kt. The Dirac comb has a trigonometric series representation: 


bo 

Aes 2m ikt / Tv ; 

r== Doe (10.217) 
k=—00 

This series does not converge in the sense of normal functions, but does in the sense 

of generalized functions. Consider the periodic function with period 27 defined by 


f@me= g —, for x € (0, 277). (10.218) 
2 Qn 


The derivative of this function is given by (where f — T’ is employed to emphasize 
the distributional character of the derivative) 


CO 


: > d(x - 2mk). (10.219) 


Tl =-—+ 
20 re 


The Fourier series expansion of f is given by 


1 Ce 7 ikx 
PE = , «© €(0,27). (10.220) 


The series in Eq. (10.220) converges in D’. Differentiation of this Fourier series in 
the distributional sense yields 


pol : ae a E eis SF (10.221) 
ah Dae Qn° ; 
(k#0) 
Comparing Eqs. (10.219) and (10.221) leads to 
[o,@) 1 [o,@) 
8(x — 2k) = — ae: 10.222 
do 8 — 20k) = = Die (10.222) 
k=—0o k=-0O 


This is Eq. (10.217) for t = 27. 
If S is a periodic distribution with period t > 0, then S € .%’. A proof of this is 
given by Zemanian (1965, p. 332). There is a distribution T € &’ such that 


S=T*A,. (10.223) 
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A distribution T can be written as T = US, where U is a unitary function. The 
convolution of the Dirac delta distribution with a distribution in D’ can be written as 


Tx d(x-—a)=d(x-—a)*T=%T, (10.224) 


where T, is the translation operator (recall Eq. (4.64)). This can be seen in a 
straightforward fashion: 


(T «d(x —a),o) = 


= (taT (y), O())). (10.225) 


For @ € D, noting the periodic character of S and U and employing Eq. (10.207), 
yields 


(T * Ard) = (ron Y= s(t kr), b(t =) 


k=—00 


= D> (T().o@ + kt) 


k=—00o 


= >> (SU,t-1r4) 


k=—00 


[o,e) 
= )0 (urSU,9) 


k=—00 


CO 


= > (S(y — kt)U(y — kt), @()) 


k=—0o 


ee) 


= Se (S(y), U(y — kt) b(y)) 


k=—00 


= (S,¢), (10.226) 


and Eq. (10.223) is established. 
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If T is a periodic distribution with period t, it has a unique Fourier series 
representation: 


[oe 
it ier (10.227) 


k=—0o0 


The Fourier coefficients cz are given by 
1 ; 
Sate. (10.228) 
T 


The coefficients are of slow growth. Two important facts about this Fourier series 
representation are the following. (1) If the coefficients c, are defined by Eq. (10.228), 
then the sequence {c;}7° , is of slow growth, and the sum in Eq. (10.227) converges to 
a distribution T € .”’. (ii) A series of the form of Eq. (10.227), where the coefficients 
cx are of slow growth, converges to a periodic distribution (with period rT) in .”’. For 
the proof of these two results, the reader is referred to Zemanian (1965, pp. 331-332). 


10.13 The Hilbert transform of periodic distributions 
Let T € P; then the Hilbert transform of T is defined by 


(HT) -6 = —T - (HO), (10.229) 


where @ is given in Eq. (10.195). Employing Eq. (10.205), it follows for all U € U, 
and 0 € FP, that 


HT - 6 = (T, -UH6). (10.230) 


The inversion formula for the Hilbert transform for a distribution T€ P’, is obtained 
in the following manner: 


(FCT) -6 = (HT, -UH6) 
= (T,UH’6). (10.231) 
Since 6 € P;, and employing Eq. (6.35) leads to 
1 t/2 
#?6(t) = —O(t) + — i 0(x)dx, (10.232) 
T J—1/2 
therefore Eq. (10.231) can be rewritten as follows: 


t/2 
(HT) -6 = (r.u {000 + -{ aenas} (10.233) 
/2 


0, 
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If the symbol 7;,; is introduced by the formula 


1 t/2 
Tyr: 0 = (7. uz | ads), (10.234) 
T J—1/2 


where the subscript I signifies taking an integral over a period of 0, then Eq. (10.233) 
can be expressed symbolically as follows: 


WT =-T+Thyr. (10.235) 


Pandey (1996, 1997) introduced a subspace of P; for functions that are infinitely 
differentiable, have period tT, and satisfy the requirement 


t/2 
/ O(x)dx = 0. (10.236) 
—1/2 


This subspace is denoted by Q,, and the dual space is designated Q’. If T € Q’, then 
the Hilbert transform of T is defined by 


(HT,0) =(T,-UH0),  VOEQr. (10.237) 
If T € QL, it follows that 
FCT = —T, (10.238) 


which has the analogous form to the corresponding result for periodic functions when 
the integral of the function over a period vanishes (see Eq. (6.35)). 


10.14 The Hilbert transform of ultradistributions and related ideas 


In this section two extensions of some of the previous approaches given for the Hilbert 
transform of distributions are briefly discussed. The definition given in Eq. (10.117) 
applies for distributions belonging to the space D7», but it does not cover the case 
of general distributions belonging to D’. To rectify this situation, an approach of 
Gel’fand and Shilov that has been expanded upon by Pandey is briefly considered. 
Let # denote the space of test functions @ that satisfy the following: (i) ¢ € C™; 
(ii) there exists ay € D with #(t) = H(t). The inclusion relation for this space is 
KH C Drp. Pandey denotes this space by H(D), but this notation is not employed 
to minimize any possible confusion with the symbolism employed for the Hilbert 
transform. The space of continuous linear functionals on # will be denoted by #”, 
and this space satisfies the inclusion condition D,, C #’, with 1 < p < oo. Pandey 
(1983, 1996, p. 115) discusses the space # in detail, and the reader is referred to 
these sources for further elaboration. The Hilbert transform of a distribution T € D’ 


10.14 Ultradistributions and related ideas 517 
is defined (Pandey, 1983) to be an ultradistribution HT € #’ such that 
(HT, v) = (T,-H¢@), Vee #. (10.239) 


In this result, Hg denotes an ordinary Hilbert transform. If T ¢ .#”, then the Hilbert 
transform of T is defined to be a Schwartz distribution given by the following formula: 


(HT,9) =(T,-Hg), Woe D. (10.240) 


If T € D, the inversion formula H*7 = —T can be established from the results just 
given. The reader is requested to construct the necessary argument. 

If T € D’, the derivative operator and the Hilbert transform operator are com- 
mutative, that is 


(HT)! = HT". (10.241) 


This result can be established in a similar manner to the case for T € Dj,» given in 
Section 10.10. The required sequence of steps is as follows: 


= ((HT)’,9), (10.242) 


where the result (Hy)’ = Hg’ has been used (recall Eq. (4.137)). The preceding 
result can be generalized to 


(AT) =HT®™, fork EN. (10.243) 


Pandey (1982) has extended an idea of Gel’fand and Shilov (1968) to deal with 
the Hilbert transform of tempered distributions. If 6 € .Y and g € -Y, then Eq. (5.3) 
can be employed to write 


(FH G(x), p(x)) = —ilsgn x FH(x), PX), (10.244) 


and this can be written as 


(Hb (x), Fo(x)) = —1(¢, F{sgn x v(x)}), (10.245) 


using the Parseval-type formula for the Fourier transform. 
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Pandey introduced two subspaces in the following way. A function g € C™ belongs 
to the space .~% ifg € ~ and g(x) = 0 for x € (—a, a) for some a > 0. The space of 
Fourier transforms of test functions belonging to .~“ is denoted by Z,. Pandey then 
defined the Hilbert transform of a tempered distribution T: 


(HT, Fo(x)) = -i(T, F{senxg(x)}), Woe A. (10.246) 


The Hilbert transform so defined is a distribution belonging to the space Z}. The 
inversion formula can be derived as follows: 


(H°T, Fo(x)) = —i(HT, F{sgn x y(x)}) 
= i°(T, F{(sgn x)?o(x)}) 
= —(T, Fy(x)), (10.247) 


which holds for Vg € .~. As an example in Zin 6 = p.v.(1/mx). 
If T € 7’, the derivative property for the Hilbert transform holds; that is, 


HT’ = (ATY. (10.248) 
This can be established as follows. Let g € .Y, then 
(HT', Feo(x)) = —i(T", F{sgn x (x)}) 
= i(r, < Flsen ro(01c) 
= (7, F{—1t sgn t y(t)}()) 
= (AT, F{it p(t)}(@)) 
d on, 
= (xr, 5700) 
= ((AT)’', Fe(x)), (10.249) 


which is the required result. 

A number of the results of this chapter find utility in the solution of singular inte- 
gral equations involving distributions of different types. Several simple cases are 
discussed in Section 12.14, and some examples for the reader to try are given in the 
Exercises section of Chapter 12. Various ideas from this chapter allow an extension 
of Titchmarsh’s theorem to be made. This is discussed in Section 17.13. 


Notes 


§10.1 The topic of generalized functions is exhaustively covered in a great many 
sources. Good introductory accounts can be found in Lighthill (1958), Jones (1982), 
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Kanwal (1998), and Howell (2001) (with a focus directed to Fourier analysis). 
Schwartz (1966a, 1966b) and Zemanian (1965) give detailed presentations. 

§10.2 The authoritative source for further discussion on distribution spaces is 
Schwartz (1966a). 

§10.4 Fourier transforms of distributions are commonly discussed in most books 
on distributions. In addition to the aforementioned references, further reading can 
be found in Bremermann (1965a), Beltrami and Wohlers (1966a), and Barros-Neto 
(1973). 

§10.5 See Schwartz (1966b) and Gasquet and Witomski (1999) for further reading 
on convolutions. 

§10.6 The Hilbert transform of distributions is discussed in the books by Beltrami 
and Wohlers (1966a), Bremermann (1965a), Schwartz (1966a), Gel’ fand and Shilov 
(1968), Roos (1969), Nussenzveig (1972), Brychkov and Prudnikov (1989), Pathak 
(1997), and particularly Pandey (1996). The latter source provides details on aspects 
of this topic that were glossed over or not treated at all in the present chapter. Further 
information can be found in papers by Horvath (1953a, 1956), Lauwerier (1963), 
Beltrami and Wohlers (1965), Gittinger (1966, 1967), Orton (1973), Pandey and 
Hughes (1976), Pandey (1983, 1997), Pandey and Chaudhry (1983), Chaudhry and 
Pandey (1985, 1987), Ishikawa (1987), Singh and Pandey (1990a), and Carton- 
Lebrun (1991, 2005). 

§10.7 Beltrami and Wohlers (1966a), and Horvath (1953a, 1956) and Jones (1965) 
would be useful starting points for extra reading. A concise discussion is given in 
Kierat and Sztaba (2003). 

§10.8 Additional reading can be found in the books by Beltrami and Wohlers (1966a) 
and Bremermann (1965a), and the papers by Beltrami and Wohlers (1965, 1966b, 
1967), Bremermann (1967), and Orton (1973, 1977). 

§10.9 For additional reading, see Pandey (1996) and Gasquet and Witomski (1999). 
§10.11  Gel’fand and Shilov (1962, 1968) and Pandey (1996) are good sources for 
further reading. 

§10.12 Zemanian (1965) is an excellent source for additional discussion on periodic 
distributions. 

§10.13 For additional reading, see Pandey (1996, 1997, 2001, 2004). 

§10.14 Further discussion can be found in a series of papers by Pandey and 
coworkers: Pandey (1983), Chaudhry and Pandey (1987), Singh and Pandey (1990a, 
1990b), and the books by Pandey (1996, chap. 4) and Pathak (1997, p. 202). See also 
the work of Carton-Lebrun (1988), Pilipovic (1987), Pilipovic and Sad (1990), Toland 
(1997b), and Chung (2001). For the definition of the Stieltjes-Hilbert transform of 
distributions, see Stankovié (1988). 


Exercises 


10.1 Is D’(R) the dual of D(R)? Explain. 
10.2 Do any analytic functions belong to D? Explain. 
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10.3 
10.4 
10.5 
10.6 
10.7 
10.8 
10.9 
10.10 
10.11 
10.12 
10.13 
10.14 
10.15 
10.16 
10.17 
10.18 
10.19 
10.20 
10.21 
10.22 
10.23 


10.24 


10.25 


Hilbert transforms involving distributions 


Is it possible to assign a value to 5(x) at x = 0? Explain. 

Is 6 a tempered distribution? 

Does 6 € &'? 

To what Sobolev space does p.v.(1/x) belong? 

What functions belong to ZN D? 

Do the functions e~* and e~*! belong to .Y ? 

Determine Fp.v.(1/|x|). 

Calculate F log |x|. 

Evaluate H5(ax + b), where a and D are real constants and a # 0. 
Determine H6’. 

Calculate 5 and Fd-. 

If T € D’, evaluate 6 * T and 6 x T. 

If 7, and T> belong to .”’, is T; * Tz in general a distribution? 

Do any analytic functions belong to the space Co° (IR)? Explain. 

If  € D, does it follow that F@ € D? Explain. 

Determine if the following relation holds: 5) x (1x H)= (6) x 1) x H? 
Does (sgn x « 6’) * 1 =sgnx * (5’ * 1) = (sgn x * 1) *« 6’ hold? 
Evaluate H[csch x]. 

Evaluate H[x~? sin ax] and H[x~ cos ax], where a is a real constant. 
Does the unitary function given in Eq. (10.197) belong to Z? 

The periodic distribution )°?° _,, 5(t — ka), where a is a constant, belongs to 
-Y'. Determine its Hilbert transform. 

If 


1—|t|,-l<t<1l 


uae lo It] > 1, 


is it a unitary function with period one? Explain. 
If T € #%, simplify H[x”T] for m € N. 


11 


The finite Hilbert transform 


11.1 Introduction 
This chapter treats the finite Hilbert transform. This important transform arises in 
a number of applications, of which the best known is probably the airfoil problem. 
Most of the basic properties of the finite Hilbert transform are treated in detail, and 
some strategies are developed for the evaluation of particular cases of this transform. 
For the function /, one definition of the finite Hilbert transform is given by 


1? fd 
seep [LO 
fag My 


(11.1) 
where the point x lies in the interval (—a, a), so the Cauchy principal value of the 
integral is required. The principal objective of this chapter is the exploration of the 
properties of the finite Hilbert transform. One important application is discussed in 
detail. 

The definition in some sources (for example Erdélyi et al. (1954, Vol. II, p. 239)) 
uses an integration interval of (a, b), for arbitrary a and b. When (a, b) is not (—0«, 00), 
the resulting transforms are often referred to as truncated Hilbert transforms. 
Frequently, the finite Hilbert transform is defined with the integration domain in 
Eq. (11.1) taken as (—1, 1). The notation 7f(x) is used to designate the finite Hilbert 
transform, and the following definition is employed: 

Lf) foray 


g(x) = Tf(x) = —P 
4 ee, came) 


for-—l<x<l. (11.2) 


The reader is alerted to the fact that the notation T is often used in the literature to 
denote a more general singular integral operator than the one just defined, so some 
caution is required when comparing the notation in different sources. In a fashion 
similar to the definition of the Hilbert transform on (—0o, 00), the finite Hilbert 
transform is often defined with the opposite sign convention to that employed in 
Eq. (11.2). The sign choice given is consistent with the earlier sign convention that 
was adopted for Hf. A straightforward change of integration variable converts the 
integration interval from (—a,a) to (—1, 1). This particular equation is sometimes 
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called the airfoil equation, and the name gives an indication of the sub-branch of 
aerodynamics where this formula arises. Equation (11.2) is occasionally referred to 
as the Tricomi transform. Tricomi was one of the early investigators of the finite 
Hilbert transform, and some of his work is covered in the sections that follow. The 
function f belongs to the class L?(—1, 1), for 1 < p < oo. The existence of Tf a.e. 
can be established along lines similar to that employed earlier for Hf (see Section 
4.25). A reminder to the reader on notation is in order. In a manner identical to the 
standard Hilbert transform, T[f(t)](x), where ¢ is the dummy integration variable, is 
abbreviated to 7f(x) when there is no interest in specifying the integration variable 
for the finite Hilbert transform. 

Two examples of the finite Hilbert transform are first considered, and some other 
cases are dealt with in due course. The first example examined is f(x) = sin ax, for 
a > Oand —1 <x < 1. With a change of integration variable and expansion of the 
sine term, it follows that 


1 ' sinayd 
gx) = =P | econ dha 
4 =f wey 


(11.3) 


snap fi cosydy  cosax es sin y dy 
a a(x —1) J a a(x— 1) yo 


The integrals in Eq. (11.3) can be recast in terms of the cosine integral, defined by 
(see Erdélyi et al. (1953, Vol. II, p. 145), Abramowitz and Stegun (1965, p. 231), 
and Gradshteyn and Ryzhik (1965, p. xxxiii); and given in Eq. (8.78) in a slightly 
different form) 


Zz 
si 
Cie) = +logz+ f esas REET (11.4) 
0 Jy 


where y is Euler’s constant (y =0.577 215 6649...), and the sine integral, 
defined by 


Si(z) =) sny cy (11.5) 
0 Jy 


Using these two definitions, it follows that 


fas 

1 P| sinaydy _ SE Cie Ged =) ]} 

m Jy x—-y a 
= —* (sila(l +x)] + Sifa(l —x)]}. (11.6) 
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In a similar manner it can be deduced, for a > 0 and —1 < x < 1, that 


1 
Lp [ cosaydy _ cos (Cila(l +»)] — Cifa(l — »]} 
uw J-1 X7-y - 


sinax _. ? 
7 {Sila + x)] + Sifad — x)]}. (11.7) 


11.2 Alternative formulas: the cosine form 


The finite Hilbert transform can be written in some slightly different ways. Using the 
following change of variables: 


u = COSX, (11.8) 
Uv = cosy, (11.9) 
G(x) = g(cosx), (11.10) 
and 
F(y) = siny f(cosy), (11.11) 
then 
1 1 
gu) = =P | A (11.12) 
Iv —_1 u—-v 
becomes 
1 oF 
G@) = P| (y)dy (11.13) 
mz Jo cosx—cosy 


Equation (11.13) will be called the cosine form of the finite Hilbert transform. 
Some examples of this formula are now examined, a couple of which find appli- 
cation in the developments presented later. The simplest case is F(y) equal to 
a constant. In integrals of this type, a substitution that is often successful is the 
following: 


pel t>0 (11.14) 
= > . 
Cosy (Ee ; 
2r 
siny = ——,, (11.15) 
Tey 


with 


dy =2(1+ 2°)! dt. (11.16) 
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Employing Eqs. (11.14) and (11.16), it follows that, for a constant c, 


1 is cdy 2c Pe. dt 
x Jo cosx—cosy ~ w(1+cosx) Jo 2 -(0 — cosx)/(1 + cosx)) 
= 0. (11.17) 


The case F(y) = siny is most readily evaluated using the substitution vu = cosy, 
leading to 


1 ™  sinyd 1 & 
Pf sinydy P| u 
a Jo cosx—cosy ma J_ | cosx—u 
1 (=) 
= — log | ———— 
Wu 1 —cosx 


2 
= = logcot (5), forO<x<Z. (11.18) 
IT 2 


As a third example, suppose F'(y) = cosy. Define 


1 
p= Le Cosa) (11.19) 


and 


,  1-—cosx 
= ——; (11.20) 
1+ cosx 


then the substitutions given in Eqs. (11.14) — (11.16) work effectively, leading to 


Lp cos y dy =p [- (1 — ¢?)dt 
x Jo cosx—cosy 6 14+ #)(t? — a?) 


= © {2-(1+f)}dt 
7 pp f (+ P2ye— a) 


ee dt 
a a aa Be@ow’ (11.21) 


The even character of the integrand has been utilized to expand the integration range to 
(—o0, 00), and the last simplification employs Eq. (11.17). The integral in Eq. (11.21) 
can be most conveniently evaluated using contour integral techniques. Working with 
the contour in Figure 11.1 leads to the following result: 


ae dt ori li 1 
TFs = 2TH a 
_o 4+ #)(t? — a?) zi | (zg +i)(z2 — a?) 
IT 
= ey (11.22) 
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y 


Figure 11.1. Half circle contour in the upper half plane with indentations 
at the points + a on the real axis. 


The contribution from the semicircular section vanishes in the limit R — oo, and 
the two contributions from the small semicircular arcs cancel each other in the limits 
é — Oand op — 0. Hence, it follows that 


1 d 
Pf ene cae: Meee (11.23) 
ma Q COSX — COSY 


The preceding example is now re-examined using a different approach, one that 
will prove to be useful in later developments. Start with the following standard 
series expansion (see, for example, Jolly (1961, p. 96), Hansen (1975, p. 239), 
and Benedetto (1997, p. 267)): 


; °°. cos 2n6 
log(2 sind) = — )> , O<0<nz. (11.24) 
n 


n=1 


Now, in turn substitute 6 = (1/2)(y — x) and 6 = (1/2)(y + x), then add the results, 
to obtain 


log |2 [cosx — cosy]| = —2 3 anes (11.25) 
n=1 Z 


Differentiating both sides of this result with respect to x leads to 
[o,@) 


= 25. sin nx cos ny. (11.26) 
n=1 


sin x 


cosy — cosx 


This result can be derived in an alternative manner. Start with the trigonometric 
identity 


os 
BIS cs cot(*>*) 4 cot( =>"). (11.27) 


cos y — cosx 
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Employing entry number 686 from Jolly (1961, p. 128), setting 6 = 0, and taking 
the limit a — 1— in this entry, yields the following expansion (understood in the 
distributional sense): 


5 cat( 5 )z y sin nO; (11.28) 


n=1 


then, on using 6 = x — yand@ = x + y in tum, Eq. (11.26) is obtained. 
From Eq. (11.26), it follows that 


1 in cosy dy 2 S sinnx 
P = 
0 


ua cosx — cosy m “A sinx 


us 
i) cos ycosny dy 
0 
1 


ee y sin nx 7 
ma “—~ sinx on 
=-—-l. (11.29) 


The reader should justify the switch in order of the summation and the integration in 
this sequence. As a final example, consider F(y) = sinysinny. Using Eq. (11.26) 
with x and y interchanged, 


1 ™ sinny sinyd page ok, : 
P| atin dye » cos mx f sin ny sin my dy 
m Jo cosx—cosy mw A 0 


pps A 
=— ae cos Mx —Sym 
cA 2 
m=1 
= cos nx. (11.30) 


One form of the truncated Hilbert transform is defined by 


fd 
cy 


g(x) = “Pp (11.31) 
0 
The terminology “truncated Hilbert transform” is also employed with other limits, 
common among them being (0, 00), which is referred to as the one-sided Hilbert 
transform, and (|x — y| > €, 00), for e > 0; this has been labeled as H, in previous 
chapters. Equation (11.31) can be reduced to the cosine form discussed earlier, by 
introducing the following new variables: 
1 —cosv 1 —cosu 


= : = ——, 11.32 
y 1+cosv m 1+ cosu ( ) 


Gi) = =g (tan? (5)) tan(5) ose, (11.33) 


11.3 The cotangent form 


and 


roo =r(o*(8))en( 3). 


so that 


Gage —P fo F(v)dv 
0 


a cosu — cosy 


11.2.1 A result due to Hardy 


By considering the function 


(s) 


h(s,t, x) = 
as (cos zs — cos mt)(cos mt — cosmx)’ 


Hardy (1908) established, for suitable ¢(s), that 


t dt ! s)ds 
| Pf p(s) 
9 cosmx—cosmt Jy cosmt—coszs 


= esc” rx {cos”(x/2) (0) + sin? (tx/2) (1) — O(a) }. 


The choice $(s) = sin zs f(zs) and the definition 


Ae =a sin s f(s)ds 
1s 0 


cost — coss’ 


leads to 


fo= Pf sin x g(s)ds 


a cosx —coss" 
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(11.34) 


(11.35) 


(11.36) 


(11.37) 


(11.38) 


(11.39) 


These two results represent a conjugate pair of Hilbert transforms on the circle. 


11.3 The cotangent form 


Equation (11.12) can be recast into another form that is very commonly seen in the 
literature. Introducing the substitutions given in Eqs. (11.8) and (11.9), and recalling 


the trigonometric identity 


2siny x—y x+y 
————— =cot cot z 
cosy — cosx 2 2 


(11.40) 
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leads to 


™ f(cosy) siny dy 
mx Jo  cosx—cosy 


1 m x+y x-y 
=P | fioosy) feot( 5 ) cat( 5 ) fw. (11.41) 


On introducing Eq. (11.10), the substitution 


g(cos x) 


F(y) = f(cosy), (11.42) 
and supposing that F'(y) is an odd function, then Eq. (11.41) can be written as follows: 
1 is 
G(x) = —sPf F(y) cot ” Vay. (11.43) 
2x JL 5 


If F(y) 1s a periodic function with period 27, then Eq. (11.43) can be written as 


20 
G(x) = =P | F(y) cot( ay (11.44) 


or, with the obvious notational simplification for the arguments of G and F, 
l 
G(x) = -P [ F(y) cot[m(x — y)]dy, (11.45) 
0 


which corresponds to a form given in Section 3.1. As an alternative, Eq. (11.40) can 
be employed with x and y interchanged; then, on setting 


G(x) = sinx g(x), (11.46) 


and using Eq. (11.42), it follows that 


G(x) = ~~? i. F(y) {eor( ==") + cot(*>*) jar (11.47) 


which simplifies, if F'(y) is an even function, to yield 


G(x) = =P ie F(y) cot( => )ay (11.48) 


If F(y) is a periodic function with period 27, this result can be written as 


20 
Guy =P | F(y) cot( “>? 3 Nay (11.49) 
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which can be put in the following form: 


1 
G(x) = -P [ F(y) cot[z (x — y)]dy. (11.50) 
0 


This result and Eq. (11.45) represent the connection between the finite Hilbert 
transform for a periodic function and the Hilbert transform on the circle. 


11.4 The inversion formula: Tricomi’s approach 


The next issue addressed is the inversion formula for Eq. (11.2). The simple inversion 
symmetry g(x) = Hf (x), then f(x) = — Hg(x), that exists for the Hilbert transform on 
the line, no longer applies to the finite Hilbert transform. Finding the inverse formula 
can be regarded as a problem in integral equations, and that is most commonly the area 
of mathematics where discussion of this topic is found. There are different techniques 
available to carry out the inversion process. The approaches can be broadly defined 
as belonging to one of the following areas: 


(1) methods based on the Hardy—Poincaré—Bertrand formula; 
(2) techniques based on Fourier theory; 

(3) approaches derived from complex variable theory; 

(4) schemes that depend on transform techniques. 


This section and the following sections examine some different approaches. 
The following result was given in Section 4.16: 


Aig A b2) + $2) AG )} = Ho1@)Ab2(x) — G1@)¢2@), (1.51) 


which was proved by Tricomi (1951a). Equation (11.51) can also be generalized to 
cover the finite Hilbert transform; that is, 


Thi) Tor) + b200)Tb1(x)} = To1@)Tb2() — 1) G2). (11.52) 


If the support of the functions ¢; and ¢2 1s restricted to the interval (—1, 1), and the 
Hardy—Poincaré—Bertrand formula given in Eq. (4.504) is employed with a partial 
fraction decomposition of the term {(t — x)(s — t)}~!, then the Tricomi identity for 
the finite Hilbert transform follows immediately. Alternatively, the Hardy—Poincaré— 
Bertrand formula on a finite interval can be developed, from which the Tricomi 
identity follows. 

Tricomi’s equation, Eq. (11.52), can be employed to determine the inversion 
formula for the finite Hilbert transform. Tricomi started with the following choice: 


dix) =f), do) =f — 2’). (11.53) 


To proceed, the finite Hilbert transform of 2 is required. This can be obtained in the 
following manner. Consider first the finite Hilbert transform of f(x) = 1/,/(1 — x), 
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which can be evaluated as follows: 


1 1 : dy 
T =—p 
jas | 1 fi (x —y)/( — y*) 


ear Pfs ee 1? 


(11.54) 


where the preceding line is obtained on using the substitution y = (1 — s*)(1+52)7!, 


The integral can be readily evaluated using partial fractions, and hence 


1 


The finite Hilbert transform of ./(1 — x”) can be easily evaluated taking advantage 
of the preceding result. Employing Eq. (11.55) leads to 


», 1, f' Gd-y)dy 
am a PL, @—J/— 


2 pf (x* — y*)dy 
mw Jy &—y)/ —y*) 


1 i (x + y)dy 
as es eee (11.56 
1 V0-¥) ) 
and hence, on noting the odd behavior of part of the integrand, 
TLV —x?)] =x. (11.57) 


On inserting Eq. (11.53) and employing Eq. (11.57), Eq. (11.52) leads to 


Tif) TLYG — x?) + J — x”) TA} = Th) TLV — x*)] — f0)./C — 2°), 
(11.58) 


and using g(x) = (7f)(x) yields 
T{xfx) + J - x) g(x)} =x g(x) —f@) Jd - x’). (11.59) 


The first part of Eq. (11.59) can be simplified as follows: 


The flo) = Left KY sf(s)ds 


-1 x*—S 


1 
= xIf(x) - ~ [fev (11.60) 
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Equation (11.60) represents, for the finite Hilbert transform, the analog of the 
moment formula property developed for H[x f(x)] (see Eq. (4.111)). The constant 
c is introduced by the definition 


1 
c= ES ‘f f(s)ds; (11.61) 
UJ} 
then Eq. (11.59) becomes 
xg(x) — c+ TIV( —x*)g(@@)] =xg@) —f@) J -»), (11.62) 
which rearranges to give 
ee TLVA —x*)g@)] 
Ie) ID) 
_ Cc 1 ' Yd —s*)g(s)ds 
~ Ya—%) aero ee is aha, 


Equation (11.63) is the inversion formula for the finite Hilbert transform. As a con- 
sequence of Eq. (11.55), the constant c can be treated as arbitrary, rather than being 
defined by Eq. (11.61). Because of the arbitrariness of this constant, there is no unique 
inverse transformation for the finite Hilbert transform. 

Before proceeding to check Eq. (11.63), the class of functions for which this 
equation holds needs to be considered. Let f € L?(—1, 1), g aL ia 1), where 
p> 1andp’ > 1. If the support of f is (—1, 1) and iff € L?(R), then Tf € L? 
for 1 < p < ow, a fact that is employed momentarily. The preceding result follows 
directly from the Riesz inequality for Hf. The assumption on p’ helps establish the 
correctness of the inversion formula given in Eq. (11.63). The upper limit of p is now 
fixed and the lower limit of p’ is determined as follows. The appearance of the term 
c/./(1 — x”) in the solution for f(x) implies that p < 2. This value can be fine-tuned 
by examining the integral occurring in Eq. (11.63). Following an argument given by 
Tricomi (1985, p. 176), let 


2 I 1 J = s*)g(s)ds_ 
i Sait a Cred) 
then 
eves as | {VC =x?) — Jd —s?)}g(s)ds Lp g(s)ds 
m/f — x?) —| x—-—S oA _j x—-Ss 


1 i (x + s)g(s)ds 
DALE) at Ca a) F/O S) 


(Tg) (x). (11.65) 
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The factor Tg belongs to the same class as g, so attention can be focused on the first 
integral in Eq. (11.65), which is denoted by the function 4(x). Thus, by Hélder’s 
inequality, 


oI =i 
1 Ix + s| Pl P| 1 ks P2 
pO (/, Ea —)+ V0 | ) (/, ae as) 


(11.66) 


where p, and po are a pair of conjugate exponents; hence, 


-1 
1 1 PIP 1 1 PA 
Ix + s| 
P P 
[mooi ars (J, ae as) PA preesraercl ‘a 


(11.67) 


From the double integral it follows that p; < 4, and so p2 > 4/3. To see that p; < 4, 
convert the double integral to the interval (0, 1) x (0, 1) and employ the change of 
variables x = (1 +u)~! ands = (1+ v)~!; then 


1 1 lx + s| P| 
( «(laze Sas! ss 


=f co du of 1 |1 — wv | P\ 
-4 x | (+ v2 lasts aT dv. (11.68) 


Now focus attention on the critical part of the integral as u > 0 and v > 0, ignoring 
the unessential factors. Using the variable change v = ux leads to 


d dx 
lim. lim | du / SY sg tim tim | uP? dy | —~ _ 
6170 £230 Je, £9 [L/u+ JvyP! 61706230 Je, £9 (1 +x)?! 
: du 
—> Jin [ ppil2—1 (11.69) 


from which the required condition on p; follows. The following result is needed: if 
fi €LU(-1, 1) and fp € L2(—1, 1), then ff f € L’(—1, 1), withr7! = ie + in 
Noting that 1/,/(1 — x”) isin L7(—1, 1) forg < 2, and using Eq. (11.67), leads to the 
result that f €¢ L?(—1, 1) for 1 < p < 4/3 provided g € L? (-1, 1) for p’ > 4/3. If 
ge LP 1; 1) for 1 < p’ < 4/3, then it cannot be asserted that f ¢ L?(—1, 1) for 
any 1 < p. However, it might be conjectured that, if a solution of this class exists, it 
will take the form given by Eq. (11.63). 
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It will now be verified that Eq. (11.63) is indeed a solution of Eq. (11.2). From this 
pair of equations it follows that 


1 : d 
slp f(y)dy 
I -1 *—y 
_ Lp f dy | c pf tne 
ow Jyx-y |Vl-y?) - a s 
1 ld 1 oot 
= P P % 11.70 
i LS faces -1 y-s 


and the last line follows using Eq. (11.55). If the following identifications are made: 


AO) = 7G 2) (11.71) 
and 
A) = -g@) /(C -x*), (11.72) 
then 
g(x) = apf Seo |p ee (11.73) 
1 YS 


The Hardy—Poincaré—Bertrand formula takes the form 


b b 
Lp f hy (s)ds {° Mer 1p f “rao fr i, hy (s)ds tua | 
ee ee eh a (y — s)(s — x) 
— hi (xyho(x) (11.74) 


for functions h; (x) and h(x), which are assumed to belong to L?(a, b), for 1 < p < 
oo, and the condition is imposed that the support of these functions is restricted to 
the interval (a, b). Let a = —1, b = 1, and employ 


1 1 1 1 
2 ( ) (11.75) 
(s—x)(y—s) y-x \s-x s-y 


then the integral in Eq. (11.73) can be written as follows: 
1 1 1 1 1 1 
1, f AQ, [ AOds|_ 1, f Ads |, f° ACdy 
Hd RD -1 y—S FO. pt Ss -1 *7~y 


Ee ' £(s)ds {p fee 
= 


m2 Jy x-s s-y 


—fi@)f2@). (11.76) 
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This equation simplifies on noting that 


' fi)dy _ p " ficydy _ 
-1 *—y -1 S7—y 


0, (11.77) 


using Eqs. (11.71) and (11.55); hence, from Eqs. (11.74) and (11.75) it follows that 


g(x) = fi) fo), (11.78) 


which, on noting Eqs. (11.71) and (11.72), verifies that Eq. (11.63) is a solution of 
Eq. (11.2). 

The inversion formula for the finite Hilbert transform can be recast in several 
different ways. Starting with the identity 


Lae... Vx 
= +x+y, (11.79) 
x-y x—-y 
it follows that 
Jd —y*) a?) x 


@—-y)Ji-*®)  @-yVJd—-y) | Ja—-®/a—-~% 


Jy 
. 11.80 
+ Ja —2) Ja en 
Hence, Eq. (11.63) can be written as follows: 
c Jd —x’) i g(y)dy 
= P 
LOE x 1 @—yJ0—y) 
x ' g(y)dy 1 [ yg(y)dy 
P P . (11.81 
m/(1 — x*) eee m/f/(l—x?) Jy /(1—-y?) ( ) 
If the constants c}, cz, and c3 are assigned as 
Lf) gQ)dy 
Seep 11.82 
mee eae a Ja-y) ee 
lf) ygidy 
= P ; 11.83 
Q=-- Pes (11.83) 
and c3 = c + c2, then the following result is obtained: 
C3 cx JU — x?) i g(y)dy 
= P . (11.84 
I Ft e@) JGa2 a {epi 
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A further simplification of this result is possible. If the functions h;(x) and h2(x) 
belong to L?! (a, b) and L”2 (a, b), with pjand p2 satisfying 


see esi (11.85) 


then 


b b b b 
fincas fv PBORl- Pancnar[r [MER arse 


Using the substitutions a = —1, b = 1, and setting hi (x) = 1/,/(1 — x”), An (x) = 
S(y), then Eq. (11.86) simplifies, on using Eq. (11.55), to yield 


1 
i g(x)//(L — x*)dx = 0. (11.87) 
-1 


Under the conditions necessary to write Eq. (11.86) and hence Eq. (11.87), Eq. (11.84) 
simplifies to 


— Jd-x), f! g(y)dy 
RO) He) X I eevee ene) 


This result can be obtained directly from Eq. (11.52) by employing 


1 


di) =f),  o2(x) = Vd — x2)’ (11.89) 
and, on noting Eq. (11.55), 
g(x) - FO). 
aR beara wee 
hence, Eq. (11.88) follows when the contribution c3/,/(1 — x”) is added. 
If instead of Eq. (11.80) the following result is employed: 
Ja-y) _ +x) Vd-» i: =) ae 
Vd-2) Jd-»Vd4+yL x41)’ | 
then 
epics Oe Vd+x) , [' Vd—y)g()dy 
JOH) tf =x) Jan & —y)/0 +») 
I ' JG = y)g(Q)dy 
P . 11.92 
Jd) i JU +y) ake 
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Let 
_ 1, f! V¥d-yeQ)dy 
C4 = <P ft eas (11.93) 
and c5 = c+ cq, then 
C5 Ja+x) , f' Jd —y)g(y)dy 
= P , 11.94 
fe) Ja-x2) a/d—x) J @—-y)J/04+y) ee 


The alternative identity, given by 


2 
Ja-y) _ d=» Ya +y) i: ="). (11.95) 


Jd -x2)  /d +x) /-y) 1-x 
leads to 
ee ew V0=% » f) A+) adv 
VQ—x*)  wJ/l+x) J-1 @-y)J/-y) 
1 
aos = eater oe 
Let 


1 
iia tf NEE: (11.97) 


mw Jy J(1—y) 


and c7 = c + c¢, then 


C7 JU -x) ' /dt+y)g(y)dy 
JA=-x7) wJ/U+x) Jey @-y)J/U-y) 


Equations (11.88), (11.94), and (11.98) represent alternative forms for the inversion 
of the finite Hilbert transform. 


I(x) = (11.98) 


11.4.1 Inversion of the finite Hilbert transform for the interval (0,1) 


This subsection deals with the inversion formula for the finite Hilbert transform on 
the interval (0, 1), using a clever transformation approach exploited by Peters (1963). 
The general finite Hilbert transform on the interval (a, b), that is 


1 > p(t)dt 


v(s) = —P : (11.99) 
IU aS ot 


can be converted with the following changes of variables: 


t=(b-a)y+a, s=(b-—a)x+a, (11.100) 
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and the identifications g(x) = g(a+ (b — a)x), and f(y) = (a+ (b — a)y), to 


1 
ga) = 1p Ky)ey (11.101) 
zr Jo XY 
which is the form of interest for the remainder of this subsection. The functions f 
and g are assumed to be uniformly Hélder continuous on the interval [0, 1], and the 
restriction 0 < x < | is adopted throughout. The problem of interest is the inversion 
of Eq. (11.101) to find the unknown function /. 
Two preliminary items are required. In the sequel, the value of the following integral 
is needed: 


I(x) = ‘pf dy (11.102) 
oe Jo &—y)VLyA- 


Using the substitution y = s?(1 + s)~! leads to 
I(x) = =0, ford le 11.103 
(x) = oar Pfs Ia =a or0<x< ( ) 


The second preliminary item required is the inversion formula for Abel’s integral 
equation. This equation takes the following form: 


* h(y)dy 


VO= | Gone 


0<a<l, (11.104) 


and the solution is given by 


sinta d [* w(y)dy 
dx Jo Gye 


h(x) = (11.105) 
The reader can find this integral equation discussed in standard sources, for example 
Hochstadt (1973, p. 41) or Pipkin (1991, p. 99). The particular case of interest for the 
present discussion is a = 1/2, and the solution of Eq. (11.104) for this choice can be 
inferred from the discussion given later in this subsection, so that 


h(x) = Id (* v(y)dy 
dx Io Sey)’ 


(11.106) 


The following approach to the solution of Eq. (11.101) involves transforming it to 
an Abel integral equation, and then employing the inversion formula just given for 
this equation. The following development follows Peters’ (1963) derivation. Equation 
(11.101) can be rewritten, using 


, (11.107) 
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as follows: 
1 : dy 1 7! 
xe(x) = P| yfdy i; fCy)dy. (11.108) 
14 0 %x*«-y H JO 
Setting 
1 1 
c= -| f(y)dy, (11.109) 
T JO 
yields 
c 1 : yfy)dy 
ep ; 11.110 
SOW ee oe ae ea 
and integration of this equation leads to 
x Sade dhe af yf(y)dy 
dt + 2c./x = P 
[ vos as I Vin I (= t+ vn) 
Tf } 1 1 
=— | —P d 
on Io Jt [vor aay wep 


1 1 x 1 1 dt 
= ag? [Vor sores | lwo went ai 


ee Vx — Jy 
--| V(9) f(y) log va ay, 


(11.111) 


Taking note of the result 


[ ae xX >y 

Vy -— DJS e- 1)’ 

2 tanh! /(~) a hes (11.112) 
x 


i a >X 
0 Vo-DVa—0’ i: 


and recalling that tanh7! (x) = (1/2) log[( +x)/( —x)], for —1 <x < 1, allows 
Eq. (11.111) to be written as follows: 


Baw ay 
Vx + /y 


1 1 
+ - | J(y) f(y) log 


4 1 ae 
i V(t) g(t)dt + 2c,./x = -{ V(x) f(y) log 


Fa ay 
Vx + /y 
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=-= fv fd a ba 
Spey ee Nee TG ta a) 


1 7} - dt 
-— d “ 
- | JV (yf) yf IG =DJGD 
(11.113) 


Making use of the formula for the switch of integration order, 


A ax [ Fonydy = [ dy [ F(x, y)dx, (11.114) 
0 0 0 y 


Eq. (11.113) can be rewritten as follows: 


-{ dt * Sy) f(y)dy 
alo Jxe-Oh V-2 
1 [ dt 1 Vy) fy)dy 
tJo Jx-O}) JVo-t) 


i J (t) g(t)dt + 2c./x = 
0 


1 f* dt ' VO) f)dy 
= . 11.115 
| Ve-OS VO-9 : 
Setting h(t) = —t if Me yields 
* *  h(t)dt 
dt +2 = ——., 11.116 
[ V(t) g(t)dt + 2e/x Fe ED ( ) 
and application of Eq. (11.106) leads to 
ee * {Vg() + ¢//y} ee (17) 
wT Jo al (x —y) 
and hence 
VO) _— [PVR ge i dy 
x V¥-%) 0 V@-y) 0 Va-y)] 
* J) 80) 
= d ; 11.118 
Peace (ae es aa ( ) 
The solution of the following integral equation: 
1 
Hex | LOS (11.119) 


x /(y — x) 
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is given by 


1d f! ¥Q)dy 
m dx Jy Vy — x) 


o(x) = (11.120) 


This can be obtained in the following manner. Multiplying Eq. (11.119) by the factor 
(1/7)C././@ — y)) and integrating over the interval [ y, 1] yields 


1 1 1 
1 wixdx 1 [ dx o(t)dt ee 
y 


tJ Ja-y ah J@a-nb JO—-0 


Differentiating both sides with respect to y, making a change of integration order, and 
employing 


dhe SF dx 
= 1, 11.122 
=a Ve —y) V(t — x) 


leads to 


1d fs! w@)dx ak [ dx 
= d 
Sal Je) eo, Ie 


d 1 
= — t)dt 
al 1) 


= —o(y), (11.123) 


which is the required result. A similar approach can be employed to obtain the solution 
given in Eq. (11.106). 
Applying Eqs. (11.119) and (11.120) to Eq. (11.118) leads to 


ld f' ad » J) g(t) ured [ dy 

mdx Je S(y—-x) Jo Viv-t) dx Jx V/(y— x) 
eid P dy » Jt) gt) 

JVd-x) awdxdy J(vy-x) Jo Vv-8) 


JV (x) fx) 


dt. (11.124) 


The double integral in the preceding result can be simplified in the following fashion. 
Noting the change of integration order formula, 


1 u 1 B u 
} au [ F(u,v)dv = : du {f F(u,v)dvu +f F(u, wae} 
B 0 B 0 B 


B 1 1 1 
= dv f Fauvdu+ f dw f Fiu,v)du, (11.125) 
0 B B Vv 
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which follows from Eq. (11.114), Eq. (11.124) can be cast as follows: 


c d f* ; dy 
d 
Tar viogtoat f JO-)VG-5 


dy 
“he d 11.126 
+ocef veosoat f IG=pyGeo. One®) 


Employing Eq. (11.112) in the form 


f®) = 


lg 
Jd-)- Jd —-x) 
[ x ds _ 1 ly se 
0 Yd-t-sJ/d-x-s) Jy JV-DV-9’ 
7 he ds _ y t>x 
0 Vd-t-s/d-x-s) Ik Vo-oA(y- 8’ ‘ 
(11.127) 
leads to 
= é Jd-)+/U-x) 
OS ea +e [ voe SJ === 


(11.128) 


The constant appearing in Eq. (11.128) was originally defined in Eq. (11.109); how- 
ever, because of the result given in Eq. (11.103), it can be regarded as an arbitrary 
constant, which is denoted by C. Hence, 


Cc pf Jt — dD] g(@det 
Vix(1 — x)] SAT —x)] x—t 
This represents the solution of Eq. (11.101). 


fx) = (11.129) 


11.5 Inversion by a Fourier series approach 


The inversion of the finite Hilbert transform is now considered using a Fourier series 
approach. The following substitutions are introduced into Eq. (11.2): 


x = cosu, (11.130) 
y = cosv, (11.131) 
G(u) = g(cosu) sinu, (11.132) 


and 


F(v) = f(cosv) sinv, (11.133) 
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so that 


"  F(y)d 
Gi) = a Wee. (11.134) 
IT 0 COSU— COSY 


The introduction of the extra sin u anticipates a factor of (sin u)~! that will emerge 
at the next step. The function F'(v) is expanded in terms of a complete orthonormal 
set as follows: 


F(u) = <0 + v(=) Y> an cosnu. (11.135) 


n=1 


The following integral needs to be calculated: 


a ta d 
I@= P| ee (11.136) 
Tv Q COSU — COSU 


This can be evaluated by contour integration (try it), or by more elementary means. 
Using the expansion given in Eq. (11.26), 


1 ™  cosnyd 2 sinmx [7 
Py Pelee x - i cos ny cos my dy 
mw Jo cosx—cosy a 0 


ae 4 REO 1 (11.137) 


The preceding result generalizes Eqs. (11.17) and (11.23). Hence, it follows that 


2 (oe) 
G(u) = -v(=) ) Ay sin nu, (11.138) 
a 
n=1 
and the a, coefficients are determined from 


an = -v(=) ie G(v) sinnv dv. (11.139) 


If this result is inserted into Eq. (11.135), it follows that 


1 pe m 
F(u) = Ta ses a cos mu [ G(v) sinnv dv. (11.140) 


n=1 
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The summation in this expression can be evaluated by making use of Eq. (11.26); 
then Eq. (11.140) can be written in the following form: 


1 ™ si 
Fw = e a sin v G(v)du 
0 


JT sa cosu — cosv 


Reverting back to the original variable set, using Eqs. (11.130) — (11.133), leads to 


(11.141) 


c 1 . 1 Ja —y?) g(y)dy 


P= 1) mf/(l—x?) Jia x—y 


(11.142) 


where ag/./7 has been denoted by c, which will play the role of an arbitrary constant. 
This result represents the inversion of the finite Hilbert transform by the Fourier series 
approach. The derivation avoids the use of the Tricomi identity, but does involve some 
dexterity with series manipulation. 


11.6 The Riemann problem 


This section and the following two sections will lay the groundwork for an alterna- 
tive approach to the inversion of the finite Hilbert transform. The techniques also 
find application in the solution of more complicated singular integral equations, an 
example of which is given in Chapter 12. 

The following is termed the Riemann problem: determine a function f which is 
analytic inside a closed contour C and for which there is a given linear relationship 
between its real and imaginary parts on the contour. The Riemann mapping theorem 
(Section 2.9) allows C to be chosen as a circle. Let F(z) denote the function that is 
sought, where the subscript + denotes the interior of C, and a subscript — is used to 
indicate the exterior of the contour. Let 


Fy(2) =ux,y) tivy), (11.143) 

and write the linear constraint that must be satisfied as follows: 
a(u(t+ BOvoO=yo, Vtonc, (11.144) 
where a(t), B(t), and y(t) are given, real functions. It is assumed that a(t) and B(t) 
do not vanish simultaneously. The special case for which 6 = 0, a = 1, leads to 
the problem of constructing a function from the values that its real part takes on the 


boundary. Outside the circle, an analytic function F_(z) can be defined in terms of 
the complex conjugate of F'+(z) as follows: 


* 


F_() =F* (=) (11.145) 
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If C is taken as the unit circle, then, for z on C, 


zz* = |z|* = 1, (11.146) 

and hence, as z > tonC, 
F_(t)=Fi (0), (11.147) 

from which it follows that 
F_(t) = u(t) — iv(¢). (11.148) 


Using Eqs. (11.143) and (11.148), Eq. (11.144) becomes 
{a(t) — BO} FLO + {a + iBO}F_(/O = 2y(. (11.149) 


Riemann’s problem is therefore reduced to the determination of functions F(z) and 
F_(z), analytic in the interior and exterior of C, respectively, such that Eq. (11.149) 
is satisfied on the boundary of C. 


11.7 The Hilbert problem 


A generalization of Riemann’s problem was made by Hilbert. The following is gen- 
erally referred to as Hilbert’s problem: determine a function F(z) that is analytic for 
all points z not lying on a contour C, such that, for ¢ on C, 


Fy(t) = g(F_O +f, (11.150) 


where F',(t) and F_(t) have the same meaning as in Section 11.6, and where g(t) 
and f(t) are given complex-valued functions. Equation (11.150) is also referred to as 
the inhomogeneous Hilbert problem. The homogeneous Hilbert problem is obtained 
by setting f(t) = 0 in Eq. (11.150). Hilbert’s focus was on situations where C is a 
closed contour. 


11.8 The Riemann-—Hilbert problem 


The general problem given in Section 11.7 where C is allowed to be a closed contour, 
an arc, oramore generally a collection of arcs, is most frequently termed the Riemann— 
Hilbert problem. In some sources it is simply called the Hilbert problem; in others, 
the Hilbert-Riemann problem (Gakhov, 1966, p. 284) and, less commonly, it is called 
the problem of Privalov. The problem is often stated with the behavior of the function 
at infinity being given. When C is not a closed contour, it is necessary to specify the 
behavior of F(z) near the endpoints of the arc. 
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B 


F(Z) F ©) 


C 
Figure 11.2. F4(z) and F_(z) are, respectively, the value of the function to the left and 


to the right of the contour C. 


The homogeneous Riemann—Hilbert problem is considered first. The specifications 
necessary to define F(z) and F_(z), when C is an arc, are indicated in Figure 11.2. 
Take the logarithm of the homogeneous equation, so that 


log F(t) — log F_ (4) = log g(t). (11.151) 


This result is of the form of the Plemelj boundary value problem (see Section 3.7), 
so the solution can be written as follows: 


1 f logg(t)de 
log F(z) = al LAU (11.152) 
2miJc t-zZz 
and hence 
1 1 t)dt 
F(z) =exp laa f see". (11.153) 
2miJc t-z 


It has been tacitly assumed that log g(t) is single-valued on C. When this is not the 
case, a modified function can be introduced, go(t) = log{ t? g(t) }, which is single- 
valued on C, where p, called the index of the homogeneous Hilbert problem, can be 
determined from 


1 dlog g(t) 
=— pg — de. 11.154 
- aif. dt a oe 


A Plemelj boundary value problem of the form of Eq. (11.151) can then be set up, with 
g(t) replaced by go(t). The interested reader can pursue this further by consulting the 
references listed in the chapter end-notes. 

The solution of the inhomogeneous Riemann-Hilbert problem, Eq. (11.150), isnow 
considered. Choose L(z) such that it solves the following homogeneous problem: 


L(t) = g(t) L_(), (11.155) 
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with L(z), L+(z), and L_(z) non-zero. The inhomogeneous problem can then be 
written as follows: 


FeO FO _ fo 
LQ L@ La 


(11.156) 


The function F'(z)/Z(z) is analytic, except for z on C. The function K (z) is defined by 


wood f@dt 
K@= Oni In OG =a (11.157) 
then 
Ki() —-K_@® = i (11.158) 
and hence 
F(t) Ae) 
L.@ -KioH= L@ — K_(t). (11.159) 


The analytic function L~!(z)F(z) — K(z) has the same boundary values from the left 
and right on the contour C. If Z(z) has been determined, then F(z) can be found, but 
only to within a polynomial of appropriate degree. On this latter point, consult the 
references given in the end-notes. 


11.8.1 The index of a function 


The notion of index ofa function is introduced in this subsection. This has considerable 
utility in characterizing various classes of Riemann—Hilbert problems. The properties 
of the index can be most readily obtained by examining a more general result called the 
argument principle. Specialization of the argument principle for different situations 
leads to some important properties of the index of a function. Application to the 
Riemann—Hilbert problem is then considered. The starting point for the discussion is 
a consideration of the multiplicity or order of a zero. 

Suppose the complex-valued function f satisfies at some point zo the condition 
a = f(z); then the function f — @ has a zero of order n or multiplicity n at the 
point zo. Ifn = 1, the zero is called a simple zero. The order n can be determined 
in the following manner. Suppose the function f is analytic in a disc that encloses 
the point zo, which is a zero f. Assume the disc encloses no other zeros and that f is 
non-vanishing on the boundary, then 


ca Lge (11.160) 


2niJc fl) 
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where C is the closed boundary of the disc. This result can be established as follows. 
If f has a zero of order n at zo, it can be represented as 


f@) = @ — 20)"2@), (11.161) 
where g(z) is analytic in the disc and g(zo) 4 0. Hence, 


f@__» ¢@ 
f® Z—Z g(z) , 


(11.162) 


The function f’(z)/f(z) has a simple pole at zo, and employing the Cauchy residue 
theorem leads to 


f foe - 27i Res £@) = 2zin, (11.163) 
cf) f@) |z=2% 


which is Eq. (11.160). 
Equation (11.160) can be generalized in two ways. Consider a function f which 


is analytic in a disc that encloses zeros of f at the points zo, z1,...,Zm, With orders 
n0,"1,---,"m, respectively, and assume that f is non-vanishing on the boundary; 
then 
1 "(z)dz = 
— f@ =O, He (11.164) 
2niJc ff aes 


This result can be established by writing f in the following form: 


f@ =| [@-20)" ee), (11.165) 


k=0 


where the functions g, are analytic in the disc and g; (zz) 4 0. It is common practice 
to rewrite Eq. (11.164) with the right-hand side of the equation replaced by a single 
letter: 


1 f'@dz 


2nitc f) 


Az (11.166) 


with the understanding that Z denotes the number of enclosed zeros in the disc and 
that each zero is counted according to its particular multiplicity. 

The situation for poles is considered next. Suppose f is analytic inside a disc except 
for a pole of order g at the point zp. The function in this case can be represented as 


{@ = ee) (11.167) 
(z 


— 29)? 
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where g(z) is analytic inside the disc, and suppose that g(zo) 4 0. It follows that 


f@__ 4 4 g'(@) 


= : (11.168 
f(@) Z—Z gz) 
Applying the Cauchy residue theorem leads to 
7 d 7 
(Oe _ rriRes IO = —2nig, (11.169) 
c f@ FE) yaw, 
so that 
f'@)dz 
= -g. 11.170 
201 ab5 f@® ( ) 
The generalization to the case ofa meromorphic function having poles at zo, Z1,...,Zp, 
with orders go, 71,...,@p, respectively, assuming that f is non-vanishing in the disc 
and on the boundary and that it has no poles on the boundary, leads to 
— ps - = 3 (11.171) 
Ini tc f@ an 
k=0 
It is common to see this result written in the following format: 
/ 
dz 
=¢. 4 cap (11.172) 
201 f@® 


where P signifies the number of poles of the meromorphic function enclosed by the 
disc, each counted according to its particular multiplicity. 

The results in Eqs. (11.166) and (11.172) can be combined, to yield for a meromor- 
phic function having both zeros and poles of differing multiplicities, the following 
result: 


1 f'(@)dz _ 
oni f. F@ =Z-—-P. (11.173) 


This formula is referred to as the argument principle, or, by some authors, as the 
principle of the argument. The result can be expressed in the following form: 


1 
= larg flo = Z— P, (11.174) 

20 
where the notation [arg f(z)]c is employed to denote the change in arg f(z) as the 
contour is traversed in the positive sense, that is in a counter-clockwise manner. For 


the function /, 


log f(z) = log | f(z)| + iarg f(). (11.175) 
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After traversing the closed contour C, | f(z)| returns to its original value, so that 


1 
[arg flzZ)1c = — [log fl@)Ic- (11.176) 


and Eq. (11.174) can be written as 
1 
—-[log fZlc =Z—-P. (11.177) 
271 


Note that 


ee ee SEE si f. low 2) dz = <[log fizylc. (11.178) 
2nitc f(z) 


The index of the function f with respect to the contour C is defined by 


Ind f(z) = 75 bare f@lc (11.179) 


Employing Eq. (11.176) allows the preceding result to be written as follows: 


Ind f(z) = <[log f@)lc (11.180) 


The index of a function can also be written in integral form: 


Ind f(z) = ~=¢ d{arg f(z)} = af d{log f(z}. (11.181) 
2m Jo 2mri Je 
If f is differentiable on C, then 
1 f'@dz 
Ind f(z) = oni aay. (11.182) 


It should be clear to the reader from the developments at the start of this subsection 
that, for a continuous function f that is non-vanishing on a closed contour C, Ind f 
is an integer, which may be negative, zero, or positive. From Eq. (11.180) it follows, 
for continuous functions f; and /2 non-vanishing on the boundary of the disc, that 


Ind fi f2 = Ind fj + Ind fo (11.183) 
and 
A 
ne = Ind f, — Ind fo. (11.184) 
2 


The index of a function has a useful application to the classification of Riemann— 
Hilbert problems. Let « denote Ind g, where g occurs in the Riemann—Hilbert problem 
specified by Eq. (11.150), then the following situations apply for the Riemann—Hilbert 
problem for the circle (Muskhelishvili, 1992, p. 104). For « > 0, the homogeneous 
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Riemann-Hilbert problem (set f(t) = 0 in Eq. (11.150)) has x + 1 independent 
solutions, and they can be written as follows: 


F(z) = Lz){eoz* + e128! +--+ + ee}, (11.185) 


where L(z) is the fundamental solution of the homogeneous Riemann-Hilbert prob- 
lem Fy (z) = g(z)F_(z) and the cy are constants. For k < —2, the homogeneous 
Riemann-Hilbert problem has no non-zero solutions. The solutions of the inhomo- 
geneous Riemann-Hilbert problem can also be classified in terms of the index x, as 
can Riemann-Hilbert problems for other domains. The interested reader can pursue 
the details in the references given in the end-notes. 


11.9 Carleman’s approach 
The inversion of the finite Hilbert transform is now considered, taking advantage of 
the ideas developed in Sections 11.6—11.8. The objective is the determination of f(x) 
from the equation 


gx) = =P ss (11.186) 
Let 
F@= = : — with Im z 4 0. (11.187) 
From Eq. (11.187) it follows that 
Fs(x) — F_(x) =f) (11.188) 
and 
Fi(x) + F_@) = “p f oa (11.189) 
From the preceding result, 
Fix) = —F_(x) +igQ). (11.190) 
The task is to determine a non-zero function L(z) such that 
eee (11.191) 


L_(x) 


11.9 Carleman’s approach 


Take 
1 ' log(-l)d 
log L(z) = val Sees 
2m1 J_} s—Z 
aa z—1 
mae tae ee ke 
hence, 


“i 
w=4(e2)) 


From Eggs. (11.190) and (11.191), it follows that 


Fy) F-@) _ igh) 
Lyx) L(x) Ly) 


and 


F(z) 1 ‘i ig(s)ds 
L@) — 2wi J_1 La(s)\(—2) 
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(11.192) 


(11.193) 


(11.194) 


(11.195) 


The general form of Eq. (11.195) would include the addition of an arbitrary constant, 
and Eq. (11.194) still holds. Using Eqs. (11.188) and (11.195) allows f(x) to be 


obtained as 


fa) = Fy@) — F_@) 


LP Fix) F_(x) 
notre [L(x) — L-@)] 


1 


1 1 ig(s)d 
= [Ls (8) - LO), P il Beas 


From Eq. (11.193), 


and 


1- 
LG) iv(; —*). 


Hence, Eq. (11.196) becomes 


=) a ' J. +s) g(s)ds 
1+x 


fis) = -v( 


1 Ly(s)(s— x)” 


x J_y (x—s)/(-s)) 


(11.196) 


(11.197) 


(11.198) 


(11.199) 
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To this result may be added the solution of the following homogeneous equation: 


1 
|p fis)ds = 0, (11.200) 
ma 1 x*—S 
which is 
c 
f(x) = Jax)’ (11.201) 


where c is an arbitrary constant. The solution of Eq. (11.186) thus becomes 


ee: 1-x\ 1, f' JU +5) g(s)ds 
IO) = Ta A); 1 x -s)/(U—s) 


This result is in agreement with Eq. (11.98), which represents one of the alternative 
formulas that can be found for the inversion of the finite Hilbert transform. 


(11.202) 


11.10 Some basic properties of the finite Hilbert transform 


In this section a number of basic properties of the finite Hilbert transform are collected 
together. Some resemble quite closely the corresponding properties for H on R, but 
a number are also rather different, as the reader will quickly discover. 


11.10.1 Even—odd character 


For f(x) even on the interval (—1, 1), it follows that 


2x 1 fs)ds 
g(x) = Tf(x) = =p | i om (11.203) 
4 0 x —-S 
and for f(x) an odd function on the interval (—1, 1), 
2 ' sf(s)ds 
g(x) = Tf(x) = —P / is = (11.204) 
IU 0 Ss 


That is, the finite Hilbert transform of an even function results in an odd function, 
and the finite Hilbert transform of an odd function results in an even function. 


11.10.2 Inversion property 
It follows directly from the results for the inversion formula, Eq. (11.63), that 


f(x) = ef JL — x7) — D/ VG — x) TLV — x”) TA@)1, (11.205) 


where c is an arbitrary constant. In terms of complexity, this result contrasts sharply 
with the iteration property for the Hilbert transform on the real line, f(x) = —H 2 f(x). 
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Equation (11.205) has considerably less practical significance than the iteration 
formula involving H. 

Suppose that the support of / is restricted to the interval (—1, 1), then, on making 
use of the Hardy—Poincaré—Bertrand formula on the interval (—1, 1), it follows that 


1 tod } foe 1 i | [ dy | 
aR) of eee P dte{]P {| ——-_} - 
a [ x—y ay yot a Be : ~1 &—y)(y—1) a 


1 1 
ee mou | | ay jay fx) 


1 ~~ xX-t J_y|(x-y jy-t 
1 ieee ' pdt 
= = tog (+=*) _)x-t 
1 = 
=P | log[( + 4)/C — ad] f@dt fo), 
TU -| x—t 
(11.206) 


and hence 


1 1 

f(x) = —flx) + 17 log (=) Thx) — nT E (=) f9| _ (11.207) 
—x —x 

This formula is more complicated than the corresponding result for 


H: Hf(x) = —f). 


11.10.3 Scale changes 
Let g(x) = 7f(x), then it is straightforward to show, for a > 0 and ax € (—1, 1), that 


(11.208) 


Tf(ax) = g(ax) + : i, f(y) i: f(-y) hay 
1 


ax—y ax+y 


Because of the constraint on ax, a Cauchy principal value is not required for the 
integral on the right-hand side of Eq. (11.208). For a > 0 and ax € (1, 1), itis also 
a simple calculation to prove that 


(11.209) 


Tf(—ax) = —g( ax) + = i. [£2 wile) | i 
1 


ax+y ax—y 


Fora > 0,b € R, and (ax + 5) € (—1, 1), it is a short calculation to show that 


1 ie fv)dy 1 ie. fiy)dy 


Uj b)= b . (011.21 
f(ax + b) = g(ax + te aaa Fs wa ( 0) 


Because of the constraint on ax + b, a Cauchy principal value is not required for the 
integral on the right-hand side of Eq. (11.210). 


554 The finite Hilbert transform 


To decide if the finite Hilbert transform operator and the translation operator Ty 
commute, proceed as follows. From Eq. (11.210), it follows that 


Tta f(x) = Tf — a) 


l—-a —l-a 
IT 1 X—a—y ue =f x-a-— 
however, 
Tal f(x) = tag (x) = g(x — a), (11.212) 


and clearly, in general, the commutator [T, tz] 4 0 fora 4 0. 
To see if the dilation operator S, commutes with the finite Hilbert transform 
operator, first note from Eq. (11.208) that 


TSa f(x) = g(ax) + <P | | IY), KM jay (11.213) 
1 lax-—y axt+y 
but, 
SaTf(x) = Sag(x) = g(ax), (11.214) 
and hence in general it follows that [7, Sz] 4 0 fora > 0. 
11.10.4 Finite Hilbert transform of the product x"f (x) 
Let g(x) = 7Tf(x), then 
Tix f(o)] = ‘pf {x — & — s)} f(s)ds 
1 x—S 
1 1 
= xIf(x) - = / fs)ds. (11.215) 
-1 


The generalization to higher powers of x is straightforward. For integer n > 0 it 
follows that 


T[x"f)] = 


“pf {1+ s?x7" — AO 


C=) oe - sl x—™ f(s)ds 


x—S 


x” 
=x" Tf(x) + — ie 


any 
=x" Tf) —~ - oy, s” f(s)ds, (11.216) 
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and hence 


n—-1 


1 
T[x"f(x)] = x" Thx) — = a am fst 1m fds. (11.217) 
m=0 ~ 


This last result will be called the moment formula for the finite Hilbert transform. 
This has a similar form to the moment formula for the Hilbert transform on R. 


11.10.5 Derivative of the finite Hilbert transform 


In this subsection the derivative of the finite Hilbert transform is evaluated. Using 
the Leibnitz formula for the derivative of an integral leads to 


d ote! (fG=e, Sete) [> ? Fods 1 f(s)ds 
a 7 path | g = € iL (x — s)? fe (x — s)? 
x—-Eé £/ 1 1 
_! lim i f) +f PES f'(s)ds 
mwer0{[x+1 x-1 2a x-—Ss xte X—S 
(11.218) 
where an integration by parts has been employed in the last step, and hence 
d _ n| de) hey. A) 
Sm = 7] mo) 4 2 fe AO}. (11.219) 


This result can be used as a tool for the quick evaluation of some finite Hilbert 
transforms. Consider the example T[—x/,/(1 — x~)], then it an easy calculation to 
show using f(x) = ./(1 — x?) that 


ri-a/Ja-=7| Eva -%)] 


J-)) fd) 
x+1 x-1 


_d 2 1 

= a WG x*)] 7 | . (11.220) 

which simplifies, on noting f(1) = f(—1) = 0 and T[./(1 — x”)] = x, to give 
T[-x//( ee nae (11.221) 


An alternative approach for this example can be carried out using the moment formula 
of the preceding subsection and the result T[1/,/(1 — x?)] = 0: 


oe ah ds 
T[-x/J/(Q. —x°)] = —x TH//C RES ha Oe 


= 1. (11.222) 
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The generalization of Eq. (11.219) is straightforward to derive. For integer n > 0, 


n n-1 
k=0 


dx” 
dfx) 1 dk f(x) 1 
“| at | @EDRF ar | GDR] (11.223) 


assuming that the integral T[d"f(x)/dx”] exists. 


11.10.6 Convolution property 


In this subsection, the convolution property for the finite Hilbert transform is 
considered. If supp f € (—1, 1), it can be shown that 


{Tf « h}(x) = (f * HA}(x). (11.224) 


The proof is straightforward: 


(Tp hyo) =f ho a(s pf oe 
—0o 1 u-s 
ye A(x w(- Pf. eau 
ee. a Jo Us 


=f” raate [* How 


-oxX-S—y 


= {f * Hh}(x), (11.225) 


as required. The change of order of integration in the preceding sequence of steps is 
justified if f and h belong to the classes L? and L4, respectively, with p-!+q7! = 1. 
If supp / also belongs to (—1, 1), it follows from the preceding result that 


{Tf * h}(x) = Uf * Th} (x). (11.226) 


For the case where supp f € (—1, 1) and supp € (—1, 1), 


1 1-t on be 
Tif = hyo) = (fete) + — [arp f {fo fon ay 
0 1 


x—t—-y x+t+y 
(11.227) 
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which does not have the same simple form as the corresponding result for the standard 
Hilbert transform. The proof of Eq. (11.227) goes as follows: 


1 lee) 
Tif * h}(x) = af al f(t)h(s — t)dt 


lee) 1 _ 
= fat aa h(s — t)ds 
—0o Iv —1 x—S 
1 lt 
=a fod =P f ella 
cay], ue —]-4xX —t—-—y 


0 1 1-t 
--| fas P | ar +2 [roa Pf LOY 
mw J_| x—t KA tH y 


1 1 1-t 
me / f(pdt P [ Ao or = ne fot P ia Aiy)dy_ 
rw Jo Bid x—t—-y 


1 1 l pyr d 
une ee Nove 


1 1 1-t 
= =| f(tdt a we +if f(t)dt Py Ay) dy 
T JO x x— 


t—y 
Oe hie '~ A(—y)dy 
= —t)dt P eee 
+o fn ) [ x+t+y 


7 i ie i" ( fOhyY) , f(-— A-y) 
= (fa To +— f dt Pf {jo 4 payee jay 
(11.228) 


11.10.7 Fourier transform of the finite Hilbert transform 


The Fourier transform of the finite Hilbert transform is now examined. Suppose the 
support of f is (—1, 1); then 


Ooh a3 1 ' f(s)ds 
ixt 
F Tf) = x aopf 2 


oo ,—ixt 
-{ fisyas P| edt 
-o~ §-S 


= i fis) {-isgnx ee }ds 
-1 


0° . 
= isgns [ f(sye—™* ds, (11.229) 
—0o 
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and hence 
FTf(x) = —isgnx Ff(x). (11.230) 


If the support of f is not restricted to (—1, 1), then the final step in Eq. (11.229) can 
be recast in terms of the rectangular function I12(x) (see Eq. (9.19)) to yield 


FTf(x) = —isgnx F {112 f}(x). (11.231) 
It follows from Eq. (11.230), for functions with support on the interval (—1, 1), that 
Tf(x) = -iF {sgn y Ff(y)}@), (11.232) 


or, for functions whose support is not restricted to the interval (—1, 1), from 
Eq. (11.231), 


Tf(x) = -iF —" {sgn y (F Mof)(y)}@). (11.233) 
As an example, consider 


fa) = ie Eee ed (11.234) 


for |x| => 1; 


then from Eq. (11.232) it follows that 


i lee) 1 


Tf(x) = -— e son t dt i es ds 
20 Joo —1 


i beh saci: cost sint 
-| et sgn { S81 dt 
ae t t 
2 [° [cost  sint 
= 5 cos xt dt 
wT Jo t t 


1 2 
is toe ( **) (11.235) 
Iv 


l-x a4 


This result could be obtained more readily by direct evaluation of the finite Hilbert 
transform. Equations (11.232) or (11.233) offer an alternative strategy to evaluate 
finite Hilbert transforms, and this may be an easier route if the direct evaluation of 
the Cauchy principal integral is particularly difficult. 
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11.10.8 Parseval-type identities 
For functions f €L?(—1, 1) with p > 1 and g € L4(—1,1) with g > 1 andp7! + 
q | <1, it follows that 


1 1 1 1 
i foxydx— P | g(dy =i) g(y)dy =P | fees. (11.236) 
—1 uv -1 Vx -1 uw J-1 Y—-X 
and hence 
1 1 
/ fis) Talsax = — / ee Tosa. (11.237) 


This is the analog for the finite Hilbert transform of the Parseval-type identity given 
for the Hilbert transform in Eq. (4.176). Equation (11.237) also follows directly from 
Eq. (4.176) if the support of both f and g is the interval (—1, 1). 

If, in addition to the aforementioned conditions given for f and g, the support of f 
and g is restricted to the interval (—1, 1), then a modified Parseval-type identity for 
the finite Hilbert transform can be obtained. Starting from Eq. (4.174), then 


i, f@g(x)dx = ‘f Af(x) Hg(x)dx, (11.238) 
which can be rewritten as follows: 
1 1 
/ Tosca = / Tf(x) Tg (x)dx 
—1 lee) 
+ / f(x) Hg(x)dx + / Af(x) Hg(x)dx. (11.239) 
—co 1 


The split of the integration range has been made since the finite Hilbert transform 
Tf(x) has been defined for —1 < x < 1. Note that because f has support on (—1, 1), 
it does not follow that the support of T/(x) is restricted to the same interval. The final 
pair of integrals in Eq. (11.239) can be rearranged in the following manner: 


—l lee) 
i Hx) He(x)dx + | Hyf(x) He(x)dx 


2 | (Hf) He(x) + Hf(—x) He(—x)}dx 


oo 1 1 1 1 
et | gtidr foe | sO Tax 


ma Jy _jx—s J_jx-t _)x+s Ji) x4+t 
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1 1 1 le) ] 1 
= zt | floes [ soo | laonecs i wenern} 
1 fr ! 00 1 1 1 
aif foasr face | fe —s| 
1 1 1 
+(—— <5 l* 
a i 1 1-t 1 l4+t 
1 1 
= / f(s) toe (Jas | godt 
Ww J_y l-s a fet aS 


1 1 
+ =f g(t) log (Jan P d(s)ds 
14 1-t 


_) (-s 


1 1 
== [ toe (= ) Vooita9@) + ee TEIA (11.240) 


Hence, 
1 1 
i Fgesyas = i Tflx) Te(x)dx 


2 if toe (7 =) (foo Tets) + 2677) (11.241) 


This result can be obtained in an alternative manner starting from Tricomi’s identity, 
Eq. (11.52). Integrating this equation over the interval (—1, 1) and replacing ¢; by f 
and ¢2 by g leads to 


1 1 1 
[ sersar = [1700 Teds — [ PU/G\Te(s) + gO T/ eek. 
(11.242) 


Setting d(x) = f(x)Tg(x) + g(x)Tf(x), the last integral in Eq. (11.242) can be 
simplified as follows: 


1 1 1 
i rotwdx = [ Gp) eos 
=| =] 8 


=I AS 


1 1 
=) words — Pf & 
-1 uw Jjix-s 
1 
= -— | $ (x) log (ew (11.243) 
Ww J_-| l-x 


Inserting this result into Eq. (11.242) yields Eq. (11.241). 
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A couple of examples are now considered. Suppose that f and g are given by 


pon [fe Ba 
and 
x, for |x| <1 
gx) = es eaeae (11.245) 
then 


1 1 
/ S(x)Tg(x)dx = -| JU =) soe (| **) - aha 
mil Ww J-1 1-x 


2 
=-}. (11.246) 
1 1 2 
-| g(x) Tf(x)dx = -| x* dx = =a (11.247) 
-1 -1 


and hence Eq. (11.244) is satisfied. Equation (11.241) is seen to be trivially satisfied 
because the integrand for each of the three integrals is an odd function, and therefore 
the value of each integral is zero. As a second example, suppose g(x) is modified to 


1 
(aa Fh 1 

res yaaa EES (11.248) 
0, for |x| > 1, 


f is the same as in Eq. (11.244); then Eq. (11.237) is trivially satisfied since g(x) Tf(x) 
is odd and 7g(x) = 0. From Eq. (11.241), the right-hand side evaluates on noting 
Tf(x) = x to give 


: 1 7} l+x 
[ Tf(x)Tg(x)dx + =f log (=) (f)Tg(x) + g@) Tf) }dx 


1 /f! 1+x x dx 
ee |e =) 11.24 
=f oe(*) Jie 7 hed?) 


and the left-hand side evaluates by inspection to the same result; hence, Eq. (11.241) 
is satisfied. 
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11.10.9 Orthogonality property 


If f is an even function, then, by Section 11.10.1 Zf(x) is odd, and hence it follows 
that 


1 
/ Sx) Tf(x)dx = 0, (11.250) 
-1 


since the integrand is an odd function. This last result also holds when f is an odd 
function. Equation (11.250) can be regarded as the orthogonality condition for the 
finite Hilbert transform, and is the analog of the orthogonality condition for the Hilbert 
transform on R, Eq. (4.198). For functions f € L?(R) with 1 < p < o, and with 
supp f € (—1, 1), Eq. (11.250) follows directly from Eq. (4.202), without regard to 
the even—odd character of the function. 

If f is written in terms of its even and odd components, 


f(x) = fe(x) + fo), (11.251) 
it follows that 
1 1 1 
i Tore: = / Je) To(x)dx + i Jo) Telx)dr, (11.252) 
where the integrals with terms fo(x)Tfe(x) and fo (x) Tfo(x) are both zero because the 


integrands are odd functions. Suppose that / and fo satisfy the conditions necessary 
to write the Parseval-type identity, Eq. (11.237); then 


1 1 
/ fe(x) Tfo(x)dx +f folx) Te(x)dx = 0, (11.253) 
-1 -1 


and from Eq. (11.252) it therefore follows that 


1 
’, Sx) Tf(x)dx = 0. (11.254) 
-1 


As an example, consider the choice 


aJ/(1—x?)+ bx, for |x| < 1 
0, for |x| > 1, 


fx) = (11.255) 


where a and b are constants. On the interval (—1, 1), R@) = a/( —x*) and 
fo(x) = bx, and Eq. (11.253) is readily checked to be satisfied. Also, 


1 
i {a,/(1 —x*) + bx}T[a/(1 — x”) + bx]dx = 0, (11.256) 
—1 


which verifies that Eq. (11.254) is satisfied. 
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11.10.10 Eigenfunctions and eigenvalues of the finite 
Hilbert transform operator 


Thinking in terms of the finite Hilbert transform as an operator, the equation 


Tf(x) = Af), (11.257) 


where A is a constant, is an eigenvalue equation, with f the eigenfunction and A the 
eigenvalue. This equation can be solved by the method given in Section 11.9, and the 
interested reader might like to try that as an exercise. The equation is an example of 
a singular integral equation, a topic that is taken up in Chapter 12. 

The solutions of Eq. (11.257) are as follows: 


f) says O0<a<1l, and -l<x<l (11.258) 
x) = ————_., a ; - x : ; 
(1 +x)4 


which are the eigenfunctions of the operator 7. Using this expression for f, it can be 
shown (try it) that 


—yja-l _ y\ja-l 
|S = - a cot a ~ om (11.259) 
Xx x 


From this last result the eigenvalues can be identified as —cot az. 

If f and g are eigenfunctions of T with eigenvalues a and f, respectively, then, from 
the Tricomi formula for 7, Eq. (11.52), it follows immediately (assuming a+ 6 4 0), 
that 


= 
TEA) g(x)] = “fg. (11.260) 


a 


For the case f(x) = g(x) anda = B (a #0), 


Tifa) |= se — ae!) f(x). (11.261) 


11.11 Finite Hilbert transform of the Legendre polynomials 


The Legendre function of the second kind, Q,(x), can be related to the Legendre 
function of the first kind via a finite Hilbert transform relation. If z is not a real 
number lying between —1 and 1, and x is an integer > 0, then 


1 
On(z) = ; i Entde, (11.262) 
=f 


Z—S 
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which is F. Neumann’s formula for Q,(z). The Legendre function Q,(z) satisfies the 
following relationship: 


O,(z) = 5Pale) log (4) —W,-\@), forn>1, (11.263) 


where W,,— ;(z) is a polynomial in z. If x lies in the interval (—1,1), it is customary 
to define 


Ons) = Onl + 10) + Onlx — i0)} (11.264) 


The function QO, (x) can be written in terms of P,(x) using the following result: 
1+x 
On (x) = Ph (x) log ee W,-1(x), forn> 1, (11.265) 
x 


where W,,_1(x) is a polynomial in x given by 


W,-1(x) = yee (11.266) 
pak 


Equation (11.265) can be obtained by substituting z = x + iy, andz = x — iy in 
turn into Eq. (11.263) and then evaluating the limit y — 0+. Equation (11.264) then 
leads to Eq. (11.265). The function W,, — 1 (x) can also be expressed in the form (King, 
1991) 


[= 1)/2] j 
Wy—1(x) = (2n — 1)! ys eee (-—1)?(2n — 1 — 2v)! 
7=0 £4 Qj — Wt YQv)!(n — 2v)!2n — D! 
[(n=1)/2] 
a el Yen aa (11.267) 


where [m/2] denotes m/2 if m is an even integer or (m — 1)/2 if m is an odd integer. 
The constants a,, can be expressed in terms of binomial coefficients as follows: 


(-1)” (2n—2v\ (n 
Any = 7 ( . )("). (11.268) 


The function Q,,(x) can be written as a finite Hilbert transform: 


On(x) = $TPy(x) 


1 
= 5P | Enls)ds, (11.269) 
=a 


2 x-—s 
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This relationship can be proved by showing that the right-hand side of Eq. (11.269) 
is equal to the right-hand side of Eq. (11.265). Proceed as follows: 


(11.270) 


xXx—S 


bf Pu(s)ds _ x {Pn(s) — Pr(x)}ds +p 
x 


2 —s _)x-Ss 


The second term on the right-hand side of Eq. (11.270) satisfies 


Pr Op pf & =p Ging (=). (11.271) 
1x-s 2 1-x 


Comparing with Eq. (11.265), it therefore remains to establish that 


1 [ {Pn(s) — Pn(x)}ds 
pe a 


SX 


= Wr1(x). (11.272) 


The standard expansion formula for the Legendre polynomials takes the following 
form: 
[n/2] 
RG) Soya s. (11.273) 


where dy; is defined in Eq. (11.268). Inserting this result into Eq. (11.272) leads to 


2 = = 
vi (Pr(s) — Prods _ 1 Sa gor f ("= 2" — 1)dw 
2 S—xX 2 a = w-l 
r=0 
2] —2r—1 
=3 5 pron +N 
2 = ot. Meda 
n/2] n—2r—1 


a pa 
=3 xu beac ee a (11.274) 


n—2r 


The preceding expression is simplified by making a summation rearrangement: 


[n/2] n—2r—1 n—1[(n—p—1)/2] 


Yow DS b= >> DD eB. (11.275) 
r=0 j=0 u=0 


If this result is not transparent, it is extremely useful to write out a section of each 
double sum and see how changing the direction of summation alters the summation 
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limits. Equation (11.274) can now be written as follows: 


[n/2] n— 1 [(n—p—1)/2] 
1 THAD] a ay Any 
5 Ds One > n—2r—-j =e BaChs me n—2vu-U 
r=0 j=0 v=0 
ie [(k-1)/2] id 
a ae ala yy — 
2 = coxa k —2v 
[(n—1)/2] 
n—-2j-1 
1 s Lats sere 
= W,_\(0). (11.276) 


The last line follows from Eq. (11.267). Hence, Eq. (11.269) is proved. 
If p(x) denotes polynomial of order less than or equal to k, then 


2 Ox(x)p(x) = 1 (TPxp)(x) = P 


1 
i. P(s)Ps(s)ds_ (11.277) 
-1 


xXx—S 


To prove this result start with 
k . 
p0=>- es", (11.278) 


where the c; are appropriate constants characterizing the polynomial. The factor si 
can be written as 


j 
Paes aa ES) (11.279) 
and hence 
s [ P(s)Pr(s)ds _ > ae [ s/Py(s)ds 
2=] x—S : 2] x—S 
j=0 
k 1 j=l 1 
Py(s)d 
= ye jx! | Fx@ds - oD oy s” Px (s)ds 
. -_1| x—S =) 
j=0 m=0 
k 
= 20k(x)px) -— og > ee [ s™Py(s)ds. 
PaO -12=0 


(11.280) 
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Making use of the formula 
1 
if s” P.(s)\ds =0, form<k, (11.281) 
-1 


it follows that the double sum over these integrals is zero, and the required result is 
proved. The preceding formula can be established by noting that s’” can be expanded 
as a series of Legendre polynomials, and application of the orthogonality condition 
for the Legendre polynomials leads directly to Eq. (11.281). Equation (11.277) can 
be useful when dealing with the finite Hilbert transform of polynomial functions. 


11.12 Finite Hilbert transform of the Chebyshev polynomials 


The finite Hilbert transform of the Chebyshev polynomials in combination with 
certain functions that lead to straightforward results are considered in this section. 
For the Chebyshev polynomial of the first kind, 7,,(x), forn ¢ Z*, the change of 
variables u = cosx and v = cosy leads to 


1 : T, ea aan d 
a) ne is, P| peOsey (11.282) 
x J_y(u—v)f/(l—v?2) «a Jo cosx —cosy 
Inserting the standard relation for T,(cos y), 
T, (cosy) = cosny, (11.283) 
and employing Eq. (11.26), yields 
1 ii Tn(v)du 2 sul (11.284) 
x Jy (u—v)/(1 — v2) sin x 
The Chebyshev polynomial of the second kind, U,,(x), forn € Z™, satisfies 
i 1 
Dee (11.285) 
sinx 
and so Eq. (11.284) can be expressed as 
T(x) 
T | ———~— | = -U,-1(x). 11.286 
[| n—1(X) ( ) 
In a similar manner, it follows that 
Lp f JV (1 — v*) Un_1(v) dv ms pf" sin ny sin y dy (11.287) 
mw JL} u-—v mz Jo cosx—cosy 
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Utilizing Eq. (11.30) leads to 


TLYC —x*) Un-1@)] = Ta). (11.288) 


The finite Hilbert transform of U;,(x) is now considered. Perhaps the easiest 
approach is to employ the series expansion for the Chebyshev polynomial (Erdélyi 
et al., 1953, Vol. II, p. 185), 


[n/2] 
Uy (x) = eee am (11.289) 
m=0 
where 
2n—2m(_1)™(n — m)! 
bym = 11.290 
hie m!\(n — 2m)! ( ) 
Hence, 
[n/2] 1 ,n—2m 
1 d 
TU,@) =-— >- bm? | — 
sg m=0 = Ae ae 
2 -1 al a 
mo actly Jy yn 
[n/2] ieee 
ne > b tte (72) = y oe 
= nm _ k+1 
1 Sma l-x pa (k+1)x 
[n/2] n—2m—1 ky -n—-2m—k—-1 
1 l+x 1 [1 + (-1)*]x 
— = Unt) log (=) 4 = se bam 2 k+l F 
m=0 k=0 
(11.291) 


The double summation in this expression can be simplified using the result in 
Eq. (11.275). Hence, Eq. (11.291) yields 


i ee ca b 
TU, (x) = —Un(x) | —— pa een ee 
n(X) = n(X) og(7=*) a dX x FFI =m 


(11.292) 
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Ina similar manner, T[7,,(x)] can be determined. Starting with the expansion formula 
for the Chebyshev polynomial (Erdélyi et al., 1953, Vol. II, p. 185), 


[n/2] 
Tnx) =D) eamx"—?", (11.293) 
m=0 
where 
2n—2m—1(_1)"n(n —m— 1)! a 
Com = mi(n — 2m)! Aas (11.294) 
1, n= 0, 


and following the same steps as previously indicated, leads to 


1 eee 1 [(n— 1)/2] 
TIn(x) = = Tn) toe (**) - = dX era Lata 


(11.295) 


From the results for 77,,(x), TU, (x), and the identities given in Eqs. (11.283) and 
(11.285), the following formulas for the alternative cosine form of the finite Hilbert 
transform introduced in Section 11.2 can be deduced: 


Pf sinycosnydy _ Lp f Tn(y)dy 
a Jo cosx—cosy a J_1cosx—y 


2 x 
= — cos nx log cot(=) 
us 2 


[(n— 1)/2] J 


1 rey al Cnv 
ae ye (cos x) Do yeaa’ 


j=90 
(11.296) 


and 


FF =tp f Uevney 
ma Jo Ccosx —cosy 4 _1 COSsx—y 


2 sin nx x 
a —— log cot(=) 
sin x 2 


| Woz 2/2 Ee Fit. 
= n-—2j—2 n—l)v 
= Dy (08x) D1 5+ 1— 20" 


fag 
(11.297) 
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There is a formula with a similar structure to Eq. (11.286) for the Gegenbauer 
polynomials, C? (x), also termed the ultraspherical polynomials. These polynomials 
have some importance because of the utility of the generating function relationship: 


[o,@) 
(l= 2xr +77) * = Yo Cher". (11.298) 
n=0 


The finite Hilbert transform of the weighted Gegenbauer polynomials C*(x) defines 
the ultraspherical function of the second kind Di (x) (Andrews, Askey, and Roy, 
1999, p. 322), 


1 1 es 2)A—1/2 Xr 
(1—32)*" 2 pA) = =P i ar se a CHL (11.299) 
uw J-1 


xXx—S 


11.13 Contour integration approach to the derivation of some finite 
Hilbert transforms 


A number of finite Hilbert transforms can be conveniently evaluated by contour 
integration techniques. In this section an illustration of this technique is pro- 
vided for a class of transforms. Suppose the following conditions hold for the 
function f(z). 


(1) The function f(z) is analytic in the entire complex plane, except at the singular 
points z1,Z2,...,Zn, which are assumed to satisfy the condition z, ¢ [a,b], and 
at the singular points a, @2,...,@m, which satisfy a, € [a,b]. 

(2) The following condition holds: 


lim z?t9+! f(z) =, (11.300) 
Z—>0O 
where p and q satisfy p € (—1, 1),¢g € (-1, 1), p+ q¢ = —1,0, or 1, andcisa 
constant. 
Then 


b n 
=P | (s — a)?(b — s)4f(s)ds = csc mq | SS Res,, (z a)? (z — b)4f(s) 4 
¢ k=1 


+ cot rq | oe Resg, (z — a)? (b — a) ; 


k=1 
(11.301) 
In this equation, the notation Res,, () means “evaluate the residue of () at the point 


zx.” Equation (11.301) can be obtained in the following manner. Consider the contour 
shown in Figure 11.3, where only a single singular point a, = a on the segment 
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Figure 11.3. Circular contour, center the origin, with a cut along the x-axis from [a, 00). 


(a, b) is shown. The generalization to a sum of such points is immediate. Using the 
Cauchy residue theorem, it follows that 


§ (z — a)? (z — b)if(z)dz = / {}dz + i {}dz + ii {}dz + / {}dz 
r 1 lec 1Wal) lpg 
+f (ide + f (ide + f (ide + f {}dz 
Ter rg CGH Vy 


+ (ide + f (ide + f ()de + f {}dz 
Ty TK Vxr Ty 


= 2ni D> Res,,(z — a)?(z — b)1f(z), (11.302) 
k=1 


where {} = (z — a)?(z — b)7f(z) and the 'gg refer to the various segments along the 
contour I’. The individual contributions in Eq. (11.302) are now evaluated. The first 
pair of integrals gives 


a (jae + | {}dz 
TB Tcp 


— ing [fs Pb =A +f 


b-t 


+p a+eé 


& — a)?(b- otras} , 


(11.303) 


which simplifies, on taking lim p > 0, lime — 0, and lim t — 0, to yield 


b 
/ {}dz + i {}dz = oe, (x — a)? (b— x)If(x)dx. (11.304) 
TB lcp a 
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The Cauchy principal value covers the singularity at x = a. In a similar manner 


a 


b 
i. {(}dz +f {}dz = —eimep [ (x — a)? (b — x)Uf(x)dx. (11.305) 
ly Vxr 


In the preceding two equations the result (z — b)? = (b — z)4(—1)4 > (6- x)lei™4 
(recalling w® = ef!) has been employed on the x-axis on the upper side of the 
branch cut, and (z — b)4 = (b —z)4(—1)4 = (b—x)%el™4-7#74 = (b— x)4e7"4 on 
the x-axis on the lower side of the cut. Employing the substitutions 


z—-a=pe®, on Ty, (11.306) 
and 
z—b=te®, on pp and yy, (11.307) 


then 


/ Qdz+} (Qdz+] Qdz= / pre”? (a— b+ pe'’)*f(a + pe')ipe de 
VLA "pe Tyr Qn 


0 * * r me 
+ i (b—a+ tel)? r1e'1" f(b + te" ite!” dO 
as 


+f (b—a+rtel’y rel f(b + te!)ite! dé, 
20 
(11.308) 


which, in the lim p — 0 and lim t — 0, leads to 


if (}dz +f {}dz +f {}dz = 0, (11.309) 
Tha lpg Tyr 


sincep+1> 0andg+1 > 0. To treat the singular point on the interval (a, 5), the 
substitution z — a = ee” on T'gc and I'yx leads to 


i; Qdz+] {}dz= maf (a —a+eel?)?(b—a — ce’ )4f(a + ee! Jiee'® do 
l'pc a4 


TuK 
+e"! (a—at+eel?)?(b—a — cel )Uf(a + ce" Jie e do, 


20 
(11.310) 
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which, on taking lim ¢ > 0, yields 
J vae+ J a: = -ielr [ea a)*g(aye0 
l'gc TK 0 


20 
=e / (a — a)?(b — w)4g(a)d0 


Tw 


= —2micos mq (a — a)?(b— a)’ (a), (11.311) 


where the assumption that the singularity is a simple pole has been employed, and 
the function f is written as 


ioe (11:31) 


Z—a 


so that 


: 10); .ni0 do 
fin abel ad oe 
e>0 e>0 eel 
= ig(a)dd. (11.313) 


Equation (11.311) can be written as follows: 
i (de [ {}dz = —2zicos mq Reszy(z — a’ (b—z)? f(z). (11.314) 
Mac Tuk 


The contributions from gr and gy cancel: 


R 
/ Ode + / ae / (x — a(x — ByIfladx 
Ter lGu b+t 


b+t 
+ fare H%ferax 
=0. (11.315) 
The remaining contribution comes from the large circular section of the contour. Set 
z= Re®, (11.316) 


so 


/ Qdz = / (Rel? — a)P (Rel? — b)1f(Re!)iRe!” dé. (11.317) 
lrg 0 
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In the lim R + oo, Eq. (11.317) can be written as follows: 
20 : F 
i. Qdz = lim / RP+I+! te +a+ D8 KR!) dO (11.318) 
Trg R>ow Jo 
and hence 
20 
/ (idz = lim ‘ tat! wz) de 
Trg 200 Jo 
= 2zic. (11.319) 


This result follows from the initial hypothesis given for the behavior of f(z) as 
z — ov. Putting it all together yields the following: 


§ (z — a)? (z — b)1f(z)dz = i odes f {}dz+ (ides [ {}dz 
r Tye We) VK 


Ty 


+ (ide+ f (ide+ f Ode 
lsc lyk lrg 


b 
= 2i sinmq P| (x — a)? (b— x)4 f(x) dx + 2m ic 


— 2micosmg Res;-a(z — a)? (b — z)?f(z). (11.320) 


Hence, on allowing for the singularities of f(z) at the points z;,, k = 1, 2, ...,n, 


b 
=P | (x — a)? (b — x)4f(x)dx = cot rq Resz=a(z — a)? (b — z)@f(z) 


—csemg {co— PS Res,,(z — a)? (z — oma} F 
k=1 
(11.321) 


The generalization to include a multiple number of singularities in the interval (a, b) 
is a straightforward extension of Eq. (11.321), so Eq. (11.301) is proved. 

Some applications of the preceding formula are now considered. Equation (11.321) 
can be written in the form of the finite Hilbert transform by setting a = —1,b = 1 
and 


f(s) = o. (11.322) 
x—S 
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so that 


bs "1 +s)P(. — s)@4g(s)ds 
4 | x—S 


= cot mq Reszax{(z + 1)? (1 — 2)4g(z)(e — 27} 


—cesemg}c— 3 Res,, (z + 1)? — nr) : 


aa 
(11.323) 
As a first example, let 
1 
and 
g(s) = 1. (11.325) 
The asymptotic limit is given by 
lim z?+9+!f(z) = lim & —z)7! =0, (11.326) 
Z—> CO ZOO 


and so c = 0. The function g(s) has no singularities in the complex plane, and hence 


1 : ds 
ak (x — s)./(1 — s2) = 0, (11.327) 


which is a result discussed previously in this chapter. For the second example let 
p= -4, q=4, (11.328) 
and 
g@z)=1. (11.329) 


The asymptotic limit is given by 


lim z?+9+!¢z) = lim z(@@—z)7! = -1 (11.330) 
Z—>0O Z—> OO 
and so c = —1. The function g(z) has no singularities in the complex plane, and 


hence 


1 se da era. arash 1—x\* 
=P | e 2 = cscza—cotza (=). for 0 <a <1. 
x J_j\l+s/ x-s 1+x 


(11.331) 
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As a third example let 
p=-a, q=a-l, (11.332) 
and 
g(z) =1. (11.333) 
The asymptotic limit is given by 
lim z?t+9+! fz) = lim x —z)7! =0, (11.334) 
Z>00 z>00 
that is, c = 0. Again, there are no singularities arising from g(z), hence 


1 1 l— a—1 b= a-1l 
CSE 2 SO ag: POS eh. sss) 
nt ju (Us)? 2-8 (+x)? 


With p and q interchanged, using the same g(z) yields 


1 ff) G+? ds 04x)! 
x Jy d—s)* xaos ~ G—xe¢ 


cotma, forO<a<l. (11.336) 


As a final example, consider the evaluation of the finite Hilbert transform of 
/(1 — x”), which means selecting 


1 
2 
and 
gz) =l. (11.338) 
Examination of the asymptotic limit yields 
lim z?+9*1 fz) = lim z?(x — z)7! = 00, (11.339) 
Z—>> CO Z—>0O 


which means that the contour integration formula developed does not apply. However, 
a rather simple device can be employed. In place of Eq. (11.338), suppose 


gz) = 5 (11.340) 


1-—dz 

where i is a complex constant. The term (1 — Az)~! functions as a convergence 
factor. To obtain the desired finite Hilbert transform using this choice for g(z), the 
lim 4 — 0 is examined. With the choice of g(z) given in Eq. (11.340), the asymptotic 
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limit is given by 
lim 2? +94!) = lim 2[@—2) —Az)P} =a7}, (11.341) 
Z—> OO Z—>>0O 
and so c = A7!. The function g(z) has a simple pole at z = 4~!, and, with the 
restriction that A is a complex, this pole is not located on the cut or the real axis. This 


is essential, otherwise there is no 4 contribution to the integral for the choice g = 1/2. 
Hence, it follows that 


1 4 1—s? 17 
P| ay Sn yard, (11.342) 
xz jJ_} x-—s)\(1—-As) ACUM-—xA) 
If the lim 2 — 0 is taken for Eq. (11.342), 
1 1 /d —s?)d 
pf SS (11.343) 
4 —1 x—S 


The approach of choosing an appropriate convergence factor can be a very effective 
tool for evaluating a variety of finite Hilbert transforms. 


11.14 The thin airfoil problem 


In this section a concise account of the thin airfoil problem is considered. An airfoil is 
illustrated in Figure 11.4. The key problem of interest is to understand how the airfoil 
responds to a surrounding air stream. The prototypical application of the airfoil occurs 
in the design of plane wings. The variables that characterize the airfoil are its length c, 
measured along the chord between the leading edge (LE) and the trailing edge (TE), 
the maximum thickness fmax and its location xmax, the maximum displacement of the 
camber line from the chord line, z., and its location, x,.. The camber line is shown as 
a dashed curve in Figure 11.4, and is placed halfway between the upper and lower 
edges of the airfoil. A thin airfoil has a small value for the ratio tmax/c, and also a 
small value for the maximum displacement of the camber line from the chord line. 
The principal problem considered here is the determination of the circulation density, 
and from this the lift per unit span can be evaluated. 


Figure 11.4. Thin airfoil showing the camber line as a dashed curve. 
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Figure 11.5. Geometric arrangement to determine V, . 


If the airfoil is thin the problem can be simplified by replacing the airfoil by a single 
streamline having the same geometric shape as the camber line. The problem therefore 
reduces to a study of the response of this streamline to an air stream. The calculation 
requires the evaluation of the velocity components perpendicular to the camber line. 
Suppose the oncoming air stream makes an angle w with the chord line. This is called 
the angle of attack. The streamlines are parallel to the line labeled Vo in Figure 11.5. 
The dashed line in Figure 11.4 has been replaced by a solid curve in Figure 11.5. The 
velocity component of a streamline perpendicular to the camber line at some point P 
is denoted by Vo, and it can be calculated in the following manner. The slope of the 
camber line at the point P is denoted by (dz/dx), , and the subscript zero signifies 
that the slope is evaluated at the location xo. From Figure 11.5 it follows that 


Voo, = Voo cos 0 


= Voo cos |= — (a + B)} 


= Veo sin (« — tan! (3) }) ; (11.344) 
0 


and the last line follows using tan B = —(dz/dx)q. 

The induced velocity component dV; at the point P located a distance r from a 
segment ds, which is situated on a vortex sheet coincident with the camber curve, is 
given by 


deeds (11.345) 
2nr 


and y is called the circulation density. For further discussion on this result, consult 
Kuethe and Chow (1986, p. 108). The negative sign in Eq. (11.345) arises from 
the convention that a clockwise circulation has a positive outward normal vector. The 
geometric arrangement is shown in Figure 11.6. The component dV; normal to the 
camber line is denoted dV;,, and is given by 


ae ONDA. 


dVy,. = 
2nr 


In 


(11.346) 
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Figure 11.6. Variables to the describe the calculation of Vj, . 


The quantity V;, can be determined by making use of the following results: 


ie = (11.347) 
r 
and 
dx 
cosg = —. (11.348) 
ds 


Combining the preceding three results, and integrating from the leading edge to the 
trailing edge, leads to 


1 pete 5) 
ne i SD COS CEOS Ns (11.349) 


1, 
20 ip X0—-X cos@ 


The quantities y, cos ¢, cos 0, and cos are all functions of x. 
In order that the camber line represents a streamline, the sum of the normal velocity 
components must sum to zero; that is, 


Vi, + Voon = 9. (11.350) 


Making using of this result leads to 


1 fe P) 
Pf VAIN COS OOS ei? oe teat =) , (11.351) 
2x Jo X0—-X cos@ dx J 9 


which represents a singular integral equation for the function of interest, y. The reader 
will immediately recognize the finite Hilbert transform that appears in this formula. 

A particularly simple case of Eq. (11.351) occurs when the airfoil is close to sym- 
metric about the chord line, so that the camber line is displaced only slightly above 
the chord line. In this case, each of the three angles, ¢, 3, and 9, are close to zero, 
so the angular terms in the integrand in Eq. (11.351) can be set to one. This amounts 
to replacing the camber line by a segment of the x-axis, the so-called planar wing 
approximation. Also, the slope (dz/dx)p is close to zero: it is zero in the planar wing 
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approximation. Hence Eq. (11.351) can be approximated by 


1 © yx) : dz 
—P}| ——dr=/, -(— 4 11.352 
20 [ xy —-Xx re dx / 9 ( ) 
which simplifies further when the angle of attack is small, to yield 
1 © y(x) dz 
=P dx = V, sal (eas . 11.353 
2 [ xo — x ee (« & 0 ( ) 


The simplest case of Eq. (11.353) arises when the airfoil is symmetric, or when the 
planar wing approximation is employed, so that the slope term (dz/dx), is zero, 
therefore leading to 


1 c 
=f UO geass. (11.354) 
20 0 x—-x 
Introducing the change of variables 
c c 
> a —cosv), x= 70 — cos 09), (11.355) 


leads to 


1_ f™ (8) sind do 
Pf YAU) BOD yp yp (11.356) 
0 


A cos } — cos Yo 


The boundary condition that needs to be satisfied is as follows: 
y (xTE) = y(r) = 0, (11.357) 


which is called the Kutta condition. There is no velocity discontinuity at the trailing 
edge of the airfoil if the Kutta condition is imposed. The numerator of the integrand 
in Eq. (11.356) can be expanded as follows: 


lee) 
y(#) sin 9 =ao+ )° an cosnd. (11.358) 


n=1 
Inserting this result in Eq. (11.356) and making use of Eq. (11.137) leads to 


lee) 
YS aq sin nd = 2aV oo sin Do. (11.359) 


n=1 


Multiplying this result by sin mv and integrating over [0, 7] yields 


Am = 20Vo05m1, m=, (11.360) 
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and hence 
y (9) sin Vp = ag + 2aV og cos Vo. (11.361) 


The constant ag in the expansion in Eq. (11.358) can be determined from the Kutta 
condition: 


ao = 2aV 0, (11.362) 


and therefore 


2aVoo(1 + cos 30) 
sin Vo 


yo) = 


vo 
Deo cot( 2) (11.363) 


This can be readily checked to be the solution of Eq. (11.356) by back insertion 
and employing Eq. (11.137). Converting to the original variable using Eq. (11.355) 
leads to 


v (xo) = 20 oV(—*). (11.364) 


x0 
The lift per unit span, L, is obtained in terms of the air density, o, by integrating the 
quantity py (x)Voo over the length of the airfoil: 


c 
Be PY (X)Voo dx = mapcV2,. (11.365) 
0 


To deal with the more complicated situation of Eq. (11.353), use the same 
transformation to angular variables, Eq. (11.355), and let 


1 o = 
VO) = Vo ey + > bn sn : (11.366) 
sin 3 


n=1 


Inserting this result into the transformed version of Eq. (11.353) leads to the following: 


: © by sinnd sind ]dd 
Lp f [C1 + cos ¥)bo + in=1 On sinnd sin 0d a (=) ; (11.367) 
; 0 


a cos ¥ — cos Yo 
that is, 
= 1 * sinnd sin ddd dz 
ae Dn =P | Seer Cage (2). (11.368) 
which simplifies on using Eq. (11.30) to give 
de 00 
(2). = (w— bo) + )> dy cosndo. (11.369) 


n=1 
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From this result the coefficients b, can be determined in terms of the geometry of the 
slope of the camber line, which is a known quantity. The circulation density y (7) 
can therefore be evaluated from Eq. (11.366). 


11.15 The generalized airfoil problem 


A two-dimensional oscillating airfoil in a wind tunnel can be described by the 
following equation: 


ef of LEV IOEy af 2) 
ee) =—P f (=) a (= log lx — yl flydy, 
(11.370) 


where x € (—1, 1), v is a complex constant, g(x) is a known function (the downwash 
velocity), and f(x) is the sought function (the pressure jump across the airfoil). This 
particular singular integral equation is called a generalized airfoil problem. Note that 
for the case v = 0 it reverts to a standard finite Hilbert transform result, and can be 
solved in the manner indicated in Section 11.4. 

The terminology generalized airfoil problem is also associated with an equation of 
the following form: 


1 : d a 
goo ip [ Lou, / K(x, yfvdy. (11.371) 
4 -_1 *—y WT Jj 


The kernel function K (x, y) is given by 
K(x, y) = ky (x,y) log |x — y| + ko(x,y), (11.372) 


where ky (x, y) and ko (x, y) are particular entire functions. Singular integral equations 
of the level of complexity of Eqs. (11.370) and (11.372) are usually not amend- 
able to exact analytic solution, though for some particularly simple choices of g(x), 
exact solutions for f(x) can be constructed. Instead, numerical approaches must be 
employed to solve these equations. The end-notes provide some starting sources for 
reading on this topic. 


11.16 The cofinite Hilbert transform 


The cofinite Hilbert transform was introduced by Polyakov (2007). In the present work 
the cofinite Hilbert transform is represented by the notation H,, and is defined by 


—1 lee) 
nts) = Hef = =P f Mods | p dE (11.373) 


0 X—-S 1 x-s 
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with |x| > 1. This transform arises in aeroelasticity theory. The preceding definition 
can be generalized in an obvious fashion to cover the case 


1 d d. 
He,),fe) = — {P [4 foe Sipf © |. (11.374) 
W x-s 
with a < band x € (—ov, a) U (b, ov). The notational simplification H._,, = He 


is adopted. 

The inversion formula for H, can be found by elementary methods, if advantage 
is taken of the results for the finite Hilbert transform on the interval (—1, 1). A 
preliminary result is needed. If f(s) = 1/./ (s* — 1), then the change of variable 
y= J[(s — 1)/(s + 1)] in Eq. (11.373) yields, for |x| > 1, 


a 1 a! {ef ds pf” ds | 
| acal-= 6-99 @=D. Ik @=9/@=D 


dy 
eee 2 
m1l+x) Jo Y—-@-D/@+) 


= 0. (11.375) 


Use the change of variables s = y~! and x = 7! in Eq. (11.373); setting 


if Lay 
r= s4(5). ei =-7 (7), (11.376) 
yi ly BONG 
leads to 
1 
sy = —P | EO (11.377) 
a _) t-y 


The inversion formula for this finite Hilbert transform was investigated in 
Section 11.4. Several inversion formulas can be given, and each is applied to obtain 
the inversion formula of Eq. (11.373). From Eq. (11.63) 


c 2 - ow 
(1 - t?) aa - ay -y 


FO= (11.378) 


Employing the reverse of the previous change of variables, starting with t = x7!, 


leads to 


fa) = 


|x| 1 Vd —y) Ag! )dy 
+p Ps - (11.379) 


Cc 
Jf (x? — 1) y(l — xy) 


The preceding formula represents one form of the inversion of Eq. (11.373). The factor 
c plays the role of an arbitrary constant, a fact that follows directly from Eq. (11.375). 
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With the change of variable s~! = y, Eq. (11.379) can be cast in the following form 


_ c |x| 
Edge aly -4fGeSt 


It follows from Eqs. (11.88), (11.94), and (11.98) that the alternative forms of the 
solution of Eq. (11.377) lead to the following results: 


fx) Hel —y)h(y) 1). (11.380) 


c JQ? —1) a h(s~')ds 
J? — 1) ‘3 |x| _1 s(1 — xs)./( — 82)’ 


c 1 x+1 1 l- s h(s—!)ds 
fx) = saa t (ES)? A). (11.382) 


f(x) = (11.381) 


and 


= 1 -] 
fx) = — +ov(S)ef (Ea (11.383) 


V(x? — 1) l—s/s(1—xs) 
These results can in turn be written as follows: 
c Ve -1) h(y) 
= HH; ; 11.384 
IO= Ta) hl Ceara ha cee 


= c x+1 y-l 
{a= Tee — 1 (=a +) He lv) ny) ]oo. (11.385) 


and 


_ c x-1 ytl 
joS Tera rv(é 7 +) lv(24) ny] (x). (11.386) 


On the basis of the discussion given in Section 11.4, the reader is left to determine 
the general class of functions that applies for the inversion process just given. 


Notes 


$11.1 For an application of the finite Hilbert transform to determine the stress drop 
from the finite displacement for a seismic event, see Kikuchi and Fukao (1976). 
§11.4 The Hardy—Poincaré—Bertrand formula for the finite Hilbert transform is 
discussed further in Tricomi (1955) and Okada (1992a). 

§11.4.1 A small refinement to the approach discussed in this subsection can be 
given based on knowledge of the value of the integral fo dy/{(x — y)./Ly(t — x)]}. 
The details can be found in Peters (1968). 

$11.5 The trigonometric series approach to the solution of the airfoil equation is 
discussed in Hamel (1937, p. 145). 

§11.6 Fora brief history of the Riemann, Hilbert, and Riemann—Hilbert problems, 
see Gakhov (1966, p. 284). 
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§11.7 Additional discussion can be found in Levinson (1965). 

§11.8 For further work on issues connected with multivalued functions, see Roos 
(1969, p. 245) and Carrier et al. (1983, p. 420). Additional work can be found in 
Khvedelidze (1977). For an application, see Onishchuk, Popov, and Farshait (1986). 
§11.8.1 For further reading on the index of a function, see Gakhov (1966), Roos 
(1969), Muskhelishvili (1992), and Kress (1999). 

§11.9 Fora review on the Carleman approach, see Estrada and Kanwal (1987). 
§11.10 For some further properties of the finite Hilbert transform, see Rosenblum 
and Rovnyak (1974), Suzuki (1976), Logan (1983b, 1984), Okada (1992b), Okada 
and Elliott (1991, 1994), Mastroianni and Occorsio (1996), and Elliott and Okada 
(2004). Discussion on the spectral representations for the finite Hilbert transform can 
be found in Koppelman and Pinus (1959), Widom (1960), and Rooney (1986). For 
further reading, see Clancey (1975). The spectrum of the one-sided Hilbert transform 
is discussed by Koppelman and Pinus (1959), Del Pace and Venturi (1981), and 
Rooney (1986). 

§11.11 More complicated finite Hilbert transform examples involving Legendre, 
associated Legendre, and Jacobi polynomials can be found in Kuipers and Robin 
(1961). 

§11.13 For additional reading on the principal result of this section, see Mitrinovi¢ 
and Keékié (1984, chap. 5). 

§11.14 Fora detailed account on airfoils, see McCormick (1979), Houghton and 
Carruthers (1982), Kuethe and Chow (1986), and Bertin (2002), and for a discussion 
of the double interval problem for the airfoil equation, see Tricomi (195 1b). 

§11.15 For some further reading on the generalized airfoil equation, see Bland 
(1970), Moss (1983), Monegato and Sloan (1997), Monegato (1998), and Mastroianni 
and Themistoclakis (2005). For a discussion on numerical methods to solve singular 
integral equations of the type mentioned in this section, see Fromme and Golberg 
(1979) and Golberg (1990). 


Exercises 


11.1 Determine whether }°°_, sinn@ diverges or converges for 0 < 0 < z. 
11.2 Evaluate the following finite Hilbert transforms for —1 <x < 1: 

(i) TIx*], 

Gi) TLV —2)1, 

Gi) TU/ VU —2x)), 

(iv) T[x/(1 —x?)], and 

(vy) TIx/./Q — x*)]. 
11.3 Calculate Tf(x) given 


0, |x| >1 
f@)= 41, |x| < 1, and x rational 
0, |x| < 1, and x irrational. 


586 
11.4 


11.5 


11.6 


11.7 


11.8 


11.9 


11.10 


11.11 
11.12 
11.13 


11.14 
11.15 


11.16 
11.17 


The finite Hilbert transform 


Evaluate Tf(x) using 


0, |x| >1 
f@) =4 1, |x| < 1, and x irrational. 
0, |x| < 1, and x rational. 


Prove Eq. (11.30) without recourse to a series expansion. [Hint: Convert the 
required integral to a contour integral with the contour taken as the unit circle. ] 
Show that, for —1 <x < 1, 7L/(1 — x’) log(1 +x)] = 1—xlog2— (4/2 
aresinx),/(1 — x7). 


Prove that, for —1 <x <1, 
r log(1 — x) eS cos! x 
fd—-x)) fd —x?)° 

Evaluate 

P ™ f(y) sin y dy 

9 cosx —cosy 

for f(y) = cosy. 
Calculate 

pf Losing dy 


9 cOoSx — cosy 


using f(y) = cosycosny, withn € ZT. 
Evaluate 


7 f(y) siny dy 
0 cosx—cosy 


P 


using f(y) = cos(n + 1/2)y, withn EN. 
Evaluate the commutator [7, R], where R is the reflection operator. 


Show that Eq. (11.219) holds for the case f(x) = ./(1 — x*) log(1 +x). 
Show that 
[(a—1)/2] 5 P97 
| ner es (27 — 1)!! x” J 
TIx” 1— x2 —yrtl_ _,@ 1): =. ; 
eae ak a. Ga 


for integer n > 1. 

Show that Eq. (11.223) is satisfied for n = 4 and f(x) = x°. 

Find an eigenfunction of the operator T*. What is the corresponding 
eigenvalue? 

Calculate Tf(x) given f(x) = (x? — 1)P/,(x), with n € Zt. 

Evaluate 7f(x) given f(x) = (1 — x)“, with the parameter a real but not 
necessarily an integer. For what range of values of a does Tf converge? 
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11.18 Determine Z7f(x) for f(x) = (1 — x)*@~'(1 + x)~@ sinnx, with n € N and 
0<a<l. 

11.19 If Tf) = x(x + 1), determine f(x). 

11.20 Is there a Riesz-type inequality for the finite Hilbert transform operator? Spec- 
ify any restrictions that must be placed on the class of functions that are 
involved. 

11.21 Given that (7f)(x) = x T, (x), find f(x). 


12 


Some singular integral equations 


12.1 Introduction 


Some elementary singular integral equations are examined in this chapter. The types 
that are considered involve the Hilbert transform, or one of the standard variants. 
Consider the following equation: 


°° f (s)ds 


co XS 


S(&) = g(x) + =P (12.1) 
The objective is to solve this equation for the function f. Clearly this equation is not 
part of a Hilbert transform pair, so a simple inversion operation cannot be applied. 
This chapter outlines the approaches necessary to attack the solution of equations like 
Eq. (12.1). Examples of singular integral equations involving the standard Hilbert 
transform, or one of the common modifications, arise in aerodynamics, electro- 
magnetic theory, crack propagation, the study of water waves, as well as in other 
applications. 

An integral equation is recognized by having the unknown function that is to be 
determined as part of the integrand of an integral. The most common types of integral 
equations take one of the following forms: 


b 
2= / K(x.) (dy, (12.2) 
b 
£72 i Key Ody, (12.3) 
and 
b 
g(x) = h@f(x) — A / K(x, yf (y)dy. (12.4) 


In these equations, f is the unknown function to be determined, K (x, y) is the kernel 
of the integral equation, 4 is a constant parameter, and a and b are constants. The 
functions g, h, and K are assumed to be known. These three equations are referred 
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to as Fredholm equations of the first, second, and third kind, respectively. The limits 
may either be finite or infinite. If the limit 5 in the preceding equations is replaced 
by the variable x, the resulting formulas are termed Volterra integral equations of the 
first, second, and third kind, respectively. When the kernel function is singular, the 
resulting integral equation is termed a singular integral equation. Not unexpectedly, 
such equations in the most general form are difficult to solve. There are some cases, 
however, that can be treated in a straightforward manner. Suppose 


h(x, y) 
Ix — yl®’ 


Kay) = (12.5) 
where A(x, y) 1s continuous and bounded in both variables over the range of integra- 
tion, and a satisfies 0 < a < 1. This is a weak type of singularity, and it can be proved 
that if f(y) is continuous over the integration interval, then Eq. (12.3) has a unique 
solution for all 4. The equation can be transformed into one with a bounded kernel. 
This is not pursued here; the interested reader is directed to the literature (Tricom1, 
1985). The case of significance in this book is a = 1, which requires a different 
approach. 

For the remainder of this chapter the kernel function is restricted to the following 
form: 


K(x,y) = (12.6) 


m(x—y)’ 
and a principal focus will be the integration range (—0o, 00), although consideration 
is also given to the interval (0, oo), and to the finite intervals (—1, 1) and (a, b). These 
restrictions obviously limit deliberation to singular integral equations involving the 
Hilbert transform, the one-sided Hilbert transform, or the finite Hilbert transform. 


12.2 Fredholm equations of the first kind 


The Fredholm integral equation of the first kind (with the restriction to the kernel 
given in Eq. (12.6)) takes the following form: 
1 - d 
g(x) = —P coy (12.7) 
a 


-o X—-y 


and the Cauchy principal value has been employed in order for the integral to be 
convergent, assuming f is a suitably chosen function. The solution of this equation is 
given by 


f@) = apf soe (12.8) 


—o X¥—y 


This result is just the second equation of a Hilbert transform pair. Since the Hilbert 
transform of a constant is zero, an arbitrary constant can be added to the right-hand 
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side of Eq. (12.8), thereby obtaining a more general solution for Eq. (12.7). The 
conditions that must satisfied by f for the integral in Eq. (12.7) to converge, and for 
the solution given in Eq. (12.8) to be obtained, have been discussed in detail in Section 
3.4.1. Chapter 10 discusses the extension to situations where f or g are generalized 
functions. It is convenient for what follows to abbreviate the compact notation for 
the Hilbert transform pair employed earlier; that is, 


g(x) = Hf), f(@) = —Hg(x), (12.9) 
to 


g=Hf, f=—He, (12.10) 


when the variable is of no particular interest, or there is not likely to be any confusion 
as to what the variable is. So the solution of Eq. (12.7) can be viewed as follows. 
Take the Hilbert transform of both sides and use the inversion property to obtain 


Hg = Hf =-f. (12.11) 
Consider the following integral equation: 


taf LOOP (12.12) 


HW Jo X-y 


with a a constant. Recall from the Riesz inequality that iff ¢ L?(R), for p > 1, then 
Aff € L?(R). Since the right-hand side of Eq. (12.12) does not meet this requirement 
for a # 0, it is clear that the solution of this integral equation (assuming that one 
exists) will not satisfy f € L?(R), for p > 1. This helps to narrow significantly 
the possible class of solutions, and minimizes the potential of finding false solutions. 
Using the derivative property of the Hilbert transform, then from Eq. (12.12) it follows 
that (assuming that the Hilbert transform of f(x) exists) 


<tHfeo) = Hf" (x) = 0, (12.13) 
and so 
f@M=a, (12.14) 
where c, is a constant. Hence, 
f(x) = c1x + c2, (12.15) 
with cz a constant. Since H[x] diverges, it is necessary to take c; = 0, and therefore 


I (x) = 2. (12.16) 
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A solution of Eq. (12.12) for the case a = 0 is therefore given by Eq. (12.16). For 
the case with w = 0, a key question is whether or not there exist other solutions. The 
answer is affirmative if functions with restricted support are considered. Suppose 


Vila fort ea <a 


12.1 
0, for |x| > 1, ( ?) 


fo) =| 


and that x in Eq. (12.12) satisfies —1 < x < 1; then it follows, on using Eq. (11.55), 
that 


oo 1 
aa worse | dy 
mk Jio XY x J_y («—y)/U —y?) 


si (12.18) 


which establishes that Eq. (12.17) is a solution of Eq. (12.12) for a = 0. For the case 
where a 4 0, and allowing for functions with restricted support, the choice 


f@)= 


to 29°); forex 21 (12.19) 


for |x| > 1, 


is a solution of Eq. (12.12), for the case —1 < x < 1. This can be readily verified 
using Eq. (11.55): 


1 5 [LOY “pf {x= = y)}dy 
H Jo X-y mH J-1&—y)J1—y?) 


—ax ! dy a i dy 
= P 
: i: @—y Jd ad Jay 


=a, (12.20) 


which proves that Eq. (12.19) is a solution of Eq. (12.12). 
As a second example, consider the following integral equation: 


1_ £® f(y 
=P | FOOD ities Goi tie a chy (12.21) 


TM Js oy. 


Employing entry (2.60) from Appendix 1, Table 1.2, the solution of this integral 
equation can be written as follows: 


eopaet tan() Ix|* sgn x, (12.22) 


where c plays the role of an arbitrary constant. The same table (Table 1.2) provides 
results for the solution of Eq. (12.7) for a wide variety of functions. 
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12.3 Fredholm equations of the second kind 


This section treats the more complicated Fredholm integral equation of the second 
kind, which can be written, assuming the restriction to the kernel of Eq. (12.6), as 
follows: 


g(x) =f (x) — AHF (x). (12.23) 


The simplest case of Eq. (12.23) occurs when g(x) = 0, which 1s referred to as the 
homogeneous equation, and this is considered first. Setting g = 0 in Eq. (12.23) and 
taking the Hilbert transform yields 


Hf =AaH?f 
=—f. (12.24) 


The last line follows from the application of the inversion formula of the Hilbert 
transform. This property will find frequent use in the following discussion. From 
Eqs. (12.23) and (12.24), it follows that 


ay =o, (12.25) 


Hence, if A is areal constant, the only solution of f(x) = AAf (x) 1s the trivial solution 
f = 0. For the Fredholm equation under discussion, the eigenvalues are given by 


A= 1. (12.26) 


For the cases where g(x) 4 0, the Hilbert transform is applied to Eq. (12.23), to 
obtain the following result: 


Hf = He —4f, (12.27) 


and hence Eq. (12.23) can be converted to 


g + Aig 
= 12.28 
f 1+)? ( ) 
As an example, consider the following integral equation: 
f(x) = casax+Hf(x), fora > 0, (12.29) 


where cas ax = sin ax+cos ax. Employing Eq. (12.28) and using H[cos ax] = sin ax 
and H[sin ax] = —cos ax, it is straightforward to verify that f(x) = sin ax is the 
solution of this integral equation. 

Two related forms of Eq. (12.23) are now considered. Suppose the solution of the 
following singular integral equation is sought: 


f'(@) = ge) + AHF), (12.30) 
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where the prime indicates the derivative with respect to x. Taking the derivative with 
respect to x leads to 


f° CO) + VF) = 2! (x) + AHE(x). (12.31) 
In a similar manner, from the integral equation 
fe) = g(x) + AAS" (x), (12.32) 
it follows that 
MF" (x) +f x) = g(x) + Ag’ (x). (12.33) 


Equations (12.30) and (12.32) are examples of singular integro-differential equa- 
tions, since the function sought is involved in the equations both as a derivative and 
as part of the integrand of a singular integral. To proceed further with the solution 
of these two equations, some particular cases are examined. The simplest examples 
arise when 


g(x) + AHg(x) = 0, (12.34) 
for Eq. (12.31), and 
g(x) + AHg' (x) = 0, (12.35) 


for Eq. (12.33). Functions that satisfy Eq. (12.34) lead to the differential equation 
given by 


ge” +47¢ =0, (12.36) 
and functions for which Eq. (12.35) holds satisfy 
Ve" +¢=0. (12.37) 
For example, consider the solution of Eqs. (12.30) when 
g(x) = sinx (12.38) 
and 24 = 1. Since Eq. (12.34) holds, Eq. (12.31) simplifies to 
f"@ +f) = 0, (12.39) 
which has the solution 


f)= ae + Be-™ 
= asinx + bcosx, (12.40) 
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where a, b, a, and £ are arbitrary constants. Substituting Eq. (12.40) into Eq. (12.30) 
establishes the values for a and b, and so the solution of Eq. (12.30) is obtained: 


f= — 5 cos. (12.41) 


As a second example, consider the solution of the integral equation (12.32) for the 
choice g(x) = cos* x and = 1. Equation (12.33) reduces to the following differential 
equation: 


1 3cos2 
P/O +I @) = 5+, (12.42) 
for which the solution is given by 
f(x) = asinx + bcosx + sin’ x, (12.43) 


where a and 5 are constants. Substituting Eq. (12.43) into Eq. (12.32) confirms that 
the solution of the integral equation has been determined. 


12.4 Fredholm equations of the third kind 


Fredholm equations of the third kind with the singular kernel given in Eq. (12.6) are 
considerably more difficult to solve. The simplifying device that has been used in the 
preceding sections, namely the inversion property of the Hilbert transform, is now 
significantly more involved, because there are limited results available for the Hilbert 
transform of a product of functions. 

A special case of the following singular integral equation is considered: 


g(x) = hA@)f() — AHF), (12.44) 
where g(x) = 0 and A(x) = x", for n a positive integer and A = 1, so that 
x"f (x) = Hf (x). (12.45) 


For this choice of h(x), the symmetry properties of the Hilbert transform should be 
kept in mind. If n is even then f(x) cannot be an even function, and if 7 is odd f(x) 
cannot be an odd function. Two approaches can be taken to attack this type of equation; 
one involves converting Eq. (12.45) to a differential equation, and the second method 
relies on the moment formula property of the Hilbert transform (Section 4.7). 

The cases n = 1 andn = 2 are considered separately. Letm = | and apply the Hilbert 
transform operator to Eq. (12.45); then, using the moment formula, Eq. (4.111), it 
follows that 


1 [o,@) 
A[xf (x)] = xHf (x) — -|/ f(y)dy = —f(@). (12.46) 
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Let 


1 [o-e) 
c= = / fly)dy; (12.47) 


then Eq. (12.45), for n = 1, simplifies, using Eq. (12.46), to 


co 
x24 10 


f(x) = (12.48) 


Since the Hilbert transform of (x + 1)! is x(x? + 1)~!, it is clear that the general 
solution of Eq. (12.45) for n = 1 is given by 


Cc 


£Q)= x*+1 


(12.49) 


where c is an arbitrary constant. 

The same problem is now considered from a different approach. From Eq. (12.45) 
for n = 1, applying the Hilbert transform operator followed by the derivative operator 
leads to 


Af(x)+H | — — (12.50) 
and hence 
fe] df) 
Hp) +xHt| 7 = ae (12.51) 


To obtain the preceding result, f’ has been assumed to be integrable on R. From 
Eq. (12.50) it follows that 


fo] _ df 
H | =1-Z— +f). (12.52) 


Substituting Eq. (12.52) and Hf (x) = xf (x) into Eq. (12.51) leads to 


(x7 + yp + 2xf (x) = 0. (12.53) 


The solution of this differential equation is given by Eq. (12.49). 
The case n = 2 of Eq. (12.45) is now considered, so the problem to be solved is as 


follows: 


x°f (x) = Hf (e). (12.54) 
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Noting the even—odd properties of Hf, it is clear that f cannot be simply an even or 


an odd function. Let 


] [o,e) 
C= - | yvf(y)dy, fork = 0 and 1, (12.55) 
T J—oo 


and suppose y“f(y) is integrable on R, for k = 0 and 1. From Eq. (12.54) it follows, 
on making use of Eq. (4.113) and the inversion property of the Hilbert transform, that 


x" Af (x) — xco — c) = —f (a), (12.56) 
which simplifies to 
ci + cox 
fwM=z 4 (12.57) 


Employing Eq. (12.54) and Table 1.2 entries (2.12) and (2.17) from Appendix | allows 
the coefficients to be determined as follows: 


cj =co = 0,7 (12.58) 


leading to f(x) = 0 as a solution of Eq. (12.54). If the approach using differential 
equations is employed, the following differential equation is obtained: 


(xt + Lf” + 8x7 f’ + 12x°f = 0. (12.59) 


The solution of this equation is given by 
——s (12.60) 


with a and b constants. Substituting Eq. (12.60) into Eq. (12.54) and equating coef- 
ficients of the powers of x leads to a = 0 and b = 0 as the solution, and therefore 
f = 0 is obtained as the solution of Eq. (12.54), albeit a trivial solution, which could 
have been obtained by inspection of the given singular integral equation. 

For the following integral equation: 


xf (x) = Hf (x), (12.61) 
the reader is left to show that the solution is given by 


2 
x*+1 
= c———_ 12.62 
IO) = <5 eT (12.62) 
where c is an arbitrary constant, and then to verify this by using results from Table 
1.2, Appendix 1. The interested reader might like to solve Eq. (12.45) for the case of 
general positive integer n. 
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The case of Eq. (12.44) for non-zero g(x) and h(x) = x”, for n a positive integer, 
is now examined. Suppose A = 1, so that 


x"f (x) = g(x) + Af). (12.63) 


For n = 1, the solution is obtained by taking the Hilbert transform, with the following 
result: 


CO xg (x) + Hg (x) 
24] x24] 


fa) = : (12.64) 
x 

where co is defined in Eq. (12.47). The constant cg can be replaced by a general 

constant c. To verify by direct substitution that Eq. (12.64) is a solution of Eq. (12.63), 

for n = 1, requires some dexterity with the basic properties of the Hilbert transform. 

From Eq. (12.64), it follows, on using Eq. (4.373) and Eq. (4.111), that 


Hf (x) =H | or i ae 
_ xco + H{xg(x) + Hg (x)} 
x2+1 
ie 1 de (t+ x){tg(t) + Hg(t)}dt 
Tx +1) Ix P+1 
_ Xeq — g(x) + xHg(x) 


x2 +] 
1 be (t+ x){tg@) + Hg()} 
+ aaa i gO+ 2a Jer (12.65) 


The last integral can be written as follows: 


a t tg(t) + Hg(t °° te(t Agy(t 
/ gop TOO 'g(t)} ar=x f sO+ AIO |, 
yay e+) ieee e+1 
© tHg(t) — gf) 
—-._—— dt. (12.66 
my. e+) ( ) 
Employing Eq. (7.310) with x = 0, e = 1, and f = g leads to 
°° Hg(t)dt °° te(t)dt 
i oO / Ae (12.67) 
—o @+1 -o ?+1 
and using the same equations with f = Hg yields 
°° tHg(t)dt [. g(t)dt 
= : (12.68 
i e+) _o @+1 ) 
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So the last integral in Eq. (12.65) is zero, and using Eq. (12.64) leads to 


xco — g(x) + xHg(x) 
x24] 


Hf (x) = = xf (x) — g@), (12.69) 


which proves that Eq. (12.64) is a solution of Eq. (12.63), form = 1. As an example, 
consider the following integral equation: 


xf (x) = cosax+ Hf(x), fora > 0; (12.70) 


then, from Eq. (12.64), 


c+xcosax + sinax 
x2 +1 


f@= (12.71) 


This can be checked to satisfy Eq. (12.63) for n = 1 using the following results: 


sin ax e~* — cos ax f 0 (12.72) 
= ora > 0, : 
x7 4+] tl? 
X COS ax ayes fares 0: (12.73) 
x2+4+1 x24] 
and 
1 x 
H = : 12.74 
E + | x? +1 ( ) 


An alternative approach to solving Eq. (12.44) is now considered in which A can 
be treated as a small parameter. Inserting the following changes: 


g(x) 
iG —> g() (12.75) 
and 
1 
iG —> h(x); (12.76) 
then 
f (x) = g(x) + AA)AF (2). (12.77) 


If A is small, try f() * g(x) as a first approximation, and insert this into the last 
result to obtain 


f(x) © g(x) + Ah(x) Hg (x) (12.78) 
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as an improved solution. Inserting this result into Eq. (12.77) and continuing the 
iteration process yields 


f(x) = DORA} g(x). (12.79) 
n=0 


This is a Neumann-type series for the integral equation. It is left as an exercise for 
the interested reader to ponder the conditions for convergence of the last series. As 
an example, consider the following integral equation: 


f(x) = cos” ax + A cse ax Hf (x), (12.80) 


for a > 0. From the right-hand side of Eq. (12.79), it follows that 


1 2 
AA(x)He(x) = dese ax H ja | 
= A cos ax, (12.81) 
A(x)H[h(x)Hg(x)] = 47 ese ax H{cos ax] 
=; (12.82) 
and 
{Ax)H}"g(x) =0, forn > 3. (12.83) 


Hence, from Eq. (12.79) the solution of Eq. (12.80) is given by 


f(x) = cos* ax + Acosax + A?. (12.84) 


12.5 Fourier transform approach to solving singular integral equations 


The evaluation of the Hilbert transform of a function in terms of the Fourier transform 
of the function was examined in Section 5.2. It turns out that the Fourier transform 
technique is a powerful method to attack certain types of singular integral equations. 
Consider the following integral equation: 


f (&) = AHF (x) + g(x). (12.85) 
Taking the Fourier transform of Eq. (12.85), and using the following key property: 


FHf (x) = —isgn x Ff (x), (12.86) 
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leads to 


Ff (x) = FLAP} (x) + F(x) 
= —1A senx Ff (x) + Fg(x), (12.87) 


and hence, for x 4 0, 
(+ M)FSL (x) = (1 —idA sgn x)F g(x). (12.88) 


Taking the inverse Fourier transform yields 


f= FC id sgn y)Fg(y)}Q) 


1+22 
g(x) + AHg (x) 
= 2 12.89 
Tee ( ) 
The last line follows using Eq. (12.86). 
The following example: 
xf (x) = Hf (x), (12.90) 


previously treated in Section 12.4, is reconsidered using the Fourier transform 
technique. Let h(x) = Ff (x), then from Eq. (12.90) it follows that 


F [xf (x)] = FAL (x) = —isgnx Ff). (12.91) 
Using 
joe = Fixf(x)] (12.92) 


yields the following differential equation: 


dh 
_ = —sgn x h(x). (12.93) 
The solution of Eq. (12.93) is given by 
h(x) = ceP, (12.94) 


where c is an arbitrary constant. This result for h(x) can be readily checked on 
recalling that 


—— = sgn x. (12.95) 
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The solution of Eq. (12.90) is now obtained by taking the inverse Fourier transform 
of h(x): 


Cc 


f@) = FUNG) = 


, (12.96) 


and a factor of ~! from the inverse Fourier transform has been swept into the 
arbitrary constant c. The effort required in using this approach to solve Cauchy-type 
integral equations is in part dependent on the ease with which the inverse Fourier 
transform can be evaluated. In many circumstances, this calculation will be easier 
than evaluating the Hilbert transform of some function. 


12.6 A finite Hilbert transform integral equation 


In Chapter 11 the inversion of the finite Hilbert transform was considered. This 
amounts to the solution of a singular integral equation. A more general case of this 
inversion formula, where the integration range is [a, b], is now considered. That is, 
the solution of the following integral equation is sought: 


1 b 
gx) = =P f — witha <x <b. (12.97) 
a Jq xX 


Let the transform operation in Eq. (12.97) be denoted by Ty, so that 
Tap f (x) = g(x). (12.98) 


Three results that will be useful for solving Eq. (12.97): 


t| Texaecai |= — 
tl Ges aesa ae 
and 
Tal V(b — x)(x — a)]] =x — a (12.101) 
Equation (12.99) can be proved as follows: 
b 
t | Fe—weca|= 9? ee =a 


8 pf dw 
~ m(b—a) Jui (x —w)J/( — wy’ 


(12.102) 
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where —1 < x < 1 and the change of variables 


= CEE re 


12.103 
5 5 ( ) 


and 


b— b 
oy: a) 4: +a 


12.104 
y 5 ( ) 


have been employed. The integral in Eq. (12.102) was evaluated to be zero in 
Eqs. (11.54) —(11.55). Equation (12.100) can be proved as follows: 


Lp x |=- pf ydy 
Jb = x) (x — a)] (x — y)J/[(b — y)(y — a)] 


= Lp f {x — y — x}dy 
am Ja &—y)VJ[b6-y)(y- a)] 
dy 
a Vib-y)(y—-a)] 


_ ah dy 
ow Jy Jy) 


Salah. (12.105) 


Equation (12.101) is proved as follows: 


Tabl VU(b — x)@ — a)]] = — 


Lp fo MO= enol 


1, f° wet ; — y"}dy 
ma Ja (x-y)VJb-y)(y-@] 
D {Qe —y)? + 2xy — x7 }dy 
a &-yYJ[(b-y(y-@)] 
(x — y)dy 
a VI(b—y)(y—-9)] 


1 
—(b+a) P 
T 


=-—(b+a) 


=p | ydy 

mt Ja &—-y)VIb-y)(y—a)] 
b+a 

7 


=x- (12.106) 

To solve Eq. (12.97), the Tricomi identity for the operator 7, (from Section 11.4) 
is employed. For two functions ¢; and ¢2 with supports in the interval (a, b), satis- 
fying ¢; € L?'(a,b) and ¢2 € L??(a,b), with py > 1,p2 > 1, and p, + p;' <1, 
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it follows that 


Tools (t) Tanb2(t) + 62(1)Tapb1 (0) = Tanb1 &) Tandb2 (x) — $10) b2(x). (12.107) 


Asimilar choice for the functions ¢; and ¢2 that was made in Section 11.4 is employed, 
so that 


102), a. (12.108) 
OR Or ee (12.109) 
and let g(x) = Typ f (x). With these choices, Eq. (12.107) becomes 
HOS g(x) Tal JL = x) — a] 
V(b - x) — a)] 
Tal f 2) Tal JL — x) — AI) + 8@)V/L — x) — a] (12.110) 


Vi — x) — a)] 
which simplifies on using Eq. (12.101) to give 


_ g@){ix-(6+a4)/2} — Tal f {x — 6 +4)/2}+ g@vlb- ne —- all 


f=" Té—-ne—al VIG—H@ — a)] 
= xg (x) Tax f )] Taplg (x) JL — x) (x — a)]] 
Vitb-x\(x-a)] Vib-—x)@-a)] V(b — x)(x — a)] 
(12.111) 
Using the moment formula for the finite Hilbert transform, 
] b 
Taplxf )] = xTunf (x) ~ = / fadx, (12.112) 
and setting 
1 b 
c=—f sod, (12.113) 
HT Ja 
allows Eq. (12.111) to be simplified as follows: 
c Tale (x) JL — x) — a] 
= 12.114 
f= Te—He- al VIb—He—a)] vee) 


In view of Eq. (12.99), c plays the role of an arbitrary constant in Eq. (12.114). 
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Consider the solution of the following integral equation: 


1 > ¢(t)dt 
=P | LO =1, witha<x <b. (12.115) 
ae ae ee 


Setting g(x) = 1 in Eq. (12.114) and using Eq. (12.101) leads to 


f= Cc {x — (1/2)(b + a)} 
V(b — x)(x — a)] J (b — x)(x — a) 
c x 


s 12.116 
MG=De—o] JIO—DE—AI mee) 


where c’ plays the role of an arbitrary constant. That this is a solution of Eq. (12.115) 
can be readily checked by making use of Eqs. (12.99) and (12.100). As a second 
example, consider the solution of the following integral equation: 


hat f Ode 
=P | £O =x, witha<x <b. (12.117) 
ue a x-t 


Making use of Eq. (12.114), with g(x) = x, yields 


e c Tap lx/l(b — x)(x — a)]] 
LO Naa o=ae =a © re 
and hence 
-1 oie 
joe a (12.119) 


Vib -x)o—a)] * 


where c plays the role of an arbitrary constant. This result is readily confirmed to be 
the solution of Eq. (12.117) by direct substitution. 

A more complicated integral equation involving the finite Hilbert transform is as 
follows: 


1 
Oe: =P {Oat (12.120) 


-] x—t? 


with A a constant. To solve this equation a series expansion is employed, assuming 
A to be a small parameter. The approach is related to some of the ideas discussed in 
Section 12.4. If the approximations 


f(x) © gQ), (12.121) 


f(x) © g(x) + ATe(x), (12.122) 
f(x) © g(x) 4ATe(x) +777 9(x), (12.123) 
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and so forth, are tried, then continuing the iterative approach leads to 
[o,@) 
f= a MT" g(x). (12.124) 
n=0 


The reader is invited to explore the convergence properties of this series. There are 
situations where the series solution approach is effective, even when A is not a small 
parameter. A pair of examples will illustrate the approach. If 


a 
g(x) = Fa =x’ (12.125) 
where a is a constant, then 
T"g(x) =0, forn>1, (12.126) 
which gives a solution of Eq. (12.120) as 
a 
ff) = Ja=3" (12.127) 
As a second example, suppose 
al = x)! 
gx) = Gea" for0 <a< ifs (12.128) 
then, from Eq. (12.124), it follows that 
CO 
fo) = ov TN x) +74} 
n=0 
Cc 
= J) (-A)"(cot am)"(1 — x)! (1 +2) 
n=0 
CO 
=(1-x*'0 +x)* >)" (A cotam)", (12.129) 
n=0 
and hence 
— a—1 
f@= oat (12.130) 


(1+x)4(1+Acotam) 


The reader should instantly recognize why these two examples work out so simply. 
In the first example, Tf(x) = 0, and hence, from Eq. (12.120), f(x) = g(x). The 
second example involves the eigenvalue equation 7f (x) = cf (x), with the eigenvalue 
c = —cotam, in which case Eq. (12.120) simplifies to f(x) = g(x) + cA f(x), which 
can be readily solved for f. 
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A more complicated extension of Eq. (12.120) is now examined. Consider the 
following equation: 


' f(t)dt 


| x—t? 


a(Qx)f) = gx) -— =P (12.131) 
where a(x) and g(x) are given functions and x is assumed to lie in the interval (—1, 1). 
The approach depends on ideas leading to the Plemelj formulas (Section 3.7), the 
Riemann-Hilbert problem (Section 11.8), and Carleman’s method (Section 11.9). 
Carleman’s approach can be applied to solve this equation. Let the function F(z) be 
given by 


F@) = a ; a (12.132) 
then it follows that 
(a(x) — Ai) F(x) = (a(x) + ADF_(x) + g(X). (12.133) 
A function L(z) is introduced such that 
Lz) = o@e"™, (12.134) 


with @(z) being chosen to control the asymptotic growth of L(z). Let ¢() = 
(z — 1)~!, and choose L(z) such that 


Lie) ae) +i 


L_(x) a(x) — Ai’ Gee) 
then Eq. (12.133) can be written as follows: 
F+Q) — F-O) _ g(x) =I (12.136) 
LiQe) L(x) Ly (®) (a) — AI) 
From Eqs. (12.134) and (12.135), it follows that 
log L(x) = log G(x) + ¥+@), (12.137) 
log L_(x) = log d(x) + W_(), (12.138) 
W400) — W(X) = logiLy0)/L-@)] 
= a(x) + ri 
and hence 
eye V+@+¥-@ _ 1 Pf log[(a(s) + Ai)(a(s) — Ai) Nds (12.140) 
2 201i J_1 S—xX 


12.6 A finite Hilbert transform integral equation 


607 


The last integral will be denoted by w(x). From Eqs. (12.134) and (12.135), it follows 


that 
Ly @)L_ (x) = G2 (eV OTV-O] = G22", 
and also 
D = a (x) = owe"; 

hence, 

BHA con 
and 

rer= /| SEF] oo 


Using Eq. (12.136) and recalling the results from Section 3.7 leads to 


~ Oni 


1 {Fa +E a pf g(s)ds 
Li(x) L_(@) _1 Ly(s)(a(s) — Ai)(s — x)" 


Solving the pair of equations (12.136) and (12.145) yields 


_ g(x) Li(x) ; g(s)ds 
ae 2[a(x) — Ail - 201 _1 Ly(s)(a(s) — A1)(s — x) 
and 
2 g@)L_@) EG) =|" g(s)ds 
HA 2L+(x)[a(x) — Al] - 201 Pi L4(s)(a(s) — Ai)(s — x) 


The function f (x) is determined as follows: 


f(x) = Fy (*) — F_@) 
gx) ( Fe I i ee BeON 


~ 2a@) — Ail |” LE@) Imi 
pf g(s)ds 
_1 Ly.(s)(a(s) — Ai)(s — x) 
_ alx)g(x) AP(xyev™ 1 / g(s)ds 
~ a(x) +22 JM(a(x) +42) 0 Jy Ly (s)(al(s) — Ai)(s — x) 


(12.141) 


(12.142) 


(12.143) 


(12.144) 


(12.145) 


(12.146) 


(12.147) 


(12.148) 
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The last integral can be simplified as follows: 


pf g(s)ds a i: g(s)e"™ ds 
1 La (s\(s — x)(a(s) — Ai) JL (5) (8 — x) /(a2(8) + 27) 
=p [ [(s — x) + & — Ilg(s)e™” ds 
bt EDL OO EY?) 
 g(sje" ds 
[, J(a?(s) + 47) 


1 —w(s) 
g(s)e ds 
2 pp | 6—nJ@s +2 


1 g(s)e"") ds 


1 
= P 
°+ $a) is (— x) /(@(s) +22)’ 
(12.149) 


where c is a constant. Hence, from Eq. (12.148), 


j= pe od [ ese" ds 


Bat S@a)+I2)m Jy (6 —x)/ (265) +27) 


ce") 


* dn /@@ +2) 


(12.150) 


This result was given by Carleman (1922) and is the general solution of Eq. (12.131), 
with c playing the role of an arbitrary constant. Let a(x) = 0 and put g(x) > Ag(x), 
then the homogeneous equation is recovered from Eq. (12.131): 


1 ' ¢@dt 
g(x) = —P Loa (12.151) 
Uv 2 CRE 
From Eq. (12.140), 
1 1 ds 1 l- x 
=—P = —| 12.152 
w(x) ; {= 5 te (+>*). ( ) 


and hence, from Eq. (12.150), 


i ' ne g(sje "9 ds ce") 
x)= 
as 


S—Xx (1 — x) 


c l1—-x\1 : 1+s)\ g(s)ds 
= 70-3) AS) f MES. (12.153) 


This result represents one formula for the inversion of the finite Hilbert transform, 
and corresponds to the result given in Eq. (11.98). 
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A singular integral equation of the form 


‘fae 


x—t? 


f(x) = gx y-2 = (12.154) 


which is of the type given in Eq. (12.131), can be solved by an extension of the 
approach discussed in Section 11.4.1. The interested reader can pursue the details in 
Peters (1968). 


12.7 The one-sided Hilbert transform 
In Section 8.3 the one-sided Hilbert transform was defined by 


ex) =M f(x) = - with 0 <x <oo. (12.155) 


This transform is sometimes termed the reduced Hilbert transform, the half -Hilbert 
transform or the semi-infinite Hilbert transform. In some problems it may be 
convenient to split the Hilbert transform into two integrals. If x > 0, then 
d 1 a d 
Hf) = er ey 9 Sg fe 
0 x+y mT Jo x7» 


= Sees +A f(x), (12.156) 


where Sf denotes the Stieltjes transform of f. 
The inversion of the one-sided Hilbert transform is a singular integral equation 
problem, and can be solved using the Tricomi identity in the following form: 


Ayia) Ai d2@) + 20) A1 61 (x) @&) = H1db1 &)A1b2 (x) — b1(x)d2(), 


(12.157) 
where the supports of ¢; and @2 are (0, 00). Let 
f(x), 0<x< co 
12.15 
Gay ie otherwise, ( ) 
and 
: 0 
—__ <x <0O 
do(x) = 4 @ tax’ * for a > 0, (12.159) 
0, otherwise, 


and suppose that f ¢ L?(R*), for some p > 1, and ¢2 € L4(R*), for some g > 1, 
with p~! + q7! < 1. The following result is proved first: 


Sf) -| - I (sds 


sta 


(x + a)H Ee Ay f(x) + — =f (12.160) 
0 
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This formula can be established as follows: 


Ai[(x + ah(x)] = Ay [xh(x)] + ay h(x) 


e Pf {s —x + x}h(s)ds & ane 
4 ) x—S 
= (x +a) h(x) — Pf h(s)ds, (12.161) 
0 


which on inserting h(x) = (x + ay lf (x) leads to Eq. (12.160). The other result 
required is a special case of 


Ax") =x" cotmu, for -l1<p<0. (12.162) 


Using Eqs. (12.160) and (12.162) leads to 


1 1 1% ds 
(x + a) esa = A, Fa + ; (+4),/s = Ca, (12.163) 


where C, denotes the last integral and H\[1/./x] = 0. Inserting Eqs. (12.158) and 
(12.159) into Eq. (12.157) and making use of Eqs. (12.160) and (12.163) leads to 


fF) __ Cag) cot | mn | g(x) 


(xta)/x  xta x+a (x + a)./x 
Ca x Ca Ca Cr 1 Xx Coz 
= gx) Hif(e) fi hy E | g 
x+a  x+a x+a <x+a f/x x+a 
ie eae Ea an (12.164) 
x+a a/% x+a 
where 
1 (% f(s)ds 
gees 12.165 
fe - | S+a ( ) 
Co 
Coa = -|/ seks: (12.166) 
xJo (sta)./s 


and C = Cg Cy + Cga. Hence, 


f@) =—-J/x Mi ka — Cx. (12.167) 


12.7 The one-sided Hilbert transform 611 


Now the constant C can be evaluated as follows: 


C= 


af ds 1 © f(y)dy 
P ENG 
majo (sta)/sm Jo s—y 


Lefer 1 ces ds 

a dy—P 

atl eaae i (+ ays—yvs 

ee Oe [ 1 | ! | Jas 
arJo ytan Jo Ys|sta s—y 

ese el ds 

~ alo yvytando (sta)/s 


= —C,Cfa, (12.168) 


and hence C = 0. This is the expected result, since a non-zero C would imply that 
f € L?(R*). It follows that the solution of Eq. (12.155) is given by 


so] (12.169) 


fa)= —/(x) iy ke 


If the restriction that f ¢ L?(R™), for some p > 1, is dropped, then the inversion 
formula for the one-sided Hilbert transform can be written as follows: 


jae 9m [SO]. 12.170 
fo) = ~~ ve) | (12.170) 


In Eq. (12.170) c plays the role of an arbitrary constant. The additional factor appears 
since H\[1/,/x] = 0 using Eq. (12.162). In the following section an alternative 
strategy is demonstrated to invert the one-sided Hilbert transform. 

As an example, consider the solution of the following integral equation: 


1 (* food 
1p [LOY 4 ford <x < 00. (12.171) 
a4 0 %x*x+-y 


From Eq. (12.170) it follows that 
c 


— f(x) Ay lx 3/4), (12.172) 
x 


PN 


which simplifies, on using the result given in Eq. (12.162), to yield 


f= Ts ax l/4, (12.173) 
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12.7.1 Eigenfunctions and eigenvalues of the one-sided 
Hilbert transform operator 


The integral equation 
Mf (x) = Af), (12.174) 
where A is a constant, is the eigenvalue equation for the one-sided Hilbert transform 
operator. From what has been developed previously in this section, the eigenfunctions 
of this equation take the following form: 
f@) =x", for —1 <p <Oandx € (0,00). (12.175) 
Since 


Ay [x"] = cot wm x", (12.176) 


the eigenvalues of H; are cot wz, for —1 < pw <0. 


12.8 Fourier transform approach to the inversion of the one-sided 
Hilbert transform 


An alternative technique that can be used to invert the one-sided Hilbert transform is 
the Fourier transform approach. If the following change of variables is introduced: 


x=e y=e”, (12.177) 
and 
fee” = hv), g(e)e" = kw), (12.178) 
then the one-sided Hilbert transform can be written as follows: 


k(u) = apf Ode (12.179) 


oo Sinh(u — v) 


Taking the Fourier transform of this equation yields 


i e “k(u)du = - | ee au P | _ ase 
ime —oo sinh(u — v) 


T J—oo 
1 lee) lee) —iut 

= -| nwa P | PN (12.180) 
T J—oo 


oo sinh(u — v)’ 
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where it has been assumed that Fubini’s theorem can be applied to change the order 
of integration. On making use of the result 


lee) itw q t 
P| o OW = xitanh( ~ ), (12.181) 
—oo sinh w 2 


Eq. (12.180) can be written as follows: 


oo : wt oo : 
i: eo k(u)du = ~itanh(*) hivye” dv, (12.182) 
ae 2 J Joo 
and hence 
oo 2 wt ee) 3 
/ hivje dv = icoth( 3") / eo k(u)du. (12.183) 
—~0oo =06 


On taking the inverse Fourier transform of this equation, it follows that 


i eer mt ean 
h(w) = —P e’™” coth{ — )dt e “k(u)du 
20 —oo 2 —oo 


i oO wt 
eis / k(u)du P i. gle we coth( ar. (12.184) 
Oe ses, 2 


a —00 


Making use of the result 


cca mt 
Bf el” cotn( 3 )ar = 2icothw (12.185) 


—c 


leads to 


h(w) = -<P if 7 k(u) coth(w — u)du. (12.186) 


Inserting the change of variables 
x=e", y=e™, (12.187) 
and 
hw) =f(e")e", kw) = g(e"e", (12.188) 


which represents a change back to the original variables that were previously 
employed, yields 


f= > pf «+ Yeldy (12.189) 
0 


(x — y)J/ (xy) | 
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As a consequence of Eq. (12.162), a term c/,/x, with c an arbitrary constant, can be 
added to the preceding solution, and hence 


c 1 ia (x +y)g(y)dy 
vx 2x Jo yy) 


This result represents the inversion formula for the one-sided Hilbert transform. The 
solution just found takes a different appearance to the solution found in the preceding 
section. The equivalence of the two solutions can be established in the following 
straightforward manner. From Eq. (12.190), 


fQ= 


(12.190) 


fey = 4 Sp f° Oa 
setae, SI PL Gan 
eR TL Soe 
= a = “pf” ae (12.191) 


where c’ and c’” are constants. The preceding result is of the form given in Eq. (12.170). 


12.9 An inhomogeneous singular integral equation for H1 


The focus of attention in this section is the inhomogeneous singular integral equation 
f@ =e) +AM f(x), for0<x<o. (12.192) 

Suppose the function f satisfies 
f(x) =0, forx <0, (12.193) 


and further assume that f € Z?(R), for p > 1, and g € L?(R), for p > 1. Since the 
solution of Eq. (12.192) is sought, a result like Eq. (12.193) must be inferred from 
the underlying physics of the problem. Using Eq. (12.193), it follows that 


S (x) = g(x) + Af (x), (12.194) 


and, on applying the Hilbert transform operator, 


Af (x) = Hg(x) — Af (x), (12.195) 


hence 


af @) — g@)} = He(x) — Af), (12.196) 
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leading to 


g(x) my 
+ 1+22 


fa= 


=a He(x). (12.197) 


An alternative approach to the solution of Eq. (12.192) without employing the 
standard Hilbert transform proceeds as follows. Start with the Tricomi identity, 
Eq. (12.157), and employ the choice 


_ Jf@), 0O<x<c 
ue) to otherwise, te) 
and 
K(x) 0 
ees <x <0O 
g2(x) = 4 (x +a) (12.199) 
0, otherwise, 


for a > 0, where it is assumed that f ¢ L?(R™), for some p > 1, and ¢2 € L4(R*), 
for some q > 1, with p~'! + q7! < 1. Suppose further that k(x) is an eigenfunction 
of the operator H; and write 


M k(x) = Cyk(x), (12.200) 


where C; denotes the appropriate eigenvalue. The following definitions are 
introduced: 


1 %k 
Cta = - | say’ (12.201) 
ajo Sta 
1 £® fis) 
Gee, JOS (12.202) 
: aJo Sta 
1 (% k(s)f(s)ds 
Chia = = i or (12.203) 
and 
1 (ks) 
Cutty = / POAT (12.204) 
Tw Jo sta 


Then from Eq. (12.157) it follows that 


k 
+a) f@k@) = Hifi @) 
(x + a) 
k(s) k(s) 
— My [fom { zi | + Ge mao) (x) 
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= Ay f (x)(x +a) Ai k(x) + Mf (x) +.4)7! Cha 
= | 2 snk] - Gat | | 


(x + a) (x + a) 
— (x ta)! Aik) Ai f(x)] — +4)! Crrya, (12.205) 


and hence 


Sx)k(x) = My f(x) Mk) — MEP OM kO)] — CeCiga 
— CraCfa — Ak) Af (x)) — Crtzfa 
= Cea kf @) — B0)} — Ce Lf )KO)] — Cr Cry 
= ChaCfa — 2 ATK) &) — gO)}] — Cerys (12.206) 


which simplifies on setting 


C = ChaCha + Ce Cia + Crtipa (12.207) 
and choosing 
C= a7}, (12.208) 
to yield 
fey = 22 4 ket tk@geol— ket. (12.209) 
192” 1 oe + 2 


To evaluate the constant C, observe that 


1 (% k(s)ds 1 %° f(y)dy 
Chnfa = im 
S+taw 0 S—y 


mo k(s)ds 
dy 
[ae | G+a(s—y) 


Oe [ Ko{ 
0 


Jo yvytan 


| as 
sta sS—y 


© f(y)dy 1 i k(s)ds ~ f(y)dy ef K() 4 
ot Jo ytawtwtlgo sta wrJo ypranm Jo yr-s 
= —Cfa Cha — Cr Cig, (12.210) 
and hence C = 0. Therefore the solution of Eq. (12.192) becomes 
x 
f@M= 8) + —k(x)~ "MN (kx) g(x)]. (12.211) 


1+A2 ese 
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The eigenfunctions of H; can be written as 
k(x) =x", for -l<p <0, (12.212) 
and the eigenvalues are 
Cy = cot 7; (12.213) 
hence Eq. (12.211) becomes 


$0) Ea eGo (12.214) 


PO aga (eae 


with Eqs. (12.208) and (12.213) giving the connection between A and pu: 
A= —tanzy. (12.215) 


The reader is invited to examine the case when jz has an imaginary component. 


12.10 A nonlinear singular integral equation 


The equations dealt with in the previous sections were all examples of linear singular 
integral equations. The potential for complexity increases significantly when the 
integral equation is nonlinear. For nonlinear integral equations, the function sought 
occurs somewhere in the equation to a power other than one. The nonlinear term 
may also involve mixed partial derivatives. For example, the integral equation might 
contain terms such as f; fx, where f is a function of the two variables x and t. In 
this and the following sections of this chapter, the standard subscript convention 
is employed for a derivative (or a partial derivative depending on the context) with 
respect to the indicated variable. One relatively simple case is examined in this section, 
and the following three sections discuss other examples that have been extensively 
investigated. 
Consider the nonlinear singular integro-differential equation given by 


f(x) — af (x) = Af’ (x), (12.216) 


where @ is a constant. First consider the case where a = 1. Here are three ideas 
to try to find a possible quick exact solution. (i) Use the background science that 
led to the equation to suggest some possible functional forms for the exact solution. 
(ii) Look for a suitable change of variable that puts the equation in a more useful 
form. (iii) Search for a change of variable that puts the equation in the form of one of 
the many nonlinear singular integral equations that have been well studied. The latter 
strategy may have significant advantages in some cases, since the integral equation 
of interest is transformed into an equation for which only numerical approaches to 
the solution are currently available. If these first three approaches are not productive, 
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it will be necessary to resort to more general means of attack. A couple of examples 
of the latter are illustrated in the following sections. The approach that was often very 
useful in the case of linear integral equations, that of taking the Hilbert transform of 
the equation and making use of the inversion property, will generally not be useful 
for the nonlinear cases. The basic reason for this is that there is no simple formula for 
the Hilbert transform of a product of functions. 

To solve Eq. (12.216) using strategy (i), note that the derivative of the Hilbert 
transform of the Cauchy pulse (a Lorentzian profile for a dissipative mode) is closely 
related to the square of the same pulse. This suggests looking for a possible solution 
of the form 


= 12.217 
fO=5 iat? ( ) 
where 6 denotes a constant. The right-hand side of Eq. (12.216) yields 
; d(x BU — x’) 
vet = — : 12.218 
fe) p(s) d+x2)2 ( ) 
The left-hand side of Eq. (12.216), for a = 1, yields 
2 B(B—1—x°*) 
= = 12.219 
fo? —$@) = “Taam (12.219) 


Equating Eqs. (12.218) and (12.219) yields 6 = 2, and the solution of Eq. (12.216) 
for the case w = | has been determined. Now that the correct functional form of the 
solution has been determined, it is a straightforward calculation to show that 


2a 
a2x2 + 1 


f(x) = (12.220) 


is the solution of Eq. (12.216). A similar approach can be made for the equation 


ff") —f@)? +f@) + Hf?) = 0. (12.221) 


The reader is invited to check this out. 


12.11 The Peierls—Nabarro equation 


In a study of the dislocation of a rectangular lattice of atoms, Peierls (1940) arrived 
at the following equation: 


© d(x) 
is dx 


(12.222) 


dv (22)) 
ciw=et  Qhseyr ae 


where d denotes an atomic spacing, @(x) is related to the displacement at the dislo- 
cation, and o is a constant (the Poisson ratio) characterizing the lattice. This is called 
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the Peierls equation. Nabarro (1947) reanalyzed the problem and obtained 


ie oe) OG a) sin( EO) (12.223) 


/ 
~oo «AX [yay x — x d 


This is generally referred to as the Peierls—Nabarro equation. Peierls gave the solution 
of Eq. (12.222). The following change of variables is introduced: 


u(x) = 2rd7!$(x) (12.224) 
and 
p =2d'(1—-0); (12.225) 
then Eq. (12.223) becomes 
Hu, (x) = psinu(x). (12.226) 


Equation (12.226) is an example of a nonlinear singular integro-differential equation. 
To approach the solution of Eq. (12.226), consider first the case p = 1. The 
trigonometric term is simplified by employing the change of variable 


u(x) = 2tan7! f(x); (12.227) 


it then follows, for f > 0, that 


en 4 
Feed = 2sin[tan” f(x)] cos[tan™ f(x) ] 
2A). 
~ 14h)’ (12.228) 
and hence 
2 fc) | _ 
(1+ f@)}H ceoord =f (x). (12.229) 


The solution of this last equation is not difficult to see; itis f(x) = x. Hence, a solution 
of Eq. (12.226) is determined to be 


u(x) = 2tan!(px), forx > 0. (12.230) 


For f < 0, the sign of the right-hand side of Eq. (12.229) is reversed, and hence 
f (x) = —x is readily checked to be the solution of the resulting equation. This leads 
to the second solution of Eq. (12.226): 


u(x) = —2 tan! (px). (12.231) 
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A further generalization is given by 


u(x) = 27n +2tan!(px), (12.232) 


where n € Z. 


12.12 The sine—Hilbert equation 


The sine-Gordon equation, which arose originally in differential geometry, takes the 
following form: 


Ux, = Sin u, (12.233) 
where u = u(x, t). The sine-Gordon equation is often given in the form 
Uxy — Uy = Sinu, (12.234) 


but, with an appropriate transformation, this can be converted to the result given in 
Eq. (12.233). Making a formal replacement of the partial derivative with respect to x 
by the Hilbert transform with respect to the same variable leads to 


Hu; (x, t) = sin u(x, 0), (12.235) 


and this is called the sine-Hilbert equation. The variables x and t are employed to 
denote a coordinate in the x-direction and the time, respectively. Equation (12.235) 
can be written more compactly as Hu; = sin u, with the understanding that the Hilbert 
transform is evaluated with respect to the spatial variable. The sine-Hilbert equation 
made its first appearance not from a representation of any physical phenomena, but 
as a model form of a nonlinear evolution equation which is solvable. 

If the term sin u(x, ft) in Eq. (12.235) is replaced by cu(x,t), with c denoting a 
constant, then the equation is linearized: 


Au; (x, t) = cu(x,t). (12.236) 


Taking the Hilbert transform of the preceding equation, followed by the partial 
derivative with respect to ft, yields 


un (x,t) + cu(x, t) = 0, (12.237) 
which has the solution 
u(x,t) = a(xje + Bixje, (12.238) 


where a and £ are functions of x alone. 
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For the particular case that the functional dependence of u on x and ¢ is of the form 
x+ct, with c playing the role of a velocity, then the variable € = x + ct is introduced, 
and 6(€) = u(x, t) is employed; hence Eq. (12.235) can be transformed to 


H6z(€) = csin6(é), (12.239) 


which is recognized as the Peierls—Nabarro equation with solution 


O(E) = 2nn + 2tan!(cé), (12.240) 
with n € Z. 


A general method to deal with Eq. (12.235) is now examined, following an approach 
developed by Matsuno (1995). Set 


u(x,t) = ilog(f*/f), (12.241) 


where « denotes the complex conjugate and the function f is given by 


N 
f(x, =] ] & -x(0)}, (12.242) 


j=l 


with Im{x;()} > 0 and x;(¢) A x; (4), forj 4 &. Using Eq. (12.241), it follows that 


sin u(x, t) i 
i 


eo log f/f) _ glo 7s) 
2i 


peat Sh ae al 
-1 fa o FI. (12.243) 


The following results are required in the sequel: 


1 i 
H (12.244) 


x — x;(t) ~ x —x,(0) 


and 


1 i 
A [| = r=) (12.245) 
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for Im{x;(t)} > 0 (see Eqs. (3.115) — (3.117) for details). Employing Eqs. (12.241) 
and (12.242) leads to 


a 
Hu;(x, t) = ia {loglf* x, 0/f, O1} 


=i Dt x*(t)] — loglx — x4()]} 


ee x(t) 
ee J J 
= S| 20, x — x;(2) 


j=l 
=, 4 ue 12.246 
= x — x;(t) Tyo @ > ee) 


where x; denotes 0x;/dt. The term Hu; (x, t) can be evaluated in the following manner: 


9 Fy N N 
5 aD = 5 ogy [[ -401 Il [x — 40] 


y=) k=1 


0 
= — ) {logix — xj(#)] + loglx — x*())} 


j=1 
N . * x 
s | g(t) @ | (n6% 
A Xx) x xj (t) 
and hence 
a 
Hu, (x,t) = aj los I}. (12.248) 
Making use of Eq. (12.243) leads to 
2 rtp) = AU? -7") 12.249 
a7 I f= i czy os (12.249) 
which can be recast as 
1 1 . 
f* E = rhe -1)| + {\r" E = rhe -r]f = 0. (12.250) 


Therefore Eq. (12.249) is satisfied if 


1 
earl =f"): (12.251) 
1 
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A solution of the preceding equation can be written in the following form: 


1 
f(x, 1) = f(x, 0) + a lh 0) —f* (x, O)]t. 


i 
Suppose f is expanded in a power series as follows: 
N 
eps CDsOr 2, 
i=0 


where the s;(¢) are symmetric combinations of x;(¢). Thus, 


so = T 
N 
OH eG): 
jal 
N WN 
so(t) = S° Dox (Ox), 
J=1 j<k 


and so on, until finally 


N 
sy(t) =| [x. 


j=l 
Then, from Eq. (12.251), 
: 1 
si) = 5 iO — s7(t)), 
and the solution can be written as 
sj(t) = bj + ia; + ajt, 
with a; and 5; constants. Noting the connection 


ilog(f*/f) = 2tan7(Imf/Ref), 


623 


(12.252) 


(12.253) 


(12.254) 


(12.255) 


(12.256) 


(12.257) 


(12.258) 


(12.259) 


(12.260) 


then, for the particular case that N = 1, the solution of Eq. (12.235) can be expressed 


as follows: 


u(x,t) = -21an~(—“1_— ) , a >0, 


(12.261) 


which is called the one-soliton solution. The reader can explore the case for larger NV. 
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A generalization of Eq. (12.235) is given by 
Alu, (x, t) = sin u(x, t) + eu, (x, 6), (12.262) 


where ¢ is a positive constant. This formula is referred to as the damped sine-Hilbert 
equation. A solution of this equation can be determined in a similar manner to the 
approach discussed in Eqs. (12.241)-(12.261). The solution of Eq. (12.262) has been 
given by Matsuno (1995): 


t 
u(x,t) = —2 tan! | ass ; 


12.263 
x — at —b—et?/2 ( ) 


where a and b are constants and a > 0. The reader is asked to verify that this is in fact 
a solution of Eq. (12.262). 


12.13 The Benjamin—Ono equation 


One of the well studied nonlinear partial differential equations is the Korteweg—de 
Vries (often abbreviated KdV) equation, which takes the general form 


uy tauuy + Bthxx = 0, (12.264) 


where @ and f are real constants. This equation plays an important role in wave 
phenomena. As before, x and ¢ play the role of a coordinate in the x-direction, the 
direction of wave propagation, and time, respectively. A common alternative form is 
given by 


uz + AU, + Buuy + YUxxx = 0, (12.265) 


where a,f, and y are constants directly related to the constants appearing in 
Eq. (12.264). This equation can be transformed into Eq. (12.264) by an appropriate 
scaling of the variables x, t, and the function w. 

By a formal replacement of the term uw. by Hu, (and a sign change for the con- 
stant y), the KdV equation becomes 


uy + au, + Buu, — y Hux, = 0. (12.266) 


This is another example of a nonlinear singular integro-differential equation. 
Benjamin (1967) derived this form in an investigation of waves of finite amplitude 
in stable fluid systems. Ono (1975) studied this equation in connection with solitary 
waves in stratified fluids. Equation (12.266) is called the Benjamin—Ono equation. To 
simplify the notation a little, in the sequel a term such as Hf, (x, t) may be shortened 
to Hf,x, since the variable dependence of f should be obvious from the context. It is 
assumed that the Hilbert transform is taken with respect to the spatial variable. 
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The term “solitary wave” employed in the preceding paragraph refers to a wave- 
form that is most commonly a single peak, and was first described in the scientific 
literature in 1844 by John Scott Russell. The mathematical form of the solitary wave 
can be extracted from the KdV equation, and the solution obtained in terms of hyper- 
bolic functions. An outcome of this analysis, which is in accord with experimental 
observations, is that solitary waves of higher amplitude travel faster. A particularly 
interesting observation occurs when a faster traveling solitary wave bears down on 
a slower moving solitary wave. Here, the terminology is stretched, since neither is 
technically a “solitary wave.” The swifter moving wave can overtake the more slowly 
moving wave, and essentially maintain its form, as though apparently no interaction 
between the passing waves transpired. The term soliton was introduced by Zabusky 
and Kruskal (1965) to reflect the form-preserving character of the wave during the 
collision process. “Soliton” has the particle-like connotation of familiar descriptive 
terms such as photon, proton, etc. 

A simplification of Eq. (12.266) is examined first. Suppose the variables x and ¢ 
in Eq. (12.266) are replaced by x and Tt, respectively, then the following change of 
variables is introduced: 


a+ pu= Cf, (12.267) 
X = Kx, (12.268) 
t=nt, (12.269) 


where a, 8, ¢, x, and 7 are constants, so that Eq. (12.266) becomes 


fit Mh — PHfx = 9, (12.270) 
where 
pats (12.271) 
K 
and 
p= ay (12.272) 
K 


Solutions are examined where the functional dependence of f on x and ¢ is of the 
form x — ct, with c playing the role of a velocity. The choice of the form x + ct is 
based on solutions derived from the wave equation for one-dimensional motion. Set 
€ =x —cct, then Eq. (12.270) is transformed as follows: 


df df if 
Cat pH ax = 0. (12.273) 
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Recalling the derivative property of the Hilbert transform (see Section 4.8), 
(d/dé)(Hf) = H(df /dé), then Eq. (12.273) can be integrated to yield 


a df df df _ 
ie rs +f ae pitas =0. (12.274) 


Employing the assumption that f(—oo) = 0, and application of Fubini’s theorem, 
leads to 


Xr 

5 f(x) cf (x) — pHf(x) = 0. (12.275) 
A constant of integration has been omitted. Formally, the integration constant can be 
eliminated by introducing a change of variables for f and c in terms of f(—oo). If 
Eq. (12.273) is integrated over the interval (0,x), then the constant of integration 


depends on f(0) and can be removed by an appropriate change of variables for f and 
c. The following variable changes are introduced: 


f@= g(x) + = (12.276) 
and 
c= —ap; (12.277) 
then Eq. (12.275) transforms as follows: 
(x) — ag(x) = Hex (x). (12.278) 


This result is recognized as the nonlinear singular integro-differential equation from 
Section 12.10. The solution is given by 


ee (12.279) 
Re ax? 4 1’ 
and hence the solution of Eq. (12.275) is 
FO) 2c f{,_ 1 @) 2c Acp* (12.280) 
x)= —j1-—-g@x)p = ; . 
Xr a xr A(c2x? + 7) 


The result given in Eq. (12.279) is a Lorentzian, and not of the hyperbolic form 
commonly observed for solitary waves. Equation (12.279) is referred to as an algebraic 
solitary wave profile (Ono, 1975), with the wave shape vanishing algebraically as 
|x| > co. 
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12.13.1 Conservation laws 


Some conservation laws associated with Eq. (12.273) are considered in this subsec- 
tion. Conservation laws are familiar to every student with a basic knowledge of the 
physical sciences. As a very simple example, consider the partial differential equation 


a 
pad af) 4 
ot Ox 


(12.281) 


where, as usual, x and ¢ play the roles of spatial and temporal variables, respectively, 
p(x,t) can be thought of as a density and f (x,t) as a flux, and further suppose 
that neither quantity depends on partial derivatives with respect to time. Equation 
(12.281) then represents a conservation law. The simplest applications of this type 
are, for example, the treatment of the one-dimensional steady flow of a fluid, or the 
equation of continuity for electric charges. 

If information is available on the asymptotic form of f(x, f), it may be possible 
to integrate the preceding equation, to arrive at additional conservation laws. For 
example, suppose that f(x, ¢) satisfies 


f(x,t) 20, asx +00, (12.282) 


and vanishes sufficiently quickly that the integral of f(x, f) over (—00, oo) converges. 
Then integrating Eq. (12.281) yields 


d [* © Of (x,t 
ral p(x, t)dx = / EOD <9; (12.283) 
dt Joo oo «Ox 
and hence 
[o@) 
i; os, pdx = k, (12.284) 
—0o 


where k is some constant. The integral f ken p(x, t)dx is termed a constant of motion. 
As an example, consider the KdV equation, and set 


p(x, t) = u(x, t) (12.285) 
and 


SF (%,0) = Buy (x,t) + Swix, t). (12.286) 


Assuming u(x, ¢) vanishes sufficiently quickly as x — + 00, foraconstant k it follows 
that 


[ u(x, t)dx = k. (12.287) 


This is not the only conserved quantity for the KdV equation. 
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Attention is now directed to finding some of the conserved quantities for the 
Benjamin—Ono equation. Ono (1975) explored a number of such properties. It is 
assumed that f(x, ¢) and its derivatives with respect to x vanish sufficiently quickly 


as x — +00. Then, from Eq. (12.270), it follows that 


/ {fi t) + APO. Of, 1) — PHfx(x, )}dx = 0, 


and, on carrying out an integration by parts, this leads to 
d [o,@) 
— x, t)dx = 0, 
af fe 


and hence the integral f ine’ J (x, t)dx 1s time-invariant. 
If Eq. (12.270) is multiplied by f(x, ¢) and integrated over R, then 


i; Px, fc, 0) + 9f2 0c, Df, 1) — pf & DHfalx, )}dx = 0. 


An integration by parts yields 
[o,@) 
; f(a, Ofelx, Ndx = 0, 
—0o 
and setting g(x, t) = f(x, f) and integrating by parts leads to 


/ “t (x, N-Hele t)dx = — / . g(x, tHe (x, thdx = 0. 


(12.288) 


(12.289) 


(12.290) 


(12.291) 


(12.292) 


The orthogonality property of the Hilbert transform has been employed in the 


preceding equation. It follows, from Eq. (12.290), that 
d [(* » 
— ,t)dx = 0, 
i [ ace 


and hence the integral £ mn f? (x, t)dx is time-invariant. 
If Eq. (12.270) is multiplied by f? (x, f) and integrated over R, then 


An integration by parts yields 


/ pe t)fe(x, dx = 0, 


i; Uf2 (x, filo t) + AF 0c, Mf, t) — pf2(x, )Hfalx, D)}dx = 0. 


(12.293) 


(12.294) 


(12.295) 
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and also 
a 7 f°, DHfix, Ddx = —2 / i f x, Ofe(x, OAfe (x, dx 
= —27!p [ - fx (x, DH (x, t)dx 
+2471 a 7 Silx, OHfe (x, dx 
= -—2a7!p [fa Ofc(x, dx 
—271 [ : foc(x, OH (x, dx 
=—2,7! [ 7 fix(x, Hf (x, tdx, (12.296) 


where the Parseval-type property of the Hilbert transform (see Eq. (4.174)) has been 
employed. Hence, 


d is PPO 
dt 3 


dt Joo 


dx + 2pa7! / falx, DHf (x, dx = 0. (12.297) 


Applying the Parseval-type property of the Hilbert transform (see Eq. (4.176)) and 
an integration by parts yields the following result: 


al = fils, DH te = 2 / * fale, DHS Cx Da, (12.298) 


and so Eq. (12.297) becomes 


oo 3 
“ / {4 = Dy pr” ' fox, OHS Ox, fas EA, (12.299) 


and hence 


0° (£7.00) 
(mie 


is another time-invariant integral for the Benjamin—Ono equation. 
If Eq. (12.270) is multiplied by x and integrated over R, then 


+ pag! f(x, OHf (x, fax 


[- {xft (x, 1) + Arf (x, Of, 1) — exHftx(x, t}dx = 0, (12.300) 
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and an integration by parts yields 


[ xf (x, Of (x, dx = -5 Le t)dx (12.301) 
and 
/ . xAfrx (x, dx = 0; (12.302) 
hence, 
of. nas fr t)dx 12.303 
dt! OP = 5 fe ah : (12.303) 


Recall from Eq. (12.293) that f aan f ? (x, t)dx is time-invariant, and therefore 


d2 oo 
a / xf (x, t)dx = 0. (12.304) 
lee) 


The reader is invited to find other time-invariant quantities for the Benjamin—Ono 
equation. Another useful exercise is to attach a physical interpretation to the sev- 
eral time-invariant quantities derived in this section. Such an interpretation usually 
becomes much more difficult, if not impossible, as the level of complexity of the 
time-invariant quantity becomes increasingly involved. 


12.14 Singular integral equations involving distributions 


In this section attention is directed at a few simple examples of singular integral 
equations involving the Hilbert transform in which a distribution function occurs in 
the equation. The first example is the singular integral equation given by 


ff) = 6x) + Hf). (12.305) 


In this section, equations containing distributions are intended in the symbolic sense 
only. A more rigorous account of what follows can be given by using the appro- 
priate procedures outlined in Chapter 10. Employing the same strategy indicated in 
Section 12.3, operate on the preceding equation with H to obtain 


1 
Af (x) = p.v.— —f (x), (12.306) 
UX 
and, on using Eq. (12.305), this leads to 
1 1 1 
Ff) = <6(x) + —p.wv.-. (12.307) 
2 20 x 


This result can be verified by direct substitution into Eq. (12.305). 
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As a second example, consider the solution of the following equation: 
Sf’ (x) = & (x) — Af (x) + pv. (12.308) 
Applying the Hilbert transform operator yields 
Hg’ (x) = g(x), (12.309) 


where g(x) = f(x) — 6(x). Taking the derivative of Eq. (12.309) and applying the 
Hilbert transform operator leads to 


2 (x) + g(x) = 0, (12.310) 
and hence 
g(x) = ae + Be-™ = asinx + bcosx, (12.311) 
where a, 6, a, and b are constants. Therefore 
f(x) = 6(x) + asinx + bcosx, (12.312) 


which can be readily verified by direct substitution to be the solution of Eq. (12.308). 
As a final example, consider the singular integro-differential equation 


*1fe) + H{xf (x)} = 25(x), (12.313) 


where A is a constant. Employing the derivative property of the Hilbert transform, 
Hf' = (Hf), yields 


H{f' (x) + xf (x)} = Ad(x). (12.314) 
Applying the Hilbert transform operator and using the inversion property gives 


f'®) +3f (x) = ie (12.315) 
IU x 


and, on multiplying by e/ 2, this leads to 


d a 1 
—{e" ?£(x)} = Le ?p.v.-, (12.316) 
dx T x 
and hence 
a x | 
f@) =Ce* 2 — Se" 2 / ef Pp... dt, (12.317) 
a a 


where a and C are constants. Equation (12.315) can be readily checked to be satisfied 
using the f from Eq. (12.317). 
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Notes 


§12.1 For further material on singular integral equations, see Pipkin (1991), 
Hochstadt (1973), and Tricomi (1985), which are highly recommended for intro- 
ductory reading. For more advanced texts, consult Mikhlin (1965), Gakhov (1966), 
Mikhlin and Préssdorf (1986), Dzhuraev (1992), Gohberg and Krupnik (1992a, 
1992b), Muskhelishvili (1992), Lifanov (1996), and Kress (1999). For further 
reading, see Wolfersdorf (1985) and Gera (1986). 

§12.4 Fora connection to the weighted norm inequalities for the Hilbert transform 
discussed in Chapter 7, see Widom (1960). 

§12.6 The solution of Eq. (12.131) is discussed by Carleman (1922), Carrier et al. 
(1983, p. 422) and Tricomi (1985, p. 185). For further discussion and an application 
to water wave scattering, see Mandal (2001), and for applications to waveguide 
problems, see Lewin (1961). The solution of Eq. (12.97) is discussed by Cooke 
(1970), and the case a = 0 and b = 1 has been given by Bueckner (1966), in which 
a particular generalization is discussed in detail. For a special case of the problem 
studied by Bueckner, Williams (1978) has shown how to transform the key formula 
to a Carleman integral equation, and Smith (1969) has applied it to a dislocation 
problem in metals. See also S6hngen (1939, 1954), Nickel (1951), Tricomi (195 1a, 
1951b, 1985), Estrada and Kanwal (1985), and Jiang and Rokhlin (2003), for further 
elaboration on singular integral equations involving the finite Hilbert transform. Fora 
related singular integral equation, see Bierman (1971). The singular integral equation 


d 1 
em =T|Sfoya n+ r| fv) 
r 2. 


af) 


has been considered by Olmstead and Raynor (1964). For discussion on a numerically 
based approach to the solution of extended versions of Eq. (12.97), see Capobianco 
(1993). For numerical approaches to the solution of singular integral equations invol- 
ing the finite Hilbert transform, see, for example, Dow and Elliott (1979), Fromme 
and Golberg (1979), Elliott (1982), and Golberg (1990). Singular integral equations 
involving the Hilbert transform on the circle, and close variants, have been considered 
by Hilbert (1912), Noether (1921), and Nickel (1953). 

§12.7 Foradiscussion of singular integral equations involving the one-sided Hilbert 
transform, see Shamir (1964), Hochstadt (1973, p. 159), Pipkin (1991, chap. 11) and 
Paveri-Fontana and Zweifel (1994). For the solution of the singular integral equation 


2 (% f(x)dx 
mJqo 1—y2x?’ 


g(y) = 


see Goodspeed (1939). 

§12.9 An alternative discussion of the singular integral equation considered in this 
section can be found in Hochstadt (1973, p. 187). Srivastava and Tuan (1995) have 
developed a different solution strategy based on a convolution theorem for the Stieltjes 
transform. Gakhov (1966, p. 148) gives the solution for a more general class of integral 
equations, of which Eq. (12.192) is a special case. 


Exercises 633 


§12.10 Anexample ofa nonlinear integral equation involving the Hilbert transform 
that has been investigated is Hu, — u + u? = 0; see Alfimov, Usero, and Vazquez 
(2000). For an example in elastodynamics, see Ladopoulos (2005). The reader should 
expect that many nonlinear singular integral equations involving the Hilbert transform 
cannot be solved in closed form. In those cases it is necessary to resort to numerical 
methods. For one such case study, see Chandler and Graham (1993). 

§12.11 The solution of Eq. (12.222) reported by Peierls has a misplaced factor of 
(1 — o) in the numerator of the arctan term; it should appear in the denominator. 
For an early modification of the Peierls—Nabarro equation, see Huntington (1955), 
and for a review of fifty years of work on the Peierls—Nabarro stress, see Nabarro 
(1997). A generalization is discussed by Schoeck (1994), and for further reading see 
Foreman, Jaswon, and Wood (1951). 

§12.12 For discussion on the sine-Hilbert equation and some related forms, see 
Degasperis and Santini (1983), Degasperis, Santini, and Ablowitz (1985), Matsuno 
(1986, 1987a, 1987b, 1990, 1991, 1995), and Santini, Ablowitz, and Fokas (1987). 
§12.13 Foranexcellent introductory exposition on solitons, see Drazin and Johnson 
(1989); a more detailed mathematical presentation is given in Ablowitz and Clarkson 
(1991). For some additional reading, see Abdelouhab et al. (1989), Debnath (1990), 
Fuchssteiner and Schulze (1995), Matsuno (1996), and Matsuno and Kaup (1997). 
There is a linearized version of the Benjamin—Ono equation that can be written in 
the form uw, — y Hux, = 0. The solution of this equation is known in closed form; see 
Matsuno (1980). Numerical investigation of the generalized Benjamin—Ono equation, 
u; + uP? ux — Hux, = 0, has been carried out by Bona and Kalisch (2004). The singular 
integral equations, uw; — Vu, + {(Hu)u}, = 0 and uw, — vu, — {Hu}u, = 0, with the 
Hilbert transform taken in the spatial variable, have some formal similarities with the 
Benjamin—Ono equation. These have been studied by Baker, Li, and Morlet (1996), 
and Morlet (1997) has also considered the latter equation. The related equation, 
Ut — Vy, — {Hu}u = 0, has been investigated by Schochet (1986). Moore (1983) has 
studied the equation uy, — u* — (u2) — Hu, = 0, where () denotes a spatial average. 
A modified Kuramoto—Sivashinsky equation of the form uw, + uy, + uy + Uy + 
aHu,,. = 0 has been studied by Duan and Ervin (1998), and Feng and Kawahara 
(2000) considered the related form u;+uy, +Uuy +Uyyxx — {Myx + Huy} = 0. Lerche 
(1986) discusses some complicated nonlinear singular integral equations involving 
the Hilbert transform that arise in electromagnetic theory. Further discussion on the 
Benjamin—Ono equation can be found in Case (1979), Kenig, Ponce, and Vega (1994), 
Toland (1997a), Thomée and Murthy (1998), and Hayashi and Naumkin (1999). 
§12.14 For some additional reading, see Orton (1979), Estrada and Kanwal (1985), 
and Pandey (1996). 
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12.1 Prove that 
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12.2 


12.3 


12.4 


12.5 


12.6 
12.7 
12.8 


12.9 


12.10 


12.11 


12.12 


12.13 
12.14 


12.15 
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Show that 


PO ut , 
P| el! coth( ar = 2icothw. 


—c 


For a periodic function (period 277) f € L?(—z, 7), with p > 1, find a solution 
of the equation f (9) + Hf (6) = 0. 

For a periodic function (period 27) f € L?(—z,z), with p > 1, what is the 
relationship between the operator K defined by 


Kf@=2 [ f(s) log {4sin (*)fe 
20 Jen 2 
and H? 


If the periodic functions f and g with period 27 belong to L?(—z, 7), with 
p> 1, determine the solution of the equation g(9) +H (0) +A Kf (0) = pf (8), 
where A and p are constants and Kf (@) is defined in Exercise 12.4. Examine 
the particular cases A = p = 0,A = 0,0 #0, anda 40,0 = 0. 

Determine if there are any solutions of f(x) = sinx + Hf'(x). 

What, if any, solutions exist for the equation f(x) = sin? x + Af’ (x)? 

Find a solution of 


1p [* LOY og 


HW Jo X-y 


Determine a solution of 2 sin ax f(x) = sin 2ax + 2AHf (x), where a and d are 
constants and a > 0. 

Find a solution of sin ax f(x) = sin2 ax cos ax + AHf (x), where a and A are 
constants anda > 0. 

Determine a solution of the equation f(x) = cos* ax — (1/2) cosax+ 
X csc ax Hf (x), where a and A are constants anda > 0. 

Constantin, Lax, and Majda (1985) proposed the model one-dimensional vor- 
ticity equation for incompressible flow: dw(x,t)/dt = w(x, HH[w(x, t)]. If 
@o(x) denotes a smooth function with sufficiently rapid decay as |x| — 00, 
determine the solution of the vorticity equation in terms of wo(x). [Hint: Try 
the substitution z(x, t) = iw(x,t) + H[w(x, t)].] 

Show by direct substitution that Eq. (12.150) is a solution of Eq. (12.131). 
Determine the solution of 


[o,e) 
t 
P| noe =0, fora<x<o. 
a x7-t 


Suppose g(x) is continuous on (a, b). Determine the solution of 


b 
pf OP =e, fora<x <b, 
a X*— 


12.16 


12.17 


12.18 


12.19 


12.20 


12.21 


12.22 


12.23 


12.24 


12.25 
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and each of the following conditions: (i) f(t) = OU/./ |t — al) and f(t) = 
O(1/,/ |t — b|) as t > aandt > 5, respectively; (ii) f() = OU// |t — al) 
as t > aandf is bounded like f(t) = O(/|t— |) as t > 5; (iii) f is 
bounded like f(t) = OC/|t— al) and f(t) = OC/|t— b|) as t > a and 
t — b, respectively. 

Could the choice ¢2(x) = 1/,/x be used in place of Eq. (12.159) to find an 
inversion formula for the one-sided Hilbert transform? Explain. 

For what values of p, if any, does ¢ € L?(R*), where (x) = (x +.a)7!x#, 
with a > 0 and —-1 <u <0? 

For a simple closed contour C, find a solution of the integral equation 


f(tdt 


cx-t’ 


x 
a(x)f (x) = gx) — a 


where x lies on C. Specify any required conditions for the functions and the 
constant A that appear in the equation. 
Determine f given 


Pf oe =g(s), for -a<x<a. 
qx —S 


Find the solution f of the equation 


Ly ' f(s)ds 
4 0 x—-Ss 


=g(s), for0O<x<Il, 


and g € Z?(0, 1), with p > 1. 

If |f(x)| <1, find a solution of the integral equation H[f” (x)/./{1 —f(x)?}] = 
Af (x), where A is a constant. 

What transformation of variables takes the equation u(x,t) — uy(x,t) = 
sin u(x, t) to the form uy;(x, t) = sin u(x, t)? 

By direct substitution, show that u(x,t) = —2 tan7![a/(x — at — b)], with a 
and b constants and a > 0, is a solution of the equation Hu; (x, t) = sin u(x, f), 
where the Hilbert transform is with respect to the variable x. 

The Hilbert transform H[(1 — bcos ax)~'], for |b| < 1, arises in the study of 
periodic solutions of the Benjamin—Ono equation (Ono, 1975). Show that 


H{(1 — bcos ax)~'] = b sgn asin ax{(1 — bcos ax)./(1 — pryi 


Show that the solution of Hu;(x, t) = sin u(x, t) + eu(x, ft) is given by 


anu 
u(x,t) = -2eaf a +20 (e- a _ =) r 


where a and b are constants and a > 0. 
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12.26 For a real constant A and a function g € Z?(R) with p > 1, determine the 
solution of the equation Af (x) = g(x) — 2f (Hf (x) + Af? (x). 

12.27 Determine if the equation Hf’(x) = 6(x) + cosx has a solution. 

12.28 Fora real constant i, find the solution for f given df /dx — Hg’ (x) = 6(x) and 
geéeL?,g €L?,forp> 1. 

12.29 For A areal constant, g € D! and Hg € D’, determine f given: f — Hf = Ag. 

12.30 If f € % and A is a real constant, determine the solution of f’ + f =AH6. 


13 


Discrete Hilbert transforms 


13.1 Introduction 


The terminology “discrete Hilbert transform” arises in two distinct contexts. The 
first occurrence is in the study of certain types of series with a denominator of the 
form n — m, where m is the summation index and n € Z. The second area is in 
signal processing in engineering problems. The first part of this chapter is devoted 
to a discussion of the discrete Hilbert transform as it is commonly employed in 
engineering applications, and to some related topics including the discrete Fourier 
transform. The focus of the second part of the chapter is a discussion of the analog of 
the Hilbert transform on R for a discrete series. Two related definitions are considered. 
The key inequality for the discrete Hilbert transform, called Hilbert’s inequality, is 
established and a generalization given by M. Riesz is discussed. Since much of the 
data collected in both the physical sciences and engineering are discrete, the discrete 
Hilbert transform is a rather useful tool in these areas for the general analysis of this 
type of data. 


13.2 The discrete Fourier transform 


The discrete Fourier transform is commonly denoted in the scientific literature by the 
acronym DFT. The ideas that evolve for this transform provide a foundation for the 
development of the discrete Hilbert transform. The essential motivation behind think- 
ing about discrete transforms is that experimental data are most frequently not taken 
in a continuous manner, but sampled at discrete time values. This is the fundamental 
feature of digital signal processing. An important concern in signal processing is the 
connection between the time and frequency representations of a system. This topic is 
used as a lead into the discrete Fourier transform. 

Suppose the following sequence of samples is available: (0), A(1), h(2),...; to 
make the discussion concrete, think of the argument of / as an integer time variable. 
The notation can be made more compact by the association h(n) = h,, which also 
serves to remind the reader that a discretely measured function is being sampled. 
An alternative notation, which is employed later in this chapter, is to write discrete 
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sequences using the notation A[n]. If a sampled sinusoidal input is applied to a linear 
system, then the output is a sampled sinusoidal function multiplied by a system 
response function. Linear systems are discussed in Chapter 17, so a justification of 
the preceding statement is left for that discussion, together with some of the more 
detailed points. The response function is denoted by H(w), and for the case of interest 
here is given by 


N-1 
H@). a. ae (13.1) 
n=0 


where w denotes a circular frequency, which is 27 v, and v is the frequency. Many 
physics sources use the term angular frequency synonymously with circular fre- 
quency; this book will do the same. From Eq. (13.1) it is evident that H(w) is a 
continuous function of frequency, and that it is a periodic function of w with period 
27. It is assumed that H(@) is sampled at M equally spaced points in the frequency 
variable, with 


v 
=—_, forv=0,1,...,.M—1. 13.2 
o=—, forv (13.2) 


Since H(q) is periodic, the sampling can be restricted to a frequency interval of 27, 
as there is no additional information to be obtained beyond this frequency range. For 
this sample set, Eq. (13.1) can be written as follows: 


N-1 
Hype She tor eS 01s Mel (13.3) 
n=0 


This result gives a transform of the N values /,, in the time domain to the M values 
H,, in the frequency domain. It is highly desirable if this formula can be inverted 
to yield h, as a function of H,. The inversion can be made particularly simple by 
restricting the sample size in the frequency domain to N points. So, Eq. (13.3) takes 
the following simplified form: 


H,, hne 27?" forv = 0,1,...,N —1. (13.4) 


This result defines the discrete Fourier transform of the function h. 
Equation (13.4) can be written more compactly by making the substitution 


Wee 2TlN (13.5) 
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The inversion process is as follows. From Eq. (13.4), it follows that 


N-1 


e2tivk/N _ 2mivk/N —2mivn/N 
dH 2 e : fine 


v=0 
yr "Sh wer 
=0 


= Yow, (13.6) 


x™—1=(@-1)> > x’. (13.7) 


For the case n £ k, and the assignment m = N and x = W"~* in Eq. (13.7), 


N-1 jaots we-PN _ 4 
dX W = wnr-k =] 
p= 
= 0, (13.8) 


where the following result has been employed: 
WIN =1, for integer j. (13.9) 


For the case n = &, it follows that 

N-1 

Ser ha Ns (13.10) 
and so Eq. (13.6) simplifies to 


> Hy e27re/N — 2% hnN 8nks (13.11) 


where 6,4 is the Kronecker delta, and hence 
pee! 
Se Hee (13.12) 


This result represents the inversion formula for the discrete Fourier transform. While 
the preceding discussion used the time and frequency domains as an example, the 
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DFT formula (13.4) and its inversion (13.12) can obviously be extended to other pairs 
of variables. 


13.3 Some properties of the discrete Fourier transform 


The DFT satisfies the periodicity condition 
Hin — Hm+tN- (13.13) 


This result can be established as follows: 


N-1 


Am+Nn = » hy, yearn 
n=0 


= Hy. (13.14) 
A result which follows from the periodicity property is 
Hy—m = H_m, (13.15) 


which can be established along the same lines shown in Eq. (13.14). As a consequence 
of the periodicity property, the DFT can be written in the following form: 


N/2-1 
hee ee ee (13.16) 
n=—N/2 
and the inverse is given by 
, M2! 
ipa So ee (13.17) 
v=—N/2 


Equations (13.4) and (13.12) are frequently referred to as the one-sided DFT and 
inverse DFT, respectively, while Eqs. (13.16) and (13.17) are called the two-sided or 
centered DFT and inverse DFT, respectively. The one-sided format is slightly more 
convenient for computer calculations, while the symmetry aspects are more readily 
discussed using the two-sided forms. 


13.4 Evaluation of the DFT 
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From the definition of the DFT the following symmetry property can be established. 


If h, is real, then, on taking the complex conjugate, 


H* nn = Hm, 
and if h,, is purely imaginary, 

Hae. 
If h, is both real and an even function of the index about n = 0, then 


H*, = Hy. 


Parseval’s relation for the DFT is given by 


N-1 1 N-1 
do Weal? = 3 DL Hl”. 
n=0 m=0 


This result can be obtained in the following manner: 


3 lAn|2 = ar x Hye 2nivnin 1 +> H*e —2ximn/N 
n=0 
—-1N-1 N-1 


= Be Hy me, 


v=0 m=0 n=0 
which simplifies, on using Eqs. (13.8) and (13.10), as follows: 
N-1N-1 


N-1 
lel = 3 Se Hun EN 
n=0 


v=0 m=0 


pe 
= ae ye [Hinl?. 
N om0 


13.4 Evaluation of the DFT 


The DFT can be written in matrix notation as follows: 


H = Fyh, 


(13.18) 


(13.19) 


(13.20) 


(13.21) 


(13.22) 


(13.23) 


(13.24) 
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where Fy denotes the N-point DFT operator, and, assuming that the one-sided form 
is employed, 


Ho ho 
H; hy 
H=-} 1 |, n=] & |, (13.25) 
Hw-1 hy-1 
and 
1 1 1 ee 1 
1 W w2 ww) 
eee we We we WD | (13.26) 
‘ wN-l wN-1) eee wiN-1? 


The individual elements of the matrix are given by (Fixy)mn = e 7 2mimn/N wr, 


for 0 < m,n < N — 1. It is common practice also to define the matrix elements 
via (FN )mn = (iy Nye, which leads to the eigenvalue set of {1, —1,1, —1}, 
avoiding factors of ./N. In matrix form the inverse DFT operator is given by 


1 1 1 1 
a | a w-? w Wed) 
=2 —4 —2(N-1) 
fant se W W (13.27) 
1 w-N-D p-2-b w-W-l? 
As an example, DFT{1, 0, 0, 1} is evaluated from 
Ho 1 1 1 1 1 2 
H, 1 -i —-l i 0 1+i 
= = 13.2 
Hy 1 -1 1 -1 0 0 : ee®) 
H3 1 i -l -i 1 1-i 


and hence 


DFT{1, 0,0, 1} = {2,1+1,0, 1 — i}. (13.29) 
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The inverse DFT, which is abbreviated as IDFT, of {2, 1 + 1,0, 1 — i} is given by 


ho 1 1 1 1 2 4 
1 —-l -i i 1 
pelea a ala «te 
hy 1 -i —-1 i 1-i 4 
and hence 
IDFT{2, 1 +1,0, 1 — i} = {1,0,0, 1}. (13.31) 


13.5 Relationship between the DFT and the Fourier transform 


The principal focus of the following chapter is the numerical evaluation of the Hilbert 
transform. The reader will recall from Section 5.2 that there is a close connection 
between the Hilbert and Fourier transforms, so an effective numerical route to the 
Fourier transform is of importance for evaluating the Hilbert transform. 

In order that the Fourier transform of f converges, it is required that f(s) vanishes 
sufficiently quickly as s — +00; hence, the integration range may be truncated, and 
thus 


00 : L/2 ; 
Ff (x) = / f (se 775 ds f (sje 77" ds, (13.32) 
00 -L/2 


If L is selected to be sufficiently large, a reasonable numerical approximation for 
the integral can be obtained, subject to the caveat that the oscillatory behavior of the 
integrand is not too extreme. A slight rearrangement of this integral yields 


L/2 


0 L/2 
je ds = i i@er ds + f (se 27 ds 
ate —L/2 0 


= e2tixk [ $G— Dyer rds 
L/2 


L/2 
+ Yeo ds: (13.33) 
0 


If x is selected at the discrete points k/L, with k = —N/2,...,N/2 — 1 (assuming 
N to be even), then 


L/2 ; L 5 
foe rds / g(sje M/E ds, (13.34) 
—L/2 0 
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where 
T(s), for0<s <L/2 
g(s) = \{f(L/2) + f(-L/2)}/2, fors = L/2 (13.35) 
f(s —L), forL/2<s <L. 


The integral in Eq. (13.34) can be approximated by a uniform left-endpoint sum of 
the form 


L ; N-1 : 
/ e(sje FE ds Dd A s Bhs, eee, (13.36) 
0 


n=0 
with the sampling interval A = L/N and s, = nL/N. Hence, 


N-1 
(Ff )(k/L) + A > g(nL/N)ye 27 "k/N 
n=0 


= AGE, (13.37) 


where G,; denotes the DFT of g. Because of the periodic property of the DFT, the 
range of the index k, from —N/2 to N/2 — 1, can be replaced by 0 to N — 1. 


13.6 The Z transform 


Let {x,} denote a sequence of numbers and let x[m] designate the nth value; then, the 
Z transform of this sequence, denoted Z{x,}, also frequently represented as X (z), is 
defined by 


[ee 


Z{xn} =X) =D x(n. (13.38) 


n=0 


This definition is usually referred to as the one-sided Z transform; one-sided referring 
to the fact that the summation index includes only non-negative integer indices. When 
there is interest in a sequence {x,} defined for both positive and negative values of n, 
then the two-sided Z transform is defined by 


ee) 


Ma) =P xine (13.39) 


n=—-@W 


Common usage is that Eq. (13.38) is frequently referred to as the Z transform and 
Eq. (13.39) called the two-sided Z transform, although one could make a good argu- 
ment for calling the more general result in Eq. (13.39) simply the Z transform. In 
some sources the sequence members are designated by x,,, which does have some ped- 
agogical value, but has definite typesetting disadvantages when complicated indices 
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are involved. A version of the Z transform that is useful in some applications is the 
N-point Z transform, defined by 


N-1 


Xa) = \-xile (13.40) 


n=0 


Some authors make use of a convention where the variable z~! is replaced by z, so 
that Eq. (13.40) becomes a polynomial in the variable z. 

One rather simple example is now examined, which illustrates the advantage of 
thinking in terms of the Z transform. A shift-invariant system is characterized in the 
following way. Suppose y[7] is the response to x[n], then y[n — m] is the response to 
x[n — m]. The sum 


[ee 


yin} = > xilm)xo[n — ml, (13.41) 


m>=—CO 


where x;[n] and x2[n] are elements of two different sequences, arises frequently in 
signal processing and other applications, and is usually written in the compact notation 


y[n] = x1 [1] * x2[n]. (13.42) 


Equation (13.42) is referred to as the convolution of x;[n] with x2[n]. This is the 
discrete analog of the convolution theorem discussed for continuous functions in 
Section 2.6.2. As an example, consider the convolution of the two sequences of data 
measured at equally spaced time intervals, starting at time zero, which corresponds 
to the first entry in each sequence: 


x; = {1,2,3} (13.43) 
and 
x2 = {2,0,3, 3}. (13.44) 


The convolution product, using Eq. (13.41), leads to 


y{0] = x1 [0] x2[0] = 2, 
yl] = xi[0}x2[1] + iL] 2210] = 4, 

y{2] = x1 [0] x212] + xi] x2L1] + «12 }2210] = 9, eas 
y{3] = x10] x2[3] + x1 [1] x212] + x1[2b2L1] = 9, 

yl4] = xiL1] x2[3] + x1 [2]x212] = 15, 

y{5] = x12] x2[3] = 9. 


The preceding calculation can be replaced by the more compact approach: 


= sy SoG a 14 oF 4 37 (13.46) 
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and 
xp = {2,0,3,3} > Xo(z) = 24 3272 + 3273, (13.47) 


and hence 


X,(z)Xo(z) = 2+ 427! 4 927? 4.9273 4 15274 4.927 S yp = x] ¥ XD 
= {2,4,9,9, 15,9}. (13.48) 


Multiplication of the Z transforms allows the convolution product to be determined in 
a direct manner, a result arising from the collection of like powers in the polynomial 
multiplication operation in the variable z~!. That is, advantage is being taken of the 
following formula: 


inverse Z 


5 MOGO =O via (13.49) 


The Z transform can be viewed as a formal power series in the complex variable z, 
and is thus a Laurent series. A number of the properties of the Z transform can be taken 
directly from known results for the Laurent series. Several of those properties were 
discussed in Section 2.8.5. An important special case for the N-point Z transform is 
obtained on making the identification 


z=e?, withho= ms (13.50) 
N 
At equally spaced discrete points on the unit circle, k = 0,1,...,N — 1, the N-point 
Z transform equals the DFT. 
The inverse of the Z transform can be determined in the following manner. Consider 
the Cauchy integral theorem applied to the function f(z) = z” for integer m > 0; 
then 


§ faz = 0, (13.51) 
C 
where C is the contour shown in Figure 13.6. 


Cc 


9 
“pole x 


Figure 13.1. Simple circular contour enclosing the origin. 
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With the choice of function f(z) = z~”"! for integer m > 0, and the same contour, 
the residue theorem leads to 


1 Sg eer 1, for m=0 
_ = so= 13.52 
271 ge Goa Ree }z+0 0, for m> 1. (13:92) 
From the definition of the Z transform, it follows that 
[oe 
oO kee Yo anes, (13.53) 
n=—OO 


and on integrating this expression using the same contour shown in Figure 13.6, leads 
to the result 


1 1 = 
— h 2" 'X(z)dz = af a x[n]z"—-""! dz 
fa 


21 21 
C n=—OO 


= 1 m—n—| 
= lal ge dz 
= ys x[n]bmn, (13.54) 


and hence 


1 
x[m] = —~ 2” |!X(2)dz, (13.55) 
271 
which represents the required inversion formula. Making the interchange of sum- 
mation and integration in Eq. (13.54) assumes that the series is uniformly convergent 
for values of z involved in the integration. 


13.7 Z transform of a product 


Denote the Z transforms of the sequences x;[n], x2[n], and x3[n], by X1(z), X2(z), 
and X3(z), respectively, and suppose that the sequence x3[”] is formed as a product 
of the other two sequences: 


x3[n] = x\[n] x2[n]. (13.56) 


Let r; and rz denote the radius of convergence for X}(z) and X2(z), respectively, so 
that X)(z) converges for |z| > 7; and _X2(z) converges for |z| > r2. The Z transform 
X3(z) can be obtained using the following approach. Start with 


Z{x3[n]} = Z{xi[n]x2[n]}; (13.57) 
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ry 
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oe 


Figure 13.2. Circular contour center the origin with radius between r) and |z|/ro. 


Complex 
w-plane 


hence, 
X3(z) = > xifn)xa[n]z-”. (13.58) 
n=0 


The preceding sum can be simplified in the following way. Consider the contour 
integral 


1 
—— § X1(w)X2(z/w)w7! dw 
2mi Jo 
for |z| > rir2, where C is the circular contour shown in Figure 13.7, which lies in 


the region where the sums represented by X1(w) and _X2(z/w) converge. 
Then 


a § Xi 0)X3 (=) wo! dw = =. Yan "Dosa (=) “wl dw 
= > ys xo[m] ae Dw dw 
2 3 sie xolm] 2—"8inn 
a= 
2 3 [n] xo} 2-" 
= oe (13.59) 


The interchange of the order of integration and summation is made assuming that the 
series converges uniformly. Equations (13.50) and (13.51) have been used to evaluate 
the last integral in the preceding sequence of steps. Equation (13.59) provides the 
connection between the Z transform of a product of sequences and the individual Z 
transforms of the sequences. This result is employed in the following section. 
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13.8 The Hilbert transform of a discrete time signal 


The relationships that exist between the real and imaginary parts of a sequence are 
developed in this section. Some definitions are required in the sequel, and these are 
elaborated upon in Chapter 17. In what follows the focus is on linear, stable, and causal 
digital systems. If the inputs to a system are x;[”] and x2[n], and the corresponding 
outputs are y;[n] and y2[n], respectively, then the system is described as /inear if the 
input ax,[”]+ Bx2[n] leads to an output wy; [n]+ By2[n], for arbitrary constants a and 
B. If the sequence index describes time, then a time-invariant system is one where 
if an input x[n] produces an output y[n], then an input x[” — m] produces an output 
y[n — m] for all m. The system is termed stable if every bounded input produces a 
bounded output. The causal condition for a time-sequence is that the output y[m] is 
determined by input values satisfying n < m, that is, the output at some time does 
not depend on sequence data in the future. 

A time-sequence is denoted by x[n], and it is written in terms of its real and 
imaginary parts as follows: 


x[n] = x,[n] + 1x;[7], (13.60) 
where the subscripts r and i designate the real and imaginary parts, respectively. The 
Fourier transform of the time-sequence x[7] is denoted by X (w), which is a periodic 
function with period 27, and X;(w) and Xj(w) are used to represent the Fourier 
transforms of x,[n] and x;[1], respectively. If x[7] is real, it follows from the form of 
the Fourier transform that the following symmetry condition holds: 


(6) =X). (13.61) 


The Fourier transforms X;(@) and Xj(w) for the general sequence given in 
Eq. (13.60) satisfy the following: 


XS (—@) = X;(@) (13.62) 
and 
Xi(-o) = X(). (13.63) 
From these last two relationships, it follows that 
X(o) = 51X(w) +X"(-0)) (13.64) 
and 


1 
X(@) = xt @) — X*(-@)}. (13.65) 
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The following condition is imposed on_X (@): 
X(w)=0, for -7<w<0. 


The immediate implication of this requirement is that 


1 
7* ©@), for0<w<az 


X;(@) = 
X (0), forw = 0 
and 
ly ), for 0 
= r 
Xo) = |i ow), forO<w<z7 
0, for w = 0, 
and hence 
X(w) = -1X;(@), ford<a<2 
and 


X{(@) = 1X,(@), for —7 <a <0. 
The function H(w) is introduced via the following definition: 


i, for -7™7<w<0O 


; = —isgn w; 
-i, for0<w<z7 oan 


H(@) = | 


then it follows that 


H(@)X;(@), 0 < lol <7 
X(@) = 
0, o=0. 
It also follows that 
X (0), o=0 
Xo) =), 
H™'(@)X\(@), 0 < lol <7, 


or 
X;(@) = Hi@)Xi(), 0 < lol < 7, 
where H;(q), the inverse of H(w), is given by 


i, for 0O<w<az 
Hi(@) = =isgno. 
-i, for -7<w<0 


(13.66) 


(13.67) 


(13.68) 


(13.69) 


(13.70) 


(13.71) 


(13.72) 


(13.73) 


(13.74) 


(13.75) 


13.8 Hilbert transform of a discrete time signal 
Consider the following sequence: 
0, k=0 


AIK] = ¥ 2 sin? (rk/2) 


k £0; 
7 ee ah 


then 


H(w) = ye Alkle* = -i sgna. 


k=—0o 


Using this result, together with the following discrete Fourier transforms: 


[o,@) 
Xi(o) = Yo x[ke7'* 
k=—0O 
and 
cag . 
X@)= >) wikle i, 
k=-—0O 
Eq. (13.72) can be written as 
[o,@) : [o.@) [o,@) ; 
So ade SS abe ihe eer. 
k=—00 m=—00 k=—0o 


ion 


Multiplying the preceding formula by e 


xiln]= SY > h{n—m]x,[m]= S > Alm] x(n — m1). 


m>=—OOoO m=—-C 


In a similar manner, let 


X (0), k=0 
Ay[k] = a2 
I _ 2sin age k £0, 
wk 


then 


[oe 
Hy(o) = > Inlkyeiok = {XO OO 
: isgnw, 0< || <Zz. 
=—00 
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(13.76) 


(13.77) 


(13.78) 


(13.79) 


(13.80) 


and integrating over a period leads to 


(13.81) 


(13.82) 


(13.83) 


652 Discrete Hilbert transforms 


From Eq. (13.73) it follows that 


ay hy[n — m 3 hy{m] xi[n — m]. (13.84) 
m=—OO m=—Ooo 
This expression can be rewritten as follows: 
x,[n] as htm) xi[n — m]. (13.85) 


m=—-C 


(m#0) 


In signal processing, the pair Eq. (13.81) and Eq. (13.85) are referred to as Hilbert 
transform relations for the discrete-time signal. 


13.9 Z transform of a causal sequence 


The connection between the real and imaginary parts of the Z transform of a causal 
sequence is determined in this section. Let x[m] denote a causal sequence, so that 


x[n] = 0, forn <0. (13.86) 


Let X (z) be the Z transform of this sequence, and suppose this function is analytic 
outside the unit circle. From x[7], the even and odd sequences xe[”] and x,[n] can be 
constructed using 


xeln] = 5 (etn + xn} 13.87) 
and 
Xoln] = st — x[—n]}; (13.88) 
then the sequence x[n] can be expressed as follows: 
x[n] = 2xe[n]u[n] — x,[0]5[n], (13.89) 
or 
x[n] = 2xo[n]u[n] + x[0]6[7], (13.90) 
where u[n] is the unit step sequence defined by 


af) = Io torn Y (13.91) 


0, forn <0, 


and this is displayed in Figure 13.9. 
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0 


Figure 13.3. Unit step sequence. 


0 


Figure 13.4. Unit sample sequence. 


The unit sample sequence, also sometimes termed the unit impulse, 5[7], is given by 


1, forn=0 
6[n] = te forn20, (13.92) 
and this is illustrated in Figure 13.4. 
If the Z transform of Eq. (13.89) is taken, then 
[o,@) 
X(z)= x {2x.[n]u[n] — x[0]5[n]}z~”. (13.93) 


n=—-@} 


This is of the form of a Z transform of a product. The Z transform of u[m] is given by 


ee) 


Z{uln}} = Xu(z) = YP ulm” 


= (13.94) 


In what follows, attention is focused on the evaluation of Z transform on the unit 
circle, which can be implemented by writing z = e!®. On the unit circle, ¥(z) can be 
decomposed into its real and imaginary parts: 


X(e*) = X,(e!#) + ixie'*), (13.95) 
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and the following relationships hold: 


[o,@) 
X,(e!#) = So xeln)z 
n=— OOo z=eld 
and 
; [o,@) 
i") = >> xolale ” 
n=— OOo z=el? 
The preceding associations can be seen by writing 
lee) -l : oo : 
yee =xel0]+ >> xelnle"* + > xe[nJe”* 
n=—0o z=eld n=—0o n=1 


= x~[0] + os {xe[—n]el”? + xe[nJe—i”?} 
n=1 
= xel0] +2) > xeln] cos no 
n=1 


and 


lee) -1 


oS Xo[n]z—" = > xolnje"*? +S xo[nje"? 
n=1 


n=— OOo z=el? n=—O0OoO 


Y> {xolnle7”? + xol—n]e”*} 
n=1 


[o.@) 
= -2i > Xo[n] sin nd. 
n=1 


(13.96) 


(13.97) 


(13.98) 


(13.99) 


Using the result for the Z transform of a product of sequences given in Section 13.7, 


it follows, from Eq. (13.93) and using z = e’, that 


el? 


X (ei?) = = § 2X00 ( - wl dw — x[0]. 


(13.100) 


In deriving the product formula given in Eq. (13.59), it was assumed that the sin- 
gular points of X1(w) are enclosed by the contour and that the singular points of 
X>(zw~!) lie outside the contour. Let w = re'®, and take the limit r > 1; then, using 
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Eq. (13.94), it follows that 


ip 1 2a ‘ el? 
1 ae i : 
X(e?) = =P f X,(e a = ap ae 
ca —lq 
2) Gj" =o (13.101) 
TO Jon = 


Since there is a singularity on the unit disc for w = z, the circular contour is modified 
to include a semicircular indentation around the point w = z, so that the singularity 
is located outside the contour. The contour employed is shown in Figure 3.8. The 
second integral on the right-hand side of Eq. (13.101) arises from this modification 
of the circular contour. The Cauchy principal value appears because of the singular 
structure of the integrand. To simplify the second integral, set w — z = ee! and let 
&€ — 0; hence, 


= “XW =X) = xe). (13.102) 
20 =e 


The factor e!# (e'? — e”)—! can be expressed as follows: 


el? 1 i —6 
= t 13.1 
5 5 cot( ); (13.103) 


el? — elf 2 
and therefore Eq. (13.101) can be written as 
X (el?) = X-(e%) + xf. X,(e!)d0 — af" X,(e!®) cot( =" 5 * ao — x(0] 
-~6 
= x, (ei?) — ut “tel cor( =" Jao, (13.104) 
20 0 2 


Employing Eq. (13.95) leads to 


Xj(e'%) = -= | xx) cot( 4 5 *) ao (13.105) 


An expression for X,(e'%) can be found in an analogous manner starting from 
Eq. (13.90). Taking the Z transform of Eq. (13.90) yields 


X(2) = SY (2xolnluln] + x[0]8[n}}2-”. (13.106) 


n=—C} 
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It follows that 


201 


— Lf “weyae + tel” x (-!) cor( $= ) ao 


+ ene + x[0] 


: 1 20 ; ip 1 sd d 
X(e%) = aa | 2iX;(e!®) — — ido + 7 2i¥.w)——— + x10] 
el? — ei? 2m1 Jon Z—ww 


: 1 cen g-9 vi tb 
= 1X,[0] + ah Xj(e )or( ) dé + iXj(e®) + x[0]. (13.107) 
0 


Noting the fact that x) [0] = 0 and using Eq. (13.95) leads to 


X,(el®) = x[0] + i. As(e)eot( 25" 5 “ao. (13.108) 


Equations (13.105) and (13.108) are referred to as the discrete Hilbert transform 
relationships. It is clear from these formulas that knowledge of X; (e!*) can be used to 
determine Xj(e'%), from which the original signal x[n] can be constructed. However, 
knowledge of X;(e'*) must be supplemented by the value of x[0] in order to determine 
X,(e'®). 


13.10 Fourier transform of a causal sequence 


In this section a Fourier transform approach is employed to obtain the connections 
between the real and imaginary parts of a causal stable real sequence x[n]. A few 
preliminary results are now collected together. The Fourier transform of the sequence 
x[n] is given by 


Kerja. calle (13.109) 


k=—00 


and_X (e) is sometimes referred to as the discrete time Fourier transform. The inverse 
Fourier transform relationship is given by 


x[k]= — | X(e')el* do. (13.110) 
2m Jn 


If x[n] and y[n] are two discrete sequences, and the Fourier transforms are given by, 
X (el) and Y(e'), respectively, then the Fourier transform of the product x[n]y[7] 
takes the form 


F {x[np[n]}(@) = x / ‘ X (el) Yel ) dw. (13.111) 


13.10 Fourier transform of a causal sequence 657 


This result can be established as follows. Making use of Eq. (13.109), it 
follows that 


1 : ; 1 rz <& ; 2 : 
iw i(@—w) _ —iwk —i(@—w)m 
| xe )Y¥(e )dw = aie xtkle"™* S~ ylmle dw 
=—00 


= = ms 
= = 2 oe me i elm—kyw av 
ee = 
~ on hie 2, Heiden 2a ont 
= >> alkbiie 
k=-0o 
= F{xlklyik}(@). (13.112) 


The Fourier transform of the unit step sequence is given by 


Ue Se : +1 y 38(@ — 2k). (13.113) 


k=—00 


The first factor on the right-hand side of this result can be expressed as follows: 


Tas Eas! (5) (13.114) 
f=ee 3 OB kay 


To see that u[n] can be recovered from Eq. (13.113), the following approach can be 
applied: 


1 2 bay 
u[n] = ~/ U(e™)e'” da 
2n J_xz 


1 7. 5 WS: 
= "da — al eo cot(=)de 
4a Jen 4a 2 


—= IJ. 


i ye 
+ fe a 5(@ — 2rk)el" da 


1 
24 25a + ane 3(@ — 2nke" da, (13.115) 


658 Discrete Hilbert transforms 


where Eq. (6.102) has been employed, and the definition of the sgn function used has 
sgn 0 = 0. The final integral can be evaluated as follows: 


ib a oe 1 
7 [so -2iyelo do = 5 
=—0oO 


1 a ‘ 
Dat { +f S(w)elwt27)n dw 


3m 


oo u—20k : 
> / 5 (w)elwt2rk)n dw 
=—00 


k —n—20k 


+ / 5(w)el” dw 


=7t 


3a : 
+f d(w)elv—-27)" dw+--- 
T 


1 [7 
= >/ 5(w)e” dw 
2 Jan 
ae (13.116) 
—e 9? . 
and hence 
1 1, n>1 
u[n] = ={1+sgnn+ 6[n]} = 41, n=0 (13.117) 
2 
0, n<0, 
which is the required result. 
From Eggs. (13.89) and (13.111), it follows that 
; 1 1 ; ; 
X(el)=—P |] X,(e?)U(e@-™) dw — x[0], (13.118) 
a 


=i. 


where X,(e) is the Fourier transform of xe[n], U(e) designates the Fourier trans- 
form of u[n], and, in the sequel, iX;(e’) denotes the Fourier transform of xg[n]. The 
Fourier transform X (e') can be expressed in terms of its real and imaginary parts: 


X (el) = X,(el”) + iXi(e'”). (13.119) 


The reason for taking the Cauchy principal value in Eq. (13.118) reflects the singular 
nature of the kernel function U(e'!@-”)). Inserting Eq. (13.113) into Eq. (13.118), 
and making use of Eqs. (13.114), (13.110), and 


1 {7 F 
— X,(e™)dw = x[0], (13.120) 
2m Jn 
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yields 


iw i fh iw o—W 
X(e y= sop | X,(e"") cot 5 dw 


ca : oO 
+] X,(el”) :> d(@ — w — 2k) dw. (13.121) 


ah k=—00 


The preceding integral can be written as follows: 


1 : OO. oo (2k+1)x : 
X,(e") S06 —w—2nk)dw= > X, (2°79) 8 (w — w)dw 


—1 f= 05 ; aes (Qk—-1) 


= 
=, foe ot i X, (e425 (a — w)dw 
—31 


+] X,(e”)5(o — w)dw 


—T 


37 F 
+ / X,(EY-)) 8 (@ — w)dw+--- 
8 


= Xe”), (13.122) 
and hence Eq. (13.121) becomes 
. . j oa . — 
X(e) = X,(e) — —P if X,(e) cot( 2=™ )aw. (13.123) 
2x Jin 2 
Employing Eq. (13.119) yields 
X(e?) = ==? f X,(e'™) cot dw. (13.124) 
PE ae pee 2 


In a similar fashion, starting from Eq. (13.90), it follows that 


4 


f 1 , . 
X(e) = =e iXi(e”)U(el@—”) dO + x[0] 


T ' 1 sa : = 
aes y Xie) dw + —P / Xe”) cot( -—™ Jaw 
2m Jn DIE ee 2 


45 i X;(e”) ms d(@ — w — 2rk)dw + [0] 


TE. 


k=—00 


1 1 = 
=x01+—P | Xe") cot(* 5 aw +iX(el@). (13.125) 
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Inserting Eq. (13.119) yields 


: 1 As . w-—w 
X,(e') = x[0] + —P X,(e'”) cat( Jaw (13.126) 
250 © Jue 2 


In the engineering literature, Eqs. (13.124) and (13.126) are termed the “discrete 
Hilbert transform relations.” From Eq. (13.123), it is clear that X,(e!) completely 
determines X (e”). However, to determine X(e) from X;(e) requires the value 
of x[0]. The reader should note the obvious connection with the key results of the 
preceding section. 


13.11 The discrete Hilbert transform in analysis 


This section and the reminder of the chapter examines the discrete Hilbert transform 
as it is discussed in harmonic analysis and related branches of mathematics. The 
notation f = {f[n]} is employed to denote a discrete sequence. The discrete Hilbert 
transform is defined in the following way: 


1 lee) 
Hp fin] = — - an (13.127) 
pe 


While it is advantageous to keep superscript and subscript labels on symbols to the 
absolute minimum, a subscript p has been introduced to distinguish the discrete 
Hilbert transform from the Hilbert transform for continuous functions. Other writers 
omit this subscript. With the preceding definition, the analogy with the standard 
definition of the Hilbert transform on R should be apparent. The qualifier m A n 
on the summation symbol in a sense plays a role analogous to that of the P in the 
integral transform formula. The discrete Hilbert transform Hp is also written using 
the following alternative notation 


Apf\n] = 


ba Lm] (13.128) 


ape 


where the prime signifies the term m = n is omitted. In harmonic analysis the factor 
of x1 ~! is often not incorporated in the definition of the discrete Hilbert transform. 

Let X denote the infinite sequence {...,x~3,x—2,X—1,X0,X1,X2,%3,...}, where 
the members are real or complex numbers. For p > 0, the pth norm of X is denoted 
as ||X’||, and defined by 


lee) 1/p 
Xp = ( SS at (13.129) 


n=— CO 


The class of sequences for which each ||X’||, is finite is denoted by /?. 
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If { f[]} is an odd sequence, then, with f[0] = 0, 


2 mf[m| 

Ap f{n] = — ith a (13.130) 
IT n~ —m 

m=1 
that is, Hp f[n] is an even sequence. If { f[]} is an even sequence, then 

2n Sv _ flim 

vas — y : 13.131 

df In] a be 72 = m2 ( ) 


and hence Hp f [n] is an odd sequence for n 4 0. 

There are other variants of the discrete Hilbert transform, the most important of 
which are discussed in Section 13.13. One extension takes the following form (Hardy 
et al., 1952, p. 222): 


Lo fll 
el A= 13.132 
DOD =— Do aa (13.132) 
m>=—C 
where the prime qualifier is required only for integer A. 


A semi-discrete Hilbert transform (also termed the mixed Hilbert transform) can 
be defined by 


HG S- iV force R, (13.133) 
TT anos x—-m 
m#ém(x) 


where m(x) is an element of Z such that m(x) — 1/2 < x < m(x) + 1/2. It can be 
proved that the semi-discrete Hilbert transform is a bounded linear transform from 
lP(Z) into L?(R) for 1 < p < o. 


13.12 Hilbert’s inequality 


Hilbert’s inequality for discrete sequences is given by 


Hp fllo < Cllf lla» (13.134) 


where C is a positive constant. This result appeared first in Hilbert’s lectures, and 
was later published in 1908 by Hermann Wey] in his doctoral thesis. Riesz (1927) 
established the following more general result: 


Hp filly < Grllfllp, forp > 1. (13.135) 


This formula is the discrete analog of the Riesz inequality for the Hilbert transform 
on R. The optimal constant in Eq. (13.134) is C = 1 (this would be C = z if Hp 
were defined without the factor of 7~!), and for Eq. (13.135) the optimal constant 
Cy appears not to be known. 
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A derivation of Eq. (13.134) based on elementary methods is examined, using 
an approach due to Grafakos (1994). The first step is the evaluation of the sum 
be aae 1/[G — m)(Vj — n)], which can be treated by selecting aJ such that |m| < J 


(jm, n) 
and |n| < J; then, 


3 1 = tom [| 
4 (i-m(j-n) (mn) J>~ La pan 


j=-J 
(jm, n) 
ZS fi 1 
= lim — - 
(m — n) J>oo OM aa n-m 
(i#m) 
> 1 1 
= jJ-n m-—-n 
(j#n) 
2 1 J+n 1 J+m l 
= 3 + lim at A ra 
(m—n)’  (m—Nn) J>oo pa ante ee ee 
2 
= aaar (13.136) 
The second result required is as follows: 
oo ee) aq? 
ye Gani a 2 eR =2c¢(2) = ag (13.137) 


j=-o j=l 
where ¢(n) denotes the Riemann zeta function, which (the reader will recall from 
Section 2.16), is defined for integer argument by 


[o,e) 
1 
sa) =) =» forn=2,3,... (13.138) 
4 
j=l 


The factor ||Hpf I can be simplified as follows: 


2 
> 1 GI] Slam 
ar 
(m#j) 
1S SS Sim fin 
2 


(mj) (nd) 
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a aes “ fa a = cn Dae Ta) 


Py) 
jJ=-& N=—oOO j=-& m=—oO 
(n#j) (m4j) “aD 
(n#m) 
= 2 ae 
qe Da TOY Dae or dy Jim 
n>=—OO J=-H m=—0OoO 
(Gn) 
[o,@) [o,@) 1 
x Yo fi >> ——— 
Pay ja GSM * 


(n#m) (jAm, n) 


=; y fi + x sl my (fel (13.139) 


n=—-CW m=—-C n=—C} 


(nfm) 
From the elementary inequality (a — b)* > 0, it follows that 
2f |m\ fin] < flim? + fal, (13.140) 


and hence Eq. (13.139) can be recast as follows: 


= (flim 
Jw[s3 tte 
(ném) 
1 [o@) 1 lee) lee) 
: 3 pe i nx? ae p 2) am a 2 sor 
7 7 (nm) 7 
. Ps (m 2 aoa 
(m#n) 
= 5 snr ns 5b Sim (13.141) 
Therefore, 
2 [o.e) 
[Hor aS fin, (13.142) 
2 n=—OCOoO 


and Eq. (13.134) is established and a value for the constant C is determined. 
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To determine the best constant in Eq. (13.134), the approach of Grafakos (1994) is 
employed. Start with the following ratio: 


N N 
2 f{m] 
Se Sel Derm 
i m=—N 
es ie) (13.143) 
do fla? 
n=— 
and employ the sequence 
1, for |n| < N 
= 13.144 
Sn] ei for |n| > N. Me ) 
Equation (13.143) can be rewritten as follows: 
N N N 
4 2 1 1 
= ot —— | - 13.145 
ON m2(2N + 1) Di n2 np Ds (m —n)? ~~ ( +n) ( ) 
n=1 m=1 m=1 
(mn) 
Making use of the following results: 
N N 1 Ny N Nta 4 Noa 4 
Vege LstL Y S-UEs cus 
2 2 2 2 
n=\1 m=1 (m +n) n=1 i n=1 m=N+1 mn n=1 m=1 me 
and 
NN 1 RG wee Non-l 
yy tere ySee yk, csun 
n=1 m=1 =I n=2 m=1 n=2 m=1 
(m#n) 
yields 
N N ( Nta N 
4 1 4 1 1 
= — sr. (13.148 
wea latamph| ye ep oe 
n=1 n=1 \m=N+1 m=N+1—n 


The preceding double sum can be written as follows: 


1 N | N-+n 1 N l | 
Geta eae =e 
QN I) n=1 (m=N+1 m m=N-+1—n = 


1 1 1 1 1 
en ae weft Deeay: wa} 


1 1 
ve we aaa + | 
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1 3 5 
- lant (WV+22N—-1)) W+3)(N—2) 
ON =3) on) 


ON 122 ON»? (13.149) 


On taking the limit N — oo, the preceding sum vanishes and Eq. (13.148) yields 
li ae (13.150) 
ee aN = 3 7 . 


From Eq. (13.141) the optimal constant is determined as C = 1 in Eq. (13.134). A 
clarifying comment on this approach should be useful to some readers. Assume there 
is a constant C) satisfying C) < C, so that Eq. (13.134) is satisfied for all sequences 
with the “improved” constant. Selecting the series given in Eq. (13.144) leads to 
C, = 1, which contradicts the starting assumption that C} < C. Hence, the constant 
determined in the preceding development is optimal. 

The result in Eq. (13.134) can be refined by using an extension of the inequality 
2ab < a* + b’, for example (Alzer, 1997) 


2ab <a° +b? —38(b—a)*, ford <1; (13.151) 


hence, 
2 


Po fk Fim 5 OS (flim —Ssinl\y’ 
av|>Ml+sar vr Fe) 


j=-o m=—OOo J n=—O m=—OCO 
(mj) (m#n) 
Co 
= SS fia. (13.152) 
n=—OCO 


Let a1, a2, ... be arbitrary complex numbers. An expression related to Eq. (13.134) 
of the following form can be obtained: 


CO 


ye alm|Hpa[m|] 


m=—CO 


= dnl, (13.153) 


n=—-@W 


where the bar denotes the complex conjugate. This result is also referred to as Hilbert’s 
inequality. To prove this result, the approach of Ivic (1985, p. 130) is followed. Let 
S denote the double series given by 


Se a (13.154) 
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It follows immediately that S = —S, and hence that $/i is real. Let J denote the 
following integral: 


2 
1=f Jerr | dy: (13.155) 
which obviously satisfies J > 0. Then it follows that 
r=f ax Seal yee" yal nje 27" dy 
m=—-CO n=—OOo 
asd 1 x ; 
= 3 laln fa fe dy + yal m| >> aim [ ax [ eee edy 
n=—0o m=—oo n=—0o 0 0 
(ném) 


ee) 


a 1 = a{m]a{(n] : 2ni(m—n)x 
-5 > lan a +o 2 el te — Idx 


se > falyl|>7=——s (13.156) 


and, since J > 0, 


3 Sy alent as laln (13.157) 


m=—-W n=—OOoO n=—-C} 


(n#m) 


and Eq. (13.153) follows on employing the definition of Hpa[m] given in 
Eq. (13.127). 


13.13 Alternative approach to the discrete Hilbert transform 


An alternative definition that has been employed for the discrete Hilbert transform 
is considered in this section. The discrete Hilbert transform of the sequence f [mn] is 
defined by 


pf [n] = 


o 3 vA el a (13.158) 


n—m 
m=—-CO 
m#én 
Different notation is employed to distinguish the two forms of the discrete Hilbert 
transform. The reader needs to be aware that both Eqs. (13.158) and (13.127) are 
employed by different authors to denote the discrete Hilbert transform. While the two 
definitions in Eq. (13.158) and Eq. (13.127) are similar, the one given in Eq. (13.158) 
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leads to a number of results that have a very similar structure to the Hilbert trans- 
form on R. For this reason, a good case can be made to adopt Eq. (13.158) as the 
definition of the discrete Hilbert transform, and to regard Eq. (13.127) as defining 
a related discrete Hilbert-type operation. In particular, note that the analog of the 
Hilbert transform pair on R 


1 OOS Ft 
g(x) = —P A s dt, (13.159) 
—C —_ 
and 
1 (oe) 
f= -—P | £0 dt, (13.160) 
soo 
is not the pair 
1S fim 
gin] = — Dy ae (13.161) 
gre 
and 
1 SS giml 
Be ee, —- (13.162) 
mén 


for the discrete case. For example, if f[m] = sinam, with the constant @ satisfying 
0 <a < 2m, and employing the result 


Co 5 

yo = eas for0 <a < 27, (13.163) 
n 2 

n=1 

it follows that 
1 Q&S sinam i—a 
giml=— >> = cosan, (13.164) 
Xu n-m a 
m>=—OOoO 
m#én 


while Eq. (13.162) yields 


(oe) 2: 
r-a cosam (7 — a) 
i ae ys 7 2 
a n—m a 
m=—CO 


m#én 


sin an. (13.165) 


This example shows that the skew-reciprocal behavior that characterizes the Hilbert 
transform on R is not satisfied by Eqs. (13.161) and (13.162). 
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The motivation for the definition given in Eq. (13.158) is first examined, and then 
some of the properties satisfied by #pf are derived. The standard Fourier transform 
pair for continuous functions is given by 


F(@) = / fhe dt (13.166) 
and 


f= os i 7 Foye da, (13.167) 
20: J 96 


which becomes, for the discrete case, 


lee) 
Fo) =At \> f(ndde er (13.168) 
n=—OCO 
and 
m/At y 
f(ndt) = — / Fo)? da. (13.169) 
20 J—n/at 


If the sample interval A¢ is fixed as unity, and the function f[t] is sampled at 
integer values of ¢, then 


F(@) = 3 file (13.170) 
t=—0o 
and 
f{l= ahs i: F(a)e do. (13.171) 
2 J 


The term #pf [t] can be evaluated from Eq. (13.171) in the following manner: 


1 a ds 1 be ios 
=P | — F(@je™ dw 


HT Jio t-—s2n J_z 


1 cra 1 co ,iws d 
27 i F(w)do —P if me 
QI. af XH Jo t-s 


8 


ft] 


oe sen w l'F(w)dw 
2m Jn 
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ee rue f sen wel’ day 
== Ds 0s FU (13.172) 
(At). 
and hence 
i. 1—(-1)-* 
Af lt] = = yk a (13.173) 
k=—0o 
or 
1 k 
Af [t] = £5 es qe (13.174) 
Tp pane 


The primes on the preceding two summations signify that the term with k = ¢ is 
omitted for Eq. (13.173) and that the term with & = 0 is omitted for Eq. (13.174). 
The inversion of Eq. (13.174) is given by 


1 


ere = (HD 
sll =e) =-— Fee (13.175) 
k=— 


t—k 


where 
= #pf [t]. (13.176) 


A restriction is made to cases where the functions f and g are square summable. 
Making use of the steps in Eq. (13.172) leads to 


oo — ¢_1)t-k : © (] — (—1)-* a ‘ 
> atk (ods it ER pee ee ey OY 


one t—k Qn cS t—k ae 
4 1 (oe) 
F ,;l— k ‘ 
= =f sgn o F(w)ei®! do)’ eit. (13.177) 


k=—0O 
The summation in the preceding result is evaluated as follows: 


3) 1 = COS AT ink = svi — coskz) sinkw 
k 7 k 


k=—00 k=—00 


CO . 
. sin(2k + 1)w 
=-—4 
Do aera 
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= —Ii7 sgn (sinw) 


=-itsgnw, for -t™<o<Z, (13.178) 
and hence 
[o,@) 
neh) de fe 2 B¢, cit 
2 stkI — = 5 J (sen 0) F(e)e'* de 
= —nf[t], (13.179) 


which establishes Eq. (13.175). Equations (13.173) and (13.175) display the same 
skew-reciprocal behavior that characterizes the Hilbert transform pair on R. 
Consider the example 


St] = cos(wt + $), (13.180) 


where w and ¢ are time-independent constants then, from Eq. (13.174), it follows for 
—m <q@ <7 that 


(dl —(-)*) 


eee 
Aoflt] = — Y~ cos(w(t — k) +) ; 


k=—00 


1, ile ~. (1 — (—1)*) sinkw 
=o sin(wt + @) C2 k 
sin(2k + 1)w 


4 oo 
oe zope kal 


= sin(wt + ¢) sgn(sin w) 
= sgn (w) sin(wt + @). (13.181) 


If f[t] = sin(wt + ¢), for —az < w < 7, then, in a similar manner, 


1a LCi 
pf (t] = = S sin(w(t — k) +) 
k=—00 
1 (1 — (—1)*) sinka 
nae cos(wt + d) 23, i 
= —sgn (w) cos(w@t + ¢). (13.182) 


Both of these examples produce results identical to the corresponding Hilbert 
transforms on R. 
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When f is sampled at even integer values, then from Eqs. (13.173) and (13.175) it 
follows that 


Pe a 2 
Af lel = — a a for ¢ even, (13.183) 
k=—0o 
(k odd) 
and 
2 x Moflk 
fla=-= 3 ene for f even. (13.184) 
k=-0o 
(k odd) 


When / is sampled at odd integer values, it follows that 


2 Slik 
Apf ll = — > — for r odd, (13.185) 
k=—0o 
(k even) 
and 
2 lee) 
= s 2 , for todd. (13.186) 
IT 
knee 


If {f[m]} is an odd sequence, then, with f[0] = 0, 


2 a(t 
Aofinl = —)) fd CY) ) (13.187) 


n2 — k2 
k=1 


that is, pf [n] is an even sequence. If { f[]} is an even sequence, then 


pf [n] = ie mm = —_ ey (13.188) 


and hence #pf[n] is odd for n 4 0. The designations #p, and #p, are used to denote 
the operators appearing in Eqs. (13.187) and (13.188), respectively. The subscripts 
imply the action of the operators on odd and even sequences, respectively. 

The discrete Hilbert transform satisfies a Parseval-type identity that takes the form 


>> ofc? = >> IIAP, (13.189) 


k=—0o k=—o0o 
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assuming both of these sums converge. This is the isometric property for the discrete 
Hilbert transform. To establish Eq. (13.189), first note that 


a er On) ee 
2 Ea 7 ye Oren: * (13.190) 


and 


3 d= (- DFA = 1”) sao 
Fc (k —j)(k — m) (j —m) 
(j#m) 
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n=—-C} 


ee (-1y)a — (yt) wacom con] 
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=0. (13.191) 


Using Eq. (13.175) leads to 
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jH-@& 


which is the desired result. 
A key property for the Hilbert transform on R is the inversion formula H*f = —f 


(see Section 4.4), and the corresponding result for the discrete Hilbert transform is 
given by 


A, f lk] = SIA. (13.193) 
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This result can be established as follows: 


LHe Day 1—(-1)-™ 
ATH “ake (- » » pum! oo ) 
j=-o m=— OOo 
id (l= (-1)*) 
= - 
a pa k-j 
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°° av d= (pF A)a - (-pi-”) 
Pa. ue De (k—j)G—m) 
(m#¢k,j) 
= —f[k, (13.194) 


where the final equation follows using Eqs. (13.190) and (13.191), and the function 
f is assumed to be square summable. This establishes the desired result. 

The discrete Hilbert transform can be written in terms of the Fourier transform 
operation: 


Hof [t] = -iF {sgn w Ff (w)}I[4], (13.195) 


where the forms discussed in Eqs. (13.170) and (13.171) are assumed for the discrete 
Fourier transforms, and the function f is understood to be square summable. From 
Eq. (13.158), 


ee) 


1 ' 1—(-1)* 
wee eo 


Lt 


T=—-CO 


ee) 


1 uv, : 
= er ye rie f {site _ etl—DO 1d 
T=—00 


CO 
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pet SE He 1(t—T)@ daw — i(t—tT)w d 
oni —s e a) [< o} 
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< lee) 
axes sgn we” da + $tle 
— Fe. 


= -= sgn w el! $f (w)dw 
20 J_x 
= ~iF {sgn w Ff (o) HIE], (13.196) 


where Eggs. (13.170) and (13.171) have been employed in the final two steps. 
If {f[n]} and {g[n]} are two sequences, there is a Parseval-type identity of the 
following form: 


>= slaoflnl =— D2 flnostel. (13.197) 


This result can be established as follows: 


[o,e) [o,e) 


et a ai 
DL sinitofil= D7 ata > pm coo 
(Gly) 
— fm > Lam 8 hoe 
yee > fimpgim], (13.198) 


which is the required result. The summations can be interchanged if { f[]} and {g[7]} 
are square summable. More generally, the result can be established iff € /? andg € /4 
with p > 1 and p~! + q7! = 1. Equation (13.189) is an immediate consequence of 
Eq. (13.197) if g[n] = #pf [7] is inserted and Eq. (13.193) employed. 

The analog of Bedrosian’s theorem (see Section 4.15) is now applied to the discrete 
Hilbert transform. Consider a signal a[t] whose Fourier transform A(q@) is band- 
limited such that 


A(w)=0, for0 <b <|o| <Zz. (13.199) 
Given a signal of the form 
Sf [t] = alt] cos wot, (13.200) 
then the discrete Hilbert transform for 0 < b < wo < z is given by 


pf [t] = alt] sin wot. (13.201) 


13.14 Discrete analytic functions 


To establish this result, first note from Eq. (13.170) that 


oo ; l 
Feary, fie = 5{A(@ — 09) +A + @0)}. 


t=—0o 
The function F(a) satisfies 


(1/2) A(w — 9), wo—-b<a<aotb 
F(@) = 4 (1/2) Aw+a0), -—wa —b<w<-a+b 
0, otherwise. 


From Eq. (13.172), 


a 
fit] =-— = sen we F (w)dw 
—1 
if? : 
eee sen we'"{A(w — wo) + A(w + wo) }da, 
4a Jen 


which simplifies, for wp + b < 7, to 


i wo+b , 
pf {t] = -—— sgn we’ A(w — wo)dw 
An wo—b 
i —aot+b ; 
-_— sen we A(w + wo)da 
An —awo—b 
jelot 


b je iot b 
=-— / el 4(w)dw + i ec! 4(w)dw 
4a —b 4a —b 


i. f% 2 
= sin wot— / e'”" A(w)dw 
20 —b 
= a[t] sin aot. 
In a similar manner, for the choice 
SF [t) = alt] sin wot, 
the discrete Hilbert transform, for 0 < b < wo < 7, is given by 


pf [t] = —al[t] cos wot. 
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(13.202) 


(13.203) 


(13.204) 


(13.205) 


(13.206) 


(13.207) 


Some of the basic ideas connected with discrete analytic functions are introduced 
in this section. The presentation is based on Duffin (1956). The focus is on the 
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essentials that allow the analog of the Hilbert transform pair for discrete functions to 
be developed. 

Complex-valued functions, defined on points of the complex plane that are integers, 
are the focus of this section. These points form a lattice that allows the complex plane 
to be represented by a collection of squares. If in one of these squares a function f 
satisfies 


ese eG) Lee UT el) (13.208) 
1+1 i-1l 

then the function is called discrete analytic. Equation (13.208) is a statement that the 

difference quotient across one diagonal is equal to the difference quotient across the 

other diagonal. Other definitions ofa discrete analytic function can be given and these 

are briefly mentioned by Duffin (1956). 

The complex plane is partitioned into squares, as shown in Figure 13.5. The com- 
plex variable z is given by z = m+ in, where m,n € Z. Associated with a lattice 
point zo are the points zp + 1, Z9 + 1 +1, and zo +1, which are the lattice points of the 
vertices of the unit square. Regions are the union of unit squares. Using the compact 
notation 


Sk =f Zk), (13.209) 

a function is defined to be analytic on the square associated with zo if 
fPtifitrvAtrpA =o, (13.210) 
where the indices 0, 1, 2, and 3 signify the points z, in the order just indicated. This 
result is equivalent to the definition in Eq. (13.208), and can be written in the more 


compact form 


Lf (zo) = 0, (13.211) 


v 
Zoti Zotlti 


Zo Zotl 


Figure 13.5. Lattice for the complex plane. 
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where the action of the operator L is given by 


Lf (zo) =fotifit?At+PA. (13.212) 


If f, is written in terms of its real and imaginary components: 


Si = Ug t+ ivy, (13.213) 
then Eq. (13.210) reduces to 
U2 — Uy = V3 —V| (13.214) 
and 
u3 — Ul = VO — V2. (13.215) 


This pair of results might be regarded as the analogs of the Cauchy—Riemann 
equations. 
Let q(z) denote a lattice function that satisfies 


1 = 
tat)=|9. 250 


Suppose f(z) is analytic in each unit square of the upper half complex plane and that, 
for a given zo and Im z > 0, 


(13.216) 


f(2)q(z — 20) = o(\z|7!). (13.217) 


Duffin showed, for Im z > 0, that 


fo) = Y> f(m) (eo —m), (13.218) 
where 
6(z) = q(—z) + igd — 2). (13.219) 
For Imz < 0, 
Y> f(m)O(@o — m) = 0. (13.220) 


Noting that 0(z) = 0(m,n), with z = m + in, Duffin then obtained the following 
result: 


1 24. 
@(m,n) = — / etl? 2) tan edi, (13.221) 
UT J—n/4 
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The reader interested in the details of the derivation should consult Duffin (1956). 
The discrete Hilbert transform can be derived from the preceding results. Using 
Eqs. (13.218) and (13.220), it follows that 


{@= SS f(m){O(z — m) — 0(z* — m)}. (13.222) 
On setting 
26(z) = h(z) + 1k(2), (13.223) 


where (m,n) = 2Re 6(m,n) and k(m,n) = 21m 6(m,n), and employing Im z > 0, 
O(z —m) — O0(z* —m) = h(z— Mm). (13.224) 
Using Eq. (13.218) leads to 
Cc 
f@ =i Y> fk -m). (13.225) 
m>=—OCO 


If z is restricted to be real, so that n = 0, and the real value is taken to be /, then from 
Eq. (13.221) it follows that 


k(j,0) = =f sin [7 [> is 2} Jar 


1 ; 
= —[l—(-1)/]. (13.226) 
nj 


Equation (13.225) can be written as follows: 


i Sf - (Dr 
fD=— 2 =e (13.227) 
Let 
f@ =u) + ive), (13.228) 


where uw and v are real functions. Inserting Eq. (13.228) into Eq. (13.227), and taking 
the real and imaginary parts, leads to 


~ L Srum[l = (= 177] 
(f= — ps =e (13.229) 
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and 


1 33 1—(-1)i-™ 
wp=—t pee a 


: (13.230) 
j-m 

m=—-CO 
The reader will recognize this pair of results as the discrete Hilbert transforms 
discussed in Section 13.13. 


13.15 Weighted discrete Hilbert transform inequalities 


The weighted norm inequalities for the Hilbert transform on R discussed in 
Section 7.13 have analogs for the case of the discrete Hilbert transform. The 
following theorem is due to Hunt et al. (1973). Let T denote the operator defined by 


1 
Tf{n] =sup/— )°> fim) | (13.231) 
k>0)7 |n—m|>k oe 
This can be viewed as the discrete analog of the maximal Hilbert transform operator 
defined in Section 7.10. Suppose 1 < p < oo, and let the weight function w;, > 0. 


Then there is a constant Cy, independent of f, such that the following are equivalent. 
(a) Form <n, 


n n p-l 
Yo we | (vg) P-D | < Cyn —m+1)?. (13.232) 


k=m k=m 


(b) For every sequence [x], 


Y> lAbflklPwe < Cp D> PTR we, (13.233) 
k=—00 k=—00 
(c) and 
>> IDR we < Cy YO LF TKIP we. (13.234) 
k=—0 k=—0o 


(d) For a > 0, and every sequence f [x], 


CO 


[ee 
—P P 
Se pres MHS OT? DLP mn, (13.235) 


=—0o k=—00 
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(e) and 


lee) lee) 
aie | Wk < Cpa? > IFLA we. (13.236) 


k=—00 k=—0o 


In Eqs. (13.235) and (13.236) the sum only includes terms for which the inequal- 
ity stated in the subscript holds. For the case p = 1, the statements (a), (d), 
and (e) are equivalent. Equation (13.232) represents the discrete analog of the 
A, condition discussed in Section 7.12. Equations (13.235) and (13.236) are the 
discrete analogs of the weak-type inequalities given for the classical Hilbert trans- 
form operator in Eqs. (7.435) and (7.436), respectively. The last four results are, 
together, the discrete version of the Hunt-Muckenhoupt-Wheeden results given 
for the continuous case (see Eqs. (7.433)—(7.436)). Part of the proof of this the- 
orem can be carried over from the results of the continuous case discussed in 
Section 7.13. The interested reader might like to construct the proof of the equiv- 
alence statements, or consult the sketch of the proof of these results in Hunt ef al. 
(1973). 

Let the operators appearing in Eqs. (13.130) and (13.131) be denoted by Hp, and 
Hp,, tespectively. The additional subscripts denote odd and even. A result similar 
to the Hunt-Muckenhoupt-Wheeden theorem can be proved with Hp interchanged 
for each of these operators in turn (Andersen, 1977b). The A, condition is slightly 
modified. The operator Hp in Eqs. (13.233) and (13.235) can be replaced by the 
operator #p. A similar situation also applies for the operators #p, and #p, defined 
in Eqs. (13.187) and (13.188). 


Notes 


§13.2 The discrete Fourier transform is discussed in a large number of sources. The 
following references should prove useful to the reader for additional information: 
Williams (1980), Cizek (1986), Hahn (1996a), Walker (1996), Oppenheim ef al. 
(1999), and Howell (2001). 

§13.4 For concise comments on the evaluation of the discrete Fourier transform, 
see Press et al. (1992). 

§13.6 For further reading on the Z transform, see Poularikas (1996b) and Oppen- 
heim et al. (1999, chap. 3). 

§13.8 The authoritative source for information and further study on the topics in 
this section is Oppenheim ef al. (1999, chap. 11), and the presentation given has 
relied on this work. (The first edition of that book, titled Digital Signal Process- 
ing, also contains an account on the discrete Hilbert transform.) Further reading 
on the discrete Hilbert transform, with an emphasis on signal processing, can be 
found in CizZek (2), Gold, Oppenheim, and Radar (1970), Kak (1970, 1972, 1973, 
1977), Bonzanigo (1972), Read and Treitel (1973), Burris (1975), Sabri and Steenaart 
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(1975, 1976, 1977), Blyumin and Trakhtman (1977), Dutta Roy and Agrawal (1978), 
Bose and Prabhu (1979), Pei and Jaw (1989), Reddy, Sathyanarayana, and Swamy 
(1991a, 1991b), Witte et al. (1991), Zanotti, Fogale, and Capitani (1996), Padala and 
Prabhu (1997), Stanomir, Negrescu, and Parvu (1997), and Damera-Venkata, Evans, 
and McCaslin (2000). For applications in magnetic resonance, see Ernst (1969) and 
Bartholdi and Ernst (1973). 

§13.9 For further reading, see Gold et al. (1970) and Oppenheim et al. (1999). 
§13.10 Oppenheim et al. (1999) is the next stop for additional discussion on the 
issues associated with this section. 

§13.11 For further reading, see Laeng (2007). Some extensions of the standard dis- 
crete Hilbert transform can be found in Koizumi (1958b, 1959a) and Komori (2001). 
For the discrete Hilbert transform of imaginary exponentials, and the connection 
to several topics including a time-dependent Schrédinger equation, see Oskolkov 
(1998). For further reading on the semi-discrete Hilbert transform, see Marsden, 
Richards, and Riemenschneider (1975) and Bardaro et al. (2006). 

§13.12 For a version of the Hilbert inequality for discrete sequences differ- 
ent to that given in Eq. (13.134), see Hardy et al. (1952), and an elementary 
proof can be found in Oleszkiewicz (1993). A refinement of Hilbert’s inequal- 
ity can be found in Montgomery and Vaughan (1974). For the version of 
Hilbert’s inequality given in Exercise 13.10, there are a number of extensions, 
see Gao (1996, 1997), Jichang and Debnath (2000), and Yang (2000). A gen- 
eralization of the Riesz theorem for the discrete Hilbert transform to higher 
dimension spaces is discussed in Calder6én and Zygmund (1954) and Zygmund 
(1957). 

§13.13 Auseful account of the discrete Hilbert transform as defined in this section 
can be found in Saito (1974). Further discussion can be found in Varsavsky (1949) 
and Andersen (1976b). 

§13.14 In addition to the items mentioned in this section, Duffin (1956) also devel- 
ops the analogs of the Cauchy integral formula for discrete analytic functions. For an 
earlier discussion of some of the ideas of this section, see Ferrand (1944). 

§13.15 For further reading, see Andersen (1977b), Lyubarskii and Seip (1997), 
Gabisonija and Meskhi (1998), and Rakotondratsimba (1999). 


Exercises 

13.1 Determine DFT {1, 1, 0, 0, 1, 1}. 

13.2 Evaluate the IDFT of the answer in Exercise 13.1. 

13.3. The IDFT of a sequence is given by {10, —2 — 21, —2, —2 + 21}. What was the 
starting sequence? 

13.4 Ifx[n] is a complex periodic sequence with period NV, and _X,, denotes its DFT, 
prove the following: (i) if x[”] 1s even, then X;,, is even, and if x[n] is odd, then 
X, is odd; (ii) if x[n] is real, then X_, = X;*. 


13.7 


13.10 


13.11 


13.12 


13.13 


13.14 


13.15 


13.16 


Discrete Hilbert transforms 


If x[m] is a real and even periodic sequence with period N, what can be said 
about X,,? If x[n] is real and odd, what can be said about _X,,? 

The Dirac comb is defined by Ar = )°~-_,, S(t — kt), where the period 
t > 0. Does there exist a Z transform for the Dirac comb? If there does, 
find it. 

Suppose a > 0 and b > 0 and 


Evaluate the Z transform of the sequence x[]. 

Determine the Z transform of the sequence x[n] = e~” for n > 0, where ¢ is a 
positive sampling time. 

Determine the convolution x;(7) * x2(n), where x; and x2 represent data 
sequences of equally spaced time measurements starting at time zero: x; = 
{1,2,0,2,0} and x2 = {0, 0, 2, 2, 2, 0, O}. 

If {a} and {b,} are square summable sequences of real numbers, prove that 


ee cxy| oa] v[ Soa. 
m=1 n=1 m=1 n=1 


This is called Hilbert’s inequality (and is distinct from Eq. (13.134)). 
For areal number p > | and a positive m, show that 


lee) p! 
m a4 
aa ese(=). 
nP (m+n) Pp 


Suppose )->~_| a}, and DR iat bi are convergent for sequences {a} and {bn} 
of non-negative numbers, where p > 1,g > 1, and p~! + q7! = 1. Prove that 


—1 


SN ambn = ooh AF ay 
Eran) (Ee) (Er) 
Determine whether the constants appearing in Exercises 13.10 and 13.12 are 
the best possible. 

If x[m] denotes a causal sequence for which X,(e?) = 2cos?6, determine 
X;(e!). Is there sufficient information to determine the sequence x[n]? If there 
is, find the sequence. 

Determine the discrete Hilbert transform of the following sequences whose real 
part is given by (i) x,[n] = sin(won + 9), (11) x,[”] = cos(won + ), where wo 
and @ are constants. 

Prove that Hp is a bounded linear operator mapping /?(Z) into /P(Z) for 
1<p<am. 
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13.17 Evaluate #pf[n], where (i) f[n] = cas(won + @) and (ii) f[n] = n7! sin won. 

13.18 Prove Eq. (13.163). 

13.19 What form does the Hunt-Muckenhoupt—Wheeden theorem of Section 13.14 
take for the operators #p and 7, where 


7f\(n] = sup | flm]d — (-1)"-"”) ; 


as yon 
k>0 Parke: 
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Numerical evaluation of 
Hilbert transforms 


14.1 Introduction 


Principal value integrals arise in a wide variety of applications, and in many cases 
it is not possible to evaluate such integrals in a simple closed analytic form. Con- 
sequently, there has been a significant investment of research effort devoted to the 
numerical evaluation of principal value integrals. The expression “numerical quadra- 
ture”, or frequently just the term “quadrature”, is used synonymously with numerical 
integration. 

Some of the numerical integration approaches that have been developed for prin- 
cipal value integrals are outlined in this chapter. These range from rather simple 
schemes, which are sometimes quite effective, to approaches that yield fairly pre- 
cise results and can be implemented in a high-speed calculation. Methods that are 
discussed include Maclaurin’s formula, the trapezoidal rule, Simpson’s formula, 
specialized Gaussian quadrature methods, and techniques involving Fourier trans- 
forms, including the fast Fourier transform, Fourier allied integral approaches, and 
methods based on conjugate Fourier series. Since a number of principal value 
integral problems arise in the context of transforming experimental data, some 
attention is devoted to the discretized nature of the data and how this can be 
handled. 

Even if an analytic solution can be found for a particular principal value inte- 
gral, numerical methods can be employed as a very useful check on the closed form 
result. 


14.2 Some elementary transformations for Cauchy 
principal value integrals 


Two straightforward, but potentially very useful, transformations that may be 
employed to simplify the evaluation of the Hilbert transform are discussed in this 
section. The first approach is to subtract a contribution evaluated at the singularity. 
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This approach yields the following: 


Hf (x) = “Pf Le) 
H Jig X-y 
"a ~f- (f(y) ~f@idy | fC), we ody (14.1) 
H Joo x-y 0 oxy 
Recall that 
ae OE 2G (14.2) 
-~oxX-y 
so that Eq. (14.1) simplifies to 
Eel] OS Ow ues 
H J—oo x-y 


If the function f(x) is Hélder continuous in the vicinity of the singularity, then the 
numerical evaluation of this preceding integral will in general be a simpler proposition 
than dealing with the standard Cauchy principal value form of the Hilbert transform. 
The idea just described is often referred to as a subtracted dispersion relation in the 
physics literature, and this terminology is used synonymously with subtracted Hilbert 
transform. 

Exactly the same idea can be applied to the finite Hilbert transform. For x € (a, b), 


La Fd 
nf) = oP f FO 
b _ = 
= 1 {f(y) LOY e-l¢(x) log - a ' (14.4) 
HT Ja x—y b-x 


where once again it is assumed that near the singular point x the function is Hélder 
continuous. From a numerical standpoint, one has to be on the lookout for possible 
numerical instabilities. For example, in the second integral in Eq. (14.4), evaluation 
at a grid point located near y = x has the potential to magnify errors in the difference 
f(y) —f (x), due to the size of the factor (y — x)7!. 

To see how the subtraction idea applies, two examples are considered that are suf- 
ficiently simple that the resulting subtracted integrals can be performed analytically. 
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Consider the case f(x) = sin ax, with a denoting a constant; then, 


Pf sinaydy 1 i [sinay — sinax]dy 


WT Jig xX-y TJ as x-y 
— 1 £% [sine(w +x) — sinax|dw 
Sel : 
cosax [°° sinawdw_ sinax [{* [1 —cosaw]dw 
~ A iD WwW ue Is WwW 
cosax [°° sinawdw 
a ae 
= —sgna cos ax. (14.5) 


The integrand w~! sinaw is well behaved in the vicinity of w > 0. As a second 
example, consider f(x) = (1 + x*)~!; then, 


Lo fy dy Tf a 1 1 
a 2) = dy 
ae eee x-y mT Jooo X-yl1+32 14+? 
1 ee! | Saye 
= dy 
m(1+x2) Jo x—y L147 


mali ip 


= 14.6 
T+x2 + x2" ( ) 


In this example, the resulting integrand is now significantly simpler than the starting 
Cauchy principal value integral. If the preceding example were replaced by f(x) = 
(1 +.x7)~!g(x), then 


—P Sindy _ Ss a(y)dy | 1 [ yg(y)dy 
m Jo xy ss Lay CEs) Jeo. La? 


© {g(y) — g(@)}dy 
as! (14.7) 


yx 


If g(x) is an even or odd function, then one of the first two integrals on the right-hand 
side of Eq. (14.7) is zero, and, as before, it is to be expected that the third integral 
would be more stable towards numerical evaluation. It is necessary of course to be 
alert to the possibility of significant loss in accuracy in numerical calculations, when 
the difference is taken of quantities that are very close in magnitude. For example, 
this might be the case if the result for the third integral in Eq. (14.7) is determined 
principally by the values of the function g(y) in the region near the point y = x. A 
function that is sharply peaked near y = x, and falls off very quickly away from this 
point, is an example where numerical round-off errors would likely arise. 
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The second simplification involves splitting the function of interest into its even 
and odd components. It follows in this case that 


apf {fe(y) + fo(y) }dy 
Le x—y 
ew {f “eo —fely + }dy 
= —- hm 
Ww e>0+ y 


pe —x)+fo(y +x)}dy 
: y ° 


Hf (x) = 


(14.8) 


where f, and fj are the even and odd parts of f, respectively. Consider for the moment 
the case x = 0; then, 


ee 2 tim Togs 


(14.9) 


In the resulting integral, it will often be easier to deal with the behavior as y > 0+, 
and in some cases there is no singularity at y = 0. As an example, consider 


f(y) = I . # : (14.10) 
then 
fol) = 5(F0) —f() = sinhy, (14.11) 
and hence 
Af (0) = -2f me. (14.12) 


The integrand of this integral is well behaved as y — 0, so it would be expected that 
this form is more amenable to numerical evaluation, rather than trying to deal with 
the original Cauchy principal value integral. Consider the case x 4 0, and suppose 
that |x| < 1; then, for the example given in Eq. (14.10), it follows that 


1l—x 
Hf) = - im, f {fe(y — x) —foly — x) —f(y +x)}dy 
mai Jy 
1+x = = = 
2 | {fe(y — x) —foly aay, (14.13) 
UW Ji-x Jy 
which simplifies to 
l-x 1+x a-y 
Hf) =-= | _ e+e i a = (14.14) 
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The integrand of the first integral on the right-hand side of Eq. (14.14) is well behaved 
as y — 0, and there is no singularity present for the second integral. As before, this 
form would be expected to be more suitable for numerical evaluation than the standard 
Cauchy principal value integral. 


14.3 Some classical formulas for numerical quadrature 


A few of the most elementary approaches available for carrying out a numerical 
quadrature are considered in this section. The principal advantage of these techniques 
is that they are very simple to implement. The main drawback is that the accuracy 
of the integral evaluation may be limited. This can be the case particularly when 
the function under consideration, or the experimental data available to model the 
function, are not smoothly varying over the integration interval in question. 

The classical formulas for the numerical evaluation of an integral take the following 
form: 


b N 
/ fxdx © S wif Gi), (14.15) 
¢ i=1 


where N is the number of sample points in the interval, which may be open or 
closed, x; denotes the points at which the integrand is sampled, and the w; represent 
weighting coefficients at the sampling points. The simplest examples of this approach 
are the trapezoidal rule and Simpson’s rule, which are discussed in a number of 
introductory calculus texts. A common feature of some of the simpler numerical 
quadrature approaches is that the abscissa values, the x;, are selected in an equally 
spaced fashion, as illustrated in Figure 14.1. 


14.3.1 A Maclaurin-type formula 


Consider the evaluation of the integral 


1 (oe) 
Af (xi) = —P es (14.16) 
a —co Xj — xX 
d. 
I) 
xX, Xo XnN-1 XN a 


Figure 14.1. Partitioning of the integration range into equally spaced intervals. 
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where the function f(x) is obtained experimentally as a discrete set of measurements 
at equally spaced intervals: 


X1; x2, X3, X4, X5, or S53: Xn» 
Sis fas Bs fas fy ++ Sno 


where f; = f (xz). With experimental data in this form, there are two approaches 
that may be taken to evaluate the integral. The first scheme is to fit the data to some 
functional form, the particular choice usually being dictated by some understanding 
of the physics of the model that underlies the collected data. Since the data have 
only been collected over a subset of the integration interval, ideally the underlying 
model will also help deal with the asymptotic behavior. That is, a presumably reli- 
able extrapolation of the data outside the measurement domain can be made. If the 
particular fitting function is simple, so that the Hilbert transform can be obtained in 
closed form, then the problem is solved. If the selected function is rather involved, 
then a numerical quadrature is required, but there is the added flexibility to partition 
the integration interval in different ways. 

The second approach covers those cases where the data are treated directly, without 
any recourse to curve fitting. The problem of what to do for the absence of data 
outside the measured range remains. The simplest assumption to make is that the true 
function represented by the data vanishes outside the measured interval. This could 
be a relatively poor choice if the function representing the data dies off rather slowly. 
Using this assumption, Eq. (14.16) is replaced by 


1 sis dx 
Af (xj) ¥ —P Lode (14.17) 
a xy xi TX 
where it is assumed that x; coincides with one of the sampled values of x. 
Let h denote the interval between consecutive data points, that is 
h=xj41-x;, forj=1,2,...,2—-1. (14.18) 
On setting 
Si 
g = —_, (14.19 
7 H(i — ¥) 
it follows that 
n 
Hf (xi) © 2h) ~ gy, (14.20) 


J 


where the sum is taken over every second data point, starting with j = 1 if the index 
i is even, and j = 2 if the index i is odd. In this way the singular point 7 = i 
is avoided. This elementary method would be expected to perform poorly if the 
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underlying function is not smooth on the interval for which the measurements are 
obtained. The result given by Eq. (14.20) would of course be poor if the measurement 
interval were selected too narrowly, reflecting the fact that the asymptotic behavior 
of the function plays an important role in evaluating the Hilbert transform of the 
function. 

If in place of the preceding situation, which focused on measured experimental 
data, the objective is the numerical evaluation of Hf for a given function, then a 
fairly large value for n can be employed together with a very small step size h. The 
accuracy of the calculation depends in an important manner on the overall smoothness 
of the function, and in particular, on the behavior of the function near the singularity. 


14.3.2 The trapezoidal rule 


Following on from Section 14.3.1, it is assumed that a discrete array of experimental 
values is available. The integration interval [x,,x,] is divided into n — | subintervals 
of length h = (x, — x,)/n. In each subinterval the function is assumed to have a 
constant value, so that 


1 1 
Af (xi) ~h {520 +g +h) +g 4+ 2h)+---+¢Qn—-—h) + 580) : 
(14.21) 


and the particular term involving the singularity is excluded. Equation (14.21) is 
obtained by using, on the interval [x;, x;+1], the following approximation: 


X41 h 
ih g(x)dx © 51g) + gQ@i}; (14.22) 
Xi 
which is the trapezoidal rule for n = 1. The outcome from the trapezoidal formula 


given in Eq. (14.21) can be improved by adding a contribution symmetric about the 
singular point, that is 


ty (Gages 
xj—h/2 Xj —xX 
This term can be approximated by 
xjth/2 d 
“Ip / LOM os lag"), (14.23) 
xj—h/2 Xj — xX 


where the prime denotes the derivative. This result is obtained by making a Taylor 
series expansion about the point x; and dropping the higher-order derivatives beyond 
the first. As a first approximation, the derivative can be written as follows: 


f a) © (f G41) —f @i-1)}/ (2A). (14.24) 
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14.3.3 Simpson’s rule 


Consider an interval [a, b] and subdivide it into an even number of intervals with a 
step size of 2h. Suppose a quadratic fit is made to the points within each interval. 
For the first subinterval this means fitting a quadratic function to the values f(a), 
f(a+hy), and f(a + 2h). The integral over this subinterval, denoted J), is given by 


I, = hlaf (a) + Bf(a+h) + yf (at 2h}, (14.25) 


where the coefficients a, 6, and y are to be determined. A simple way to find these 
constants is to consider the case f(x) = x*, which, on insertion into Eq. (14.25), leads 
to the following set of equations: 


2=a+6+y, 

2=f+2y, (14.26) 
= =p +4y, 

3 


and hence a = 1/3, 8 = 4/3, and y = 1/3. It therefore follows that 


h= sya) + 4f (ath) +f (a+ 2h)}. (14.27) 


Continuing this process for the entire interval [a, b] leads to a formula of the type 


h 
Af (x) © z{gGa) + 4g +h) + 2g + 2h) + 4g(ai + 3h) 
+ +++ +4¢(% —h) + gQn)}. (14.28) 


This is Simpson’s rule applied to the integral in question. The singular point is omitted 
in this sum. The sum can be supplemented by adding a contribution centered on 
the singular point, in much the same manner as was indicated for the trapezoidal 
tule. Refinements to Simpson’s rule could be made by assuming fits to higher-order 
polynomials, but that topic is not pursued here. 


14.4 Gaussian quadrature: some basics 


A general method for the numerical evaluation of integrals that is in widespread use is 
Gaussian quadrature. The purpose of this section is to discuss the Gaussian quadrature 
technique. The essential features of this procedure are outlined first, and the following 
section gives additional details and refinements of the approach. Sections 14.6 and 
14.7 treat applications of the technique to the evaluation of the Hilbert transform and 
to one-sided Hilbert transforms, respectively. 

In Gaussian quadrature schemes, the restriction to equally spaced evaluation points 
is dropped, which contrasts sharply with the approaches discussed in Section 14.3. 
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This has the immediate effect of doubling the number of variables that can be used 
to optimize the calculation of the integral. Since the assumption of equally spaced 
intervals is now abandoned, the function to be numerically integrated is assumed to 
be available. If experimental results have been collected as a discrete data set, this 
data set must first be fitted to an appropriate functional form. Any data extrapolation 
beyond the measured range must also be handled. 

The second feature of considerable importance is that the weights and abscissa 
values can be determined so that the quadrature is exact (to approximately whatever 
machine precision is implied by the computer employed) for integrands of the form 


f (x) = W(x) p(x), (14.29) 


where p(x) denotes a polynomial and W(x) is called a weight function. In what 
follows, the convention is adopted that the weight function satisfies 


W(x) >0, forx € [a,b]. (14.30) 


The moments of the weight function, m;, defined by 


b 
my = / W(x)x! dx, (14.31) 


are all assumed to be finite. If the weights and abscissa values are specifically tailored 
for the function W(x), it follows that 


b b N 
/ f(a)dx = / W (x)p(x)dx © Y* wip(xj). (14.32) 
a g i=l 


The © sign is maintained, since approximate computer evaluations are employed. The 
important observation to note is that the function W(x) no longer occurs explicitly in 
the summation term of the quadraure formula, Eq. (14.32). It appears implicitly in 
the values of {w;, x;}. By construction, a polynomial of order 2N — 1 can be evaluated 
exactly, or more precisely to the machine precision of the computer employed, when 
N quadrature points are utilized in Eq. (14.32). 

The procedure is illustrated with a simple example for the case N = 2. Suppose 


b 
/ Sxydx © wi fr1) + wo f 2), (14.33) 


and the weights w; and w2 and the abscissa values x; and x2 are selected so that the 
preceding equation is exact for polynomial functions up to third-order. If Eq. (14.33) 
is employed directly, then four equations in four unknowns can be obtained. For the 
choices f(x) = 1, f(x) =x, f(x) =x’, and f(x) = x’, the following equations 
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are obtained: 


b-a=w,+wo, (14.34) 

lS 2 

70 — a’) = WX + WX, (14.35) 

1 

Ala — a) = wixt + wox5, (14.36) 
and 

14 4 3 3 

40 — a") = wixy + w2x5. (14.37) 


Alternatively, these four equations can be obtained from the choice 
Sf (x) = a1 + ax + ax” + 032°, (14.38) 


where the a; are general constants. Equations (14.34)—(14.37) are nonlinear, so find- 
ing the solution of this set of equations is problematic. Extension beyond this simple 
example would lead to a highly intractable set of nonlinear equations. Instead of 
this direct approach, the following scheme is employed. Start with the polynomial 
function 


g(x) = & — x1)(% — x2), (14.39) 


which has the roots x; and x2. If the function f is represented by g, the following 
results follow directly from Eq. (14.33): 


b 
/ g(x)dx = 0 (14.40) 


and 
b 
/ xg(x)dx = 0. (14.41) 


The integral is x*g(x)dx is not necessarily zero, since the integrand is a fourth-order 
polynomial, and Eq. (14.33) is no longer exactly true in this case. To within an arbitrary 
multiplicative constant, Eqs. (14.40) and (14.41) can be used to determine g(x). To 
simplify, suppose the integration interval is [—1, 1]. The elementary transformation 
x = (1/2)(6 — a)y + (1/2)(6 + a) converts Eq. (14.33) to this integration interval. 
For this interval, 


g(x) = Pa(x) = ; (« = =) (x+ =) : (14.42) 
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where P,,(x) denotes a Legendre polynomial. Equation (14.42) follows from the fact 
that the Legendre polynomials form an orthogonal system on the interval [—1, 1]. 
For the integration interval [—1, 1], Eqs. (14.34)-(14.37) simplify to 


wi tw = 2, (14.43) 
w1x1 + w2x2 = 0, (14.44) 
2 2_2 
Wx] + Wx = 3 (14.45) 
and 
wx; + w2x3 = 0. (14.46) 


Since the abscissa values are known to be x) = —1/,/3 and x2 = 1/./3, only the first 
two of the preceding set of four equations need be considered. This leaves a linear 
system of equations to solve for the weights w; and w2, which contrasts sharply with 
the nonlinear system of equations that must be solved if the abscissa values are also 
treated as unknowns. From the preceding analysis, it follows that w; = 1 andw2 = 1, 
and hence Eq. (14.33) simplifies to 


1 
i, F(dds ® f(MV3) + FV9) (14.47) 


The example just treated can be readily generalized to include more terms in the 
expansion in Eq. (14.33). The following section discusses this generalization. 


14.5 Gaussian quadrature: implementation procedures 


If the integration range is fixed, it is possible to tabulate the values {w;, x;} for different 
values of N for a variety of common functional forms. This has been done for the 
functions shown in Table 14.1 (Stroud and Secrest, 1966). 

There is one fairly obvious question that the reader should ask at this point: what 
is the situation when the function of interest cannot be expressed in the form of 
Eq. (14.29)? As an example, suppose the required integral over the interval [0, oo) 
involves the function 

ee 
x a,b> 0. 14.48 
(= Taam (14.48) 
A change of integration variable suggests the use of Gauss—Laguerre quadrature. The 
function g(x) = ./[a/ (a*b + x°)] is not a polynomial function; hence, the formula 


‘ie S)dx = [ ye dx = via [ aa Swat 
(14.49) 
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Table 14.1. Common functions with the associated integration ranges for which 
{w;,x;} are available as a function of N 


Integration range Weight function W (x) Name 
[-1, 1] 1 Gauss—Legendre quadrature 
(Gaussian quadrature) 

[-1, 1] (1 —x)%(1 +.x)F Gauss—Jacobi quadrature 

1 
[I-30 Fa=x) Gauss—Chebyshev quadrature 
[0, oo) eo” Gauss—Laguerre quadrature 
(—00, 00) e-* Gauss—Hermite quadrature 


gives an approximate result, independent of any errors associated with machine round- 
off. The extent to which g(x) can be approximated by a polynomial of order 2N — 1 
will give a direct indication of the expected effectiveness of a numerical quadrature 
on a function of the preceding type. For example, consider the evaluation of the 


following integral: 
: 1+x 
I= / log { —— ]dx. (14.50) 
0 1l-x 


This integral can be evaluated in closed form, with the result / = 2log2 = 
1.386 294 36... If the weight function W(x) = 1 is used and a 32-point Gaussian 
quadrature employed, then the value obtained is 1.385 696, while a 384-point Gaus- 
sian quadrature yields the value 1.386 290090 (King, Dykema, and Lund, 1992). 
Neither numerical value can be regarded as a highly accurate approximation to the 
exact result. In a situation like this, it is possible to resort to interval dissection tech- 
niques, where the integral is split into several integrals, and Gaussian quadrature 
applied to each interval. An alternative strategy is to keep expanding the size of the 
quadrature until convergence at some desired level is obtained. There is of course 
a limit to the size of N for which tabulated values of {w;,x;} can be found in the 
literature, or can be conveniently computed. 

The reason for the relatively low accuracy obtained for the preceding example is 
not difficult to uncover. The integrand has a slowly converging series representation, 
and is not well approximated by a simple polynomial function. A similar situation 
would apply to extensions of the form 


: l1+x 
I =f toe (**) sonar, (14.51) 
0 l1-x 


even if f(x) is a relatively smooth function in the interval [0, 1]. Examples of the pre- 
ceding type are candidates for specialized Gaussian quadrature. They are specialized 
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in the sense that they are not presently part of the literature of commonly tabulated 
Gaussian quadrature values for {wj, x;}. 

The approach for the evaluation of the values {w;,x;} is now outlined. The scalar 
product for two functions f(x) and g(x) with weight function W(x) on the interval 
[a, b] is defined by 


b 
(f.2) = / W (xf (eed. (14.52) 


If (f, g) is zero, the two functions are said to be orthogonal, and if (/,/) is unity, the 
function f is normalized. The set of polynomials that are orthogonal on the interval 
[a, b] with the weight function W(x) must be determined. Let p; denote the jth-order 
polynomial 


Px) =x +a! 4+--- +4); (14.53) 
then 
(pj-Pr) = 9, forj #k. (14.54) 


The polynomial p(x) is termed monic, because the leading coefficient (of the jth 
power of x) is unity. These polynomials can be constructed by a recursive scheme 
called the Gram—Schmidt orthogonalization. The first two polynomials are given by 


Po(x) = 1 (14.55) 
and 
Pix) =x — a0, (14.56) 


with the higher-order polynomials constructed using the following recurrence 
relation: 


Pi+i (x) = (& — a )pi(x) — Bipi-1(@), fori = 1. (14.57) 


The constants a; and 6; appearing in Eqs. (14.56) and (14.57) are calculated from the 
following expressions: 


(xpi; Pi) ; 
os , fori>0, 14.58 
"(pis Pi) ( ) 
and 
ps ONL 2 pet: (14.59) 


~~ (pi-1,Pi-1) 
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The roots of the polynomial py (x) are denoted by x1,x2,...,xy. The x; are real, 
simple, and lie in the interval (a, b). A simple root has a multiplicity of one, that is, it 
occurs once. The solution of the system of equations 


N 
0, for j= 1,2,...,N—1 
i(x)w; = . 14.60 
2 Pik me (po,po), for j = 0, ( ) 


is denoted by w1,w2,..., wy. These weights can be evaluated using the standard 
methods of solving a system of linear equations, or by employing the alternative 
result 


(pN—1,PN-1) 


Se ia? 14.61 
~ py1GDP yx) ey 
where the prime denotes a derivative. The key result is then given by 
b N 
if W (x)p(x)dx = > wip(xi), (14.62) 
a 


i=1 


where p(x) is a normed polynomial of degree 2N — 1. 

One of the simplest cases is W(x) = 1 for the interval [—1, 1]. This is called 
Gaussian quadrature, in honor of Gauss, who formulated Eq. (14.61). It is also 
referred to as a Gauss—Legendre quadrature, which reflects the fact that the system 
of polynomials orthogonal on the interval [—1, 1] with weight function one are the 
Legendre polynomials. 

The problem therefore breaks down into three steps, which are as follows. (1) Deter- 
mine the polynomial, that is find the coefficients a; in Eq. (14.53). This is carried out 
using Eqs. (14.55)—(14.59). (2) Find the roots x; of the polynomial. (3) Evaluate the 
weights w;. For the classical polynomials, the recursive formulas have been studied 
in detail, and there are well known expressions for the coefficients aj. On departing 
from the standard choices of weight functions, the Gaussian quadrature approach can 
become significantly non-trivial. 

Consider, for example, the numerical evaluation of the integral given by 


1 
= i log(1/x)f (x)dx, (14.63) 
0 


and suppose that f(x) is continuous in the interval [0, 1]. This integral will find appli- 
cation in the following section. Based on what has been described for the example in 
Eq. (14.51), anormal Gaussian quadrature is not expected to be particularly effective 
for the evaluation of Eq. (14.63). To deal with Eq. (14.63), the following weight 
function is employed: 


W(x) = log(1/x). (14.64) 
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The set of orthogonal polynomials on the interval [0, 1] with the preceding weight 
function must be determined. From a numerical viewpoint, the unfavorable part of the 
integrand in this example is the region near x > 0+. By sweeping this poor behavior up 
in the {w;,x;} values, it is possible to obtain a very effective evaluation scheme when 
f (x) is a smooth function on the interval [0, 1]. Unfortunately, this was an extremely 
difficult task to accomplish for a very long time, the reason being that the recursive 
system of Eqs. (14.55)—(14.59) becomes highly unstable for a numerical evaluation 
as the polynomial degree increases. The problem is often termed as being extremely 
ill-conditioned. Until very recently, the only values that have been published giving 
a reasonable number of digits, for the weights and abscissa for the choice of weight 
function given in Eq. (14.64), were restricted to N < 16 (Stroud and Secrest, 1966). 
This is not a particularly large value of N for a quadrature scheme. An example to 
substantiate this statement will be illustrated later in Table 14.3. The general advice 
that is often given is to avoid the recursive approach. This view is not entirely correct. 
With the development of modern symbolic algebra packages, it is possible to work 
with the recursive scheme given, either in analytic mode, or in numerical form using 
high-precision arithmetic. 

To illustrate the approach just outlined, the numerical evaluation of the integral 
i. x* log x! dx is considered using a two-point Gaussian quadrature formula: 


1 2 
/ x logx dx © D> wef (x). (14.65) 


0 k=] 


The monic polynomials pj (x) and p2(x) are given by 


1 
Pi(x) =x—- 7 (14.66) 
and 
5 17 
2 
=x -— = —— 14.67 
p2(x) =x get 759 ( ) 


From the latter equation, the roots x; and x2 are determined to be as follows: 


5 53 
~ 2 _ /( >?) ~ 0.112008 806 14.68 
ae “() epee) 
and 
—~ > +4./( 22) ~ 0.602276 908 (14.69) 
ne TA 882) ; 


The weights are determined from Eq. (14.61) as follows: 


49 
‘joe RUN Se (14.70) 


 pi@iphx1) — 36(4x; — 1) (14x; — 5)’ 
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and so 
w1 © 0.718539319, wz © 0.281 460681. (14.71) 


Hence, from Eq. (14.65), 


1 
/ x* logx7! dx © 0.718 539 319 (0.112 008 806)” 
0 


+ 0.281 460 681 (0.602 276 908)? 
0.111 111111, (14.72) 


which compares very favorably, as expected, with the exact result of 1/9, which can 
be obtained from the following formula: 


1 
1 

™logs—! ds = ——__.. 14.73 
[s ogs ds m+ D2 ( ) 


Some significant refinements have been discovered which improve upon the recur- 
sive scheme, particularly when the integration interval is finite. One idea that has 
proved very useful is to replace the powers of x in Eq. (14.53) by known polynomials 
which form an orthogonal set. This has the potential to lead to enhanced numerical 
stability. The approach can be found in numerous references, but the following are 
particularly useful: Sack and Donovan (1972), Wheeler (1974), Gautschi (1990), and 
Press et al. (1992, p. 151). Gautschi supplies some historical comments, and Press et 
al. provide a Fortran source code to evaluate the following scheme. Let the required 
polynomials be denoted by ;(x), and assume that the moments m;, defined by 


b 
m= f W (x) pj (x) dx, (14.74) 


can be accurately determined. The new polynomials p;(x) satisfy a recursive scheme 
similar to Eqs. (14.55)—(14.57). The first two polynomials are given by: 


po(x) = 1 (14.75) 
and 
pix) =x — co, (14.76) 
and the higher-order polynomials are found recursively using 
Pi41%) = & — C7) p(x) — dipi-1(x), fori > 1. (14.77) 


The coefficients c; and d; are explicitly known because of the particular choice of 
pi(x). The coefficients a; and 6; in the desired polynomial can be found via the 
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following results: 


6s ee ie OE (14.78) 


Oj-1,i-1 Oi,i 


and 


O7,i 
ee (14.79) 


> 
Oj-1,i-1 


where the o;,; satisfy the recursive scheme 
O17 = O1-1,j741 — (@i-1 — G/Oj-1,; — Bi-107-2,7 + Goi-1,j-1, (14.80) 
and are given by 
0i,j = (Dir Pj). (14.81) 


The initial values required to execute the recursive scheme are given by 


00,1 = Mi, (14.82) 
Bo = 0, (14.83) 

and 
ao = co + (m1 /mo). (14.84) 


The normalization factors for the original polynomial can be determined from 


(Po, Po) = mo (14.85) 


and 


(Pi, pi) = Bi(pi-1,pi-1), fori= 1. (14.86) 


Programming up the scheme just given is a straightforward exercise. 
For the example given in Eq. (14.64), the following choice is employed: 
(il)? 


pi(x) = ani — 1), (14.87) 


where P;(x) is a Legendre polynomial and the prefactor of P;(2x — 1) ensures that 
pi(x) is monic. The function P;(2x — 1) is a called a shifted Legendre polynomial of 
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degree i. The c; and d; coefficients in Eq. (14.77) and the modified moments of p;(x) 
in Eq. (14.74) are not difficult to determine. The results are as follows: 


1 
j= > i=0,1,2,..., (14.88) 

2 
-= —_._ j= 01,2... 14.89 
L 4(4i2 — 1)’ l bere Sam) > ( ) 

and 
1, fori=0 

mj = (—1)'(i!)? : (14.90) 


pase a ee | 
CLD 


14.6 Specialized Gaussian quadrature: application to the 
Hilbert transform 


Let the function f(x) satisfy the following conditions: f(x) is continuous in the 
interval (—oo, co) and, for a constant c, 


lim (f10 +e] — 10 —x)c}} = OG"), with m > 0. (14.91) 


Using a change of variable, the Hilbert transform for x ~ 0 can be written as follows: 


Hf (x) = Pf FR Ses 


HT Joo s 


-2 {pf Peeves pf fret Dies, pf een | 


1 {pf fae vie, Pf ee rd ed 
1: Ss 


(14.92) 
In the preceding equation, the first integral simplifies to 
pf f a +1)ld mf {flx(s + D] —flxC — s)]}ds 
se tat Ss 
- i {f[x(s + 1)] — fled — ues (14.93) 
5 
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where the initial assumption on the behavior of the numerator in the lim s > 0 

has been employed. Utilizing an integration by parts yields 

dlogs 
ds 

= (fled +5)] — fF — s)]} logs|g 


ds 


1)] 
pf PRG+ Dies [ veaso fix — 3} 


1 
+f logs '{f’[xQ. + 5)] —f’[x( — s)]}ds 
0 
1 
=p logs {fx + s)] — f/x —s)]}ds, (14.94) 
0 


where the prime denotes differentiation with respect to s, and the following result 
has been employed: 


lim{ f[(1 + s)x] —f[U — s)x]} logs = lim s™ logs=0, sincem>0. (14.95) 
SS sa 


The logarithmic factor in Eq. (14.94) is treated as a weight function, and has 
therefore been put into a form such that it satisfies the positive requirement indi- 
cated in Eq. (14.30). Employing the change of variable s = t~!, the second and third 
integrals in Eq. (14.92) can be recast as follows: 


= mos 
ef rf 


pf ida] ae 
0 t 


: dl 
= (fled +5) —fled — 7} oe dt 
= {flix +17')] —f[x — 17!)]} log tl 
1 
+f logt!{f’ [xd +¢7!)] —f' [xd — 7!) de. (14.96) 
0 


If f(x) is L?(—00, 00), then 


lim{fL«(1 sey )] —f[xd - Fyn logt = lim t"logt =0, sincen > 0. 
= t> 
(14.97) 


Equation (14.92) can be expressed as follows: 


1 
Hf (x) = i: logs” !K(s,x)ds, (14.98) 
0 
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where 
K(s,x) =a {fx — s)] —f' x +5)] 
+f'xQ -s7!)]-f'xd +57}, forx £0. (14.99) 


In the preceding result the derivatives are with respect to the variable s. For the case 
where x = 0, it follows that 


1 
Hf (0) = i logs !K(s, 0)ds, (14.100) 
0 
with 


K(s,0) =x {f'(-s) —f'(9) +f’ (87) — f(s}. (14.101) 


Some simplification can be obtained using the even—odd character of f (x). If,f (x) is 
an even function, 


K(s,0) =0 (14.102) 
and 
K(s,x) =a {fxd — 9] -f' eX +5)] 
+f'Ix(s7! — D] —f’ eo! + DY}, for x 40; (14.103) 
if f (x) is an odd function, 
K(s,0) = —2n7'{f"(s) +f" (s7')} (14.104) 
and 
K(s,x) =x" {f/x —5)] -f'x(. + 5)] 
—f'Ix(s7! —))] —f’eo! + DY}, forx 40. (14.105) 


Equations (14.98) and (14.100) are in a form suitable for Gaussian quadrature, 
where the weight function is identified with logs~!. The result for the Hilbert 
transform then takes the following form: 


N 
Hf (x) © Y° wiK @i,x), (14.106) 


i=1 


where N denotes the number of evaluation points, and the weights w; and evaluation 
points x; are determined from the set of polynomials based on the weight function 
log s—!. The principal advantage of this approach is that the singularity in the original 
integral is now incorporated in the set {x;, wj}. While the determination of the weights 
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and evaluation points is a major computational assignment, this calculation need 
only be carried out once. There is the possibility for loss of accuracy in the evaluation 
of K(x;,x), but some numerical experiments with representative functional forms 
indicate that this problem does not arise to any significant extent. Test functions 
could, however, be constructed where loss of accuracy is likely during the evaluation 
of K (x;,x). 

The moments that are needed to determine the weights and evaluation points are 
very easy to evaluate; they are given by Eq. (14.73). The solution of the recursion 
scheme given in Eqs. (14.55) — (14.59) for the case where the weight function is 
logs! is numerically highly unstable. Several authors have tabulated {w;,x;} for the 
case when log s~! is the weight function (Krylov and Pal’cev, 1963; Anderson, 1965; 
Stroud and Secrest, 1966), but either the accuracy is limited, or N is not very large. 
The numerical instability of the recursion scheme explains the limitations of earlier 
calculations of {w;,x;}. The numerical difficulties can be circumvented by working 
in higher-precision arithmetic using packages such as Mathematica, or working with 
codes capable of performing high-precision calculations. The author has calculated 
the required {w;, x;} up to N = 100 in steps of 10. These weights and abscissa points 
are given in Table 14.1.1 in Appendix 14.1 of this chapter. They were evaluated using 
Mathematica software. The associated error factors are given in Table 14.2.1. 

Applications of the use of Eq. (14.106) fall into two main types. The first are 
those problems where the function is specified, but the Hilbert transform cannot be 
evaluated in terms of known functions. The second group of examples comprise 
those where the function is unknown, but is instead represented by a set of discrete 
experimental data points. A representative case is now considered. 

The selected example can be evaluated in closed form. The availability of the 
analytic solution serves as a valuable comparison point for the numerical quadra- 
ture approach. Suppose a collection of experimental data, which is of the form of 
a set of discrete points {J;,«@;}, where J; might, for example, represent an intensity 
measurement, is fitted to a Lorentzian profile. The Lorentzian function takes the form 


Ce a 
s ~ gw at®+(@— a)?’ 


(14.107) 


where a and wo are constants, and w is an angular frequency. The factor of 17! 
in Eq. (14.107) is selected so that the Lorentzian encloses unit area on the interval 
(—oo, co). An alternative normalization for the Lorentzian can be chosen so that the 
curve encloses unit area on [0, co). There are several issues associated with the fitting 
process. What underlying physical reasoning leads the experimentalist to believe 
that a Lorentzian profile will provide a satisfactory fit to the experimental data? 
Since the data are collected over a finite range, can the experimentalist be sure that, 
outside the measurement interval, the Lorentzian will be a reasonable representation 
of the data? While these are important issues, they are separate from the actual 
numerical transformation of the data that is now considered. The Hilbert transform 
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Table 14.2. Application of a logarithmic Gaussian quadrature to evaluate 
the Hilbert transform of the Lorentzian 
The values a = | and wo = | have been employed 


o Quadrature result for Hilbert transform Percentage error 
0.1 —0.158 275 6340 2.1 x 1078 
0.2 —0.155 273 115 211 605 207 —8.0 x 10716 
0.5 —0.127 323 954 473 516 268 615 1 —1.2 x 10730 
0.9 —0.315 158 303 152 267 991 6215 314s 10-2? 
1.0 —3 x 10730 = 

2.0 0.159 154.943 091 845 335 768 8 0 

5.0 0.074 896 443 807 950 746 244 176 —6.2 x 1077! 
10.0 0.034 936 450 922 611 —4.1 x 10713 
20.0 0.016 706 872 47 —4.0 x 10-8 
30.0 0.010 963 167 3.7 x 10-6 
40.0 0.008 156 432 3.0 x 1075 
50.0 0.006 493 4 4.6 x 107-4 


of the Lorentzian can be obtained in closed form: 


1 w@— wo 


HI(@) = 


Pe oaar (14.108) 


A comparison of the numerical quadrature formula versus the exact result is shown 
in Table 14.2 as a function of angular frequency based on a quadrature with N = 60. 
The calculations were carried out in quadruple precision using a 32 bit word (about 
30-31 digits) with the weights and abscissas input with 30 digit accuracy. It is useful 
to keep in mind that experimental data are being dealt with, where typically no more 
than three to five digits of precision are available for the data, and therefore an error of 
around 107? percent in the Hilbert transformation would be adequate. This condition 
is met, except at w = 1. The percentage error at w = | is governed by machine 
round-off. The exact value for the Hilbert transform at this point is zero, and the 
calculated quadrature value is —3 x 107°”, which is in excellent agreement with the 
true result. The accuracy of the numerical quadrature result improves with increasing 
N. A comparison of Eq. (14.106) with the exact result in Eq. (14.108) is shown in 
Table 14.3 for two selected values of w. From these results it appears that values 
of around N = 20 to N = 30 are sufficient to obtain the Hilbert transformation 
to about the accuracy of the experimental data. Since the time for the numerical 
evaluation of Eq. (14.106) is relatively trivial, assuming the availability of the abs- 
cissas points and weights, the safest approach is to employ the largest size quadrature 
possible. 
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Table 14.3. Application ofa logarithmic Gaussian quadrature to evaluate the Hilbert 
transform of the Lorentzian 
The values a = 1 and wo = | have been employed 


Test value: w = 0.1, exact result = —0.158 275 634 014 039 560 433 144 1 


N Quadrature result for Hilbert transform Percentage error 
10 —0.2 32 

20 —0.1575 —4.7x 107! 

30 —0.158 279 2.4 x 10-3 

40 —0.158 275 70 4.3 x 10-> 

50 —0.158 275 632 —1.4 x 10-6 

60 —0.158 275 634 05 2A5c 16-8 


Test value: w = 10; exact result = 0.034 936 450 922 611 171 266 340 338 301 28 


N Quadrature result for Hilbert transform Percentage error 
10 0.0342 22. 

20 0.034 935 8 —1.8 x 107-3 

30 0.034 936 46 3.0 x 1075 

40 0.034 936 450 94 3.8 x 10-8 
50 0.034 936 450 922 53 22 xt! 
60 0.034 936 450 922 6110 —4.1 x 10713 


14.6.1 Error estimates 


When quadrature points are available for large values of N, a useful approach to 
assess the accuracy of the calculation is to examine the rate of convergence of the 
numerical quadrature as an increasing number of quadrature points are employed. 
An alternative approach is to estimate the error in terms of information available for 
the function to be integrated. A standard result in Gaussian quadrature theory is as 
follows: 


FEE) 
(2n)! 


b N 
i. W(x) f dx — Swi f Gi) = (PnsPn)s (14.109) 
¢ n=1 


where & € (a,b) and py 1s the monic polynomial orthogonal on the interval (a, b) with 
weight function W(x). The proof of this result is straightforward (see, for example, 
Stoer and Bulirsch (1980), p. 151). Let e, designate an error factor and let M,. denote 
the maximum of f” (€); then 


b N 
i] W (x)f (dx — S~ wif (i)| < ery. (14.110) 


n=1 
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This formula assumes that the rth derivative of the function f is continuous on the 
interval [a, b]. A sequence of error estimates involving progressively higher deriva- 
tives up to 2n can be given, the most useful of which is the error estimate with r = 2n, 
for which 


2n 


b 
= on | W (x)Ipn(~)V dx. (14.111) 

(2n)! Ja 

Following on from the example considered in Section 14.5, the errors associated 
with the evaluation of the integral i x” log x! dx are considered for m = 2 and 
m = 4, using a two-point Gaussian quadrature formula. It is useful to keep in mind 
that the two-point formula is exact for polynomials up to order three; that is, that the 
numerical accuracy is limited only by computer round-off errors. For the case m = 2, 
the previously computed (see Eq. (14.72)) numerical quadrature value for the integral 
was determined as 0.111 111 111, and, using the fact that Mz, = M4 =f (€) = 0, 
the associated error with this result is zero, and it is concluded that the result is 
accurate to the number of significant digits carried in the calculation. For the case 
m = 4, the quadrature estimate is given by 


1 
/ x* log x7! dx © 0.718 539 319(0.112 008 806)* 
0 


+ 0.281 460 681 (0.602 276 908)* 
& 0.037 147 2663. (14.112) 


The exact result (from Eq. (14.73)) is 0.04, and My, = My = f(é) = 24. From 
Eqs. (14.111), (14.67), and (14.73), it follows that 


1 2) 
5 17 647 
Ales = | log x! |x* — =x 4+ — = ——— ~ ().002 852 733 686, 
= [ ae : a | = 556.800 


(14.113) 
and hence the error term is 


e4My4 © 0.002 852 733 686. (14.114) 


The integral [, x* log x~! dx is therefore bounded above by the value 


1 
/ x* log x! dx < 0.037 147 2663 + 0.002 852 733 686 ~ 0.040 000 0000, 
0 
(14.115) 
and hence, from Eq. (14.109), this result gives an improved value for the numerical 


quadrature of the integral. This estimate is observed to be in agreement with the exact 
result to the stated number of digits. 
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14.7 Specialized Gaussian quadrature: application to H, and Hy 
For the analysis of functions that have a particular even or odd symmetry, and depend 
ona variable that takes on positive values, for example a frequency, it is more common 
to write the Hilbert transforms as follows: 


Hwee P / . a. for f (x) even, (14.116) 
4 0 xs 
and 
Hf (x) = =P [- TOES for F(R) odd. (14.117) 
ua 0 x* —S 


Recall Hf = H.f if f is an even function and Hf = H)f if f is an odd function. 
These are the forms (to within a sign for Eq. (14.117)) which are referred to in 
the literature as the Kramers—Kronig transforms or the Kramers—Kronig relations. 
The factor (x? — s*)~! can be resolved into partial fractions in two different ways. 
The combination {(x — s)~! + (« +.s)~!}(2x)~! leads to 


=p / 7 ios —Hf(x), for f(x) even, (14.118) 
0 xe — 


g2 


or, using the combination {(x — s)~! — (x +. s)~!}(Q2s)71, 


zp if OSS 2a, (I. for f (x) even. (14.119) 
ue 0 x Ss x 
Similarly, 
ap / “ eAGTS =Hf(x), for f(x) odd, (14.120) 
IT Qo xs 
or 
=P f as =x Hof (x)}, for f(x) odd. (14.121) 
4 Qo xs 


Repeating the analysis outlined in Section 14.6 for Eq. (14.118) leads to 


2x %° f(s)ds 
a 2 2 


1 
= / log s~'K(s,x)ds, for f(x) even, (14.122) 
0 


IT 0 xs 


with K(s,x) defined by Eq. (14.103) for x 4 0 and by Eq. (14.102) for x = 0. 
From Eq. (14.120), it follows that 


=P [ sf (s)ds 
0 


a 2 2 


1 
= i log s~'!K(s,x)ds, for f(x) odd, (14.123) 
8 x“ —S 0 
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with K(s,x) defined by Eq. (14.105) for x 4 0 and by Eq. (14.104) for x = 0. 
Equation (14.121) leads to 


=p [ sf (s)ds 
0 


x2 2 


1 
= / log s~'Ki(s,x)ds, for f(x) odd, (14.124) 
u 0 


—s 


with K1(s,x) defined by 


1 
Ky (s,x) = = {g'[x(. — s)] — g'x(1 + )] 
+2'fxd—s7]-2'x@! + D]}, forx £0, (14.125) 


with g(s) = sf(s). For x = 0, set K; = K and employ Eq. (14.104). Starting with 
Eq. (14.119) leads to 


2 © £(s)\d 1 
= -_ : = / logs” 'Ko(s,x)ds, for f(x) even, (14.126) 
8 Or OSS 0 


with K2(s,x) defined by 


Ko(s,x) = x7" {g’[x(1 — 5)] — g'[x(1 +5)] 
+2/fxd—s7!]-¢2/[xd+s7]}, forx 40, (14.127) 


and g(s) = s—!f(s). The advantage of Eq. (14.123) versus Eq. (14.124), or of 
Eq. (14.122) versus Eq. (14.126), depends in part on the behavior of the function 
f in the vicinity of the origin. The forms given in Eqs. (14.122) and (14.124) would 
be more favorable to use when avoiding numerical problems near the origin, while 
the forms given in Eqs. (14.123) and (14.126) would be more useful to improve the 
numerical accuracy as |x| — oo. For some choices of f, only one of the two forms 
might lead to a convergent integral. 


14.8 Numerical integration of the Fourier transform 


Because of the very wide occurrence of Fourier transforms in a multitude of applic- 
ations, extensive work has been devoted to the numerical evaluation of the Fourier 
transform. Only a few of the basics are touched upon in this section; Section 14.9 
will elaborate on the numerical implementation of the fast Fourier transform; and 
Section 14.10 exploits these ideas to evaluate the Hilbert transform numerically. 
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If the function f has a continuous nth derivative on the interval [a, b], then repeated 
application of integration by parts for a truncated Fourier transform leads to 


b a glob n—1 i k ® elwa n—1 i k 
[ rou =—Y¥ (=) H-—> (=) 
7 1m yup 62 1m 4n0 6? 
b 
+ (-iw)~" / lf (th dt, (14.128) 


where f signifies the kth derivative of f. The limits can be extended to cover the 
range (—oo, oo) if some additional constraints on the asymptotic behavior of f and 
its derivatives are imposed, which will be done momentarily. Given the structure 
of Eq. (14.128), a numerical evaluation is not likely to be successful when @ is 
large. There is bound to be significant cancellation of terms of opposite sign, which 
always provides an opportunity for loss of numerical accuracy. For large values of 
the parameter w, other numerical approaches should be explored. 

The connection between the Fourier transform and the discrete Fourier transform 
was made in Section 13.5, and that discussion assumed that the Fourier transform 
was truncated at some upper limit. The upper limit b would be chosen such that the 
remaining integrals, 


—b lee) 
I(@) = / g(t dt+ / g(te dt, (14.129) 
—0o b 


are small relative to the other integral contributing to the Fourier transform, 
Eq. (14.128). If g(¢) falls off sufficiently quickly as tf — -too, then the value of 
b does not need to be chosen to be very large. In some cases it may be desirable to 
make an effort to evaluate /(@) numerically. One approach is to employ an asymptotic 
expansion. Suppose g(f) is infinitely differentiable on the interval (—oo, —b]U[b, co) 
and satisfies 


ga) =Ot-'*), ast oo, (14.130) 


where ¢ > 0 and g™ signifies the nth derivative of g. Application of integration by 
parts leads to the following result: 


—b : ioe) : i A+] ; 
/ g(t art [ g(t dt ~ > (=) [el??.o) (p) ur) oe 1be glk) (—b)]. 

—00 b 70 6? 
(14.131) 


If w is not too small and the derivatives of the function g fall off quickly for large 
arguments, the sum in Eq. (14.131) would be expected to be amenable to numerical 
evaluation. Note that there is still the possibility for loss of accuracy due to partial 
cancellation of terms with opposite signs. For very large values of w, the result for 
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the sum of the two integrals would be expected to be fairly close to zero, and there is 
also the likelihood for loss of numerical accuracy due to cancellation of contributions 
of opposite sign. 

There are many additional ideas that have been developed to evaluate the Fourier 
transform numerically. The interested reader is referred to the references given in the 
chapter end-notes. Perhaps the most popular approach is the fast Fourier transform 
method, which is now revisited. 


14.9 The fast Fourier transform: numerical implementation 


The following result was given in Section 13.5: 


N-1 
FU (K/L) ¥ A » g(nL/N)e 27"*/N = AG,, (14.132) 
n=0 


where the function g is defined in Eq. (13.35) and G; denotes the DFT of g. This 
result can be modified in a straightforward manner to cover the case where the lower 
limit of the integration range for the truncated Fourier transform is taken to be a rather 
than zero. Setting s, = a +nA and a, = 27k/L, then 


N-1 
FUP (k/L)] © Ae S* g(sp)e PAIN = Ne *k Gy, (14.133) 
n=0 


which for a = 0 reduces to Eq. (14.132). How useful this or the preceding formula 
will be depends in a critical way on the size of w,. For fairly small values of w,;, the 
results given are numerically stable with satisfactory accuracy obtainable; however, 
for large values of this parameter, the formulas are not suitable. Large values of aw, 
imply significant oscillation for the integrand of the truncated Fourier transform. The 
value of the integral is likely to be small in such cases (think about the Riemann— 
Lebesgue lemma in the limit of extremely large oscillatory behavior), and truncation 
errors then play an important role in determining the accuracy of the final numerical 
result. 

When it is necessary to go beyond Eq. (14.133), which may often be the case, 
an interpolation scheme can be constructed that leads to Eq. (14.133) multiplied by 
an appropriate weighting function plus a correction term for endpoint evaluations. 
The exact form of the weighting function and the endpoint corrections depend on the 
specific type of interpolation process employed. The interested reader can pursue the 
details of such formulas in Press et al. (1992, p. 578). It is not necessary to perform 
any major software development to implement these procedures, as standard codes 
are available (see, for example, Press et al. (1992), p. 580). 
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14.10 Hilbert transform via the fast Fourier transform 
Recall from Section 5.2 that 


Hf (x) = iF {sgn t Ff (t)}(x). (14.134) 


From this result, the numerical evaluation of the Hilbert transform is therefore 
replaced by a numerical evaluation of a Fourier transform and an inverse Fourier 
transform. Since well developed and computationally fast algorithms are available 
to evaluate the Fourier transform, that is the FFT, then Eq. (14.134) may allow the 
numerical evaluation of the Hilbert transform to be carried forward in a very effective 
manner. 

A key ingredient is that the function f should vanish sufficient quickly for large 
values of the argument so that the Fourier transform can be truncated to some con- 
venient finite interval, and further that the resulting integrand incorporating the 
sgn x contribution should also vanish sufficiently quickly for large arguments. When 
these conditions are not satisfied, an attempt to estimate the remaining integral after 
truncation should be carried out, along the lines discussed in Section 14.8. 

Software is available in a number of sources to set up this type of calculation. See, 
for example, Bertie and Zhang (1992) or Press et al. (1992). An Internet search will 
also locate depositories of software to carry out these calculations. 


14.11 The Hilbert transform via the allied Fourier integral 


Let the function f(z) be analytic in the upper half complex plane and vanish suffi- 
ciently quickly as |z| > oo (say z_™ with m > 1), and suppose that on the real axis 
the following holds: 


f() = g(x) + ih), (14.135) 
where g and / are real functions and satisfy the even and odd symmetry conditions 
g(—x) = gQ@) (14.136) 
and 
h(—x) = —h(x). (14.137) 
Giving one of these symmetry results suffices to establish the other, since, under the 
stated conditions on f(x), / is the Hilbert transform of g, and the even—odd property 


of the Hilbert transform (Section 4.2) implies that / is an odd function if g is an even 
function, and vice versa. In place of the standard Hilbert transform pair, relations 
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connecting g and / can be written in the following alternative form: 
2 oo 
g(x) = = [ cos xt ar [ sin st h(s)ds (14.138) 
T JO 0 
and 
2. [© 00 
h(x) = — / sina dt | cos st g(s)ds, (14.139) 
wT Jo 0 


which are the allied Fourier integral forms discussed in Section 3.12. 

These results can be readily derived by first considering the contour integral 
fc elZf (z)dz, where the contour C is taken as a semicircle, center the origin with 
diameter located along the x-axis and radius R, which is allowed to become infinite. 
It then follows, by applying Jordan’s lemma, that 


CO CO 
/ g(x) cosxtdx = i" h(x) sinxtdx, fort > 0. (14.140) 
0 0 


The Fourier integral formula is given by 
1 [o,@) [o,@) 
f(x) = -f au [ cos[u(x — t)] f(t)dt. (14.141) 
HT JO —o0o 


Employing Eq. (14.141), with f(x) taken first as g(x) and then h(x), and utilizing 
Eq. (14.140) and the symmetry conditions Eqs. (14.136) and (14.137), leads to Eqs. 
(14.138) and (14.139). 

The FFT technique is ideally suited for the numerical evaluation of the integrals in 
Eqs. (14.138) and (14.139). The one and obvious drawback 1s that the one-dimensional 
quadrature required to evaluate a standard Hilbert transform is replaced by the neces- 
sity of carrying out a two-dimensional quadrature. The obvious positive feature is 
that it is no longer required to deal with a singularity in the integrand. Even allowing 
for the limitation of using the FFT twice, numerical quadrature on the allied Fourier 
integral forms can be carried out computationally with very good efficiency. 

Software to carry out the quadratures of the key formulas is available, and the 
interested reader might begin with the very popular book by Press et al. (1992, p. 577). 
For studies on the implementation of this approach (including a source listing) Bertie 
and Zhang (1992) is a useful starting point. 


14.12 The Hilbert transform via conjugate Fourier series 


Let f(z) satisfy the same conditions as stated at the start of the preceding section and 
assume that g and h have the same symmetry properties as given in Eqs. (14.136) 
and (14.137). A conformal mapping of the upper half complex plane into the interior 
of the unit disc in the complex w plane is performed. This is accomplished by the 
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z—-1 
w= a 
Z+1 


(14.142) 


Points on the real axis in the z-plane map onto the boundary of the unit disc in the 
w-plane. The function f(z) can be written as 


w+ 


a 


f@) —s|-i | =) o cw", for |w| <1. (14.143) 
n=0 


Making use of the change of variable w = e’® yields 


gu el ay 041d in n6 (14.144) 
f ah al eee 1 aac : 
n= n= 


The following definitions are introduced: 


gw(O) =8 (co:($)) (14.145) 
0 
hy (0) =h (cor($)) : (14.146) 


and 


then it follows that 
0 : 
f[@)>f (-c0 >) = 2w(O) — thy (0). (14.147) 


If it is now assumed that a Fourier series expansion can be made for the functions 
gy and hy, hence 


(oe) 
a 
2w(0) = 5 + San cos nd (14.148) 
n=1 
and 
CO 
hy (0) = Y~ bn sinnd, (14.149) 
n=1 


where it has been assumed that the even—odd symmetry properties given in 
Egs. (14.136) and (14.137) apply. If these last two results are inserted into 
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Eq. (14.147), then 
0 a (oe) Cc 
f (-c0 >) = 5 + 2a cos nO ee sin nd. (14.150) 
— ji —* 


Comparing Eqs. (14.150) and (14.144) leads to 


ay = 2c0, (14.151) 
an=Cn, bh=—Cyn, forn 40, (14.152) 

and hence 
an =—b,, forn 40. (14.153) 


The series representations for g,, and hy then become 


Co 
a 
ew(0) = S + S- an cos n6 (14.154) 
n=1 
and 
(oe) 
hy (0) = — > an sin nd, (14.155) 
n=1 


which are recognized as a conjugate Fourier series pair. 

In a practical application, gy, represents a dispersive mode and h,, is the corre- 
sponding dissipative mode. If experimental data are available to construct the series 
expansion for g,,, then /,, is determined directly from the conjugate series. Ifa Fourier 
series representation for hy is available, then g,, is determined to within the constant 
ao from the conjugate Fourier series. To fix the constant ag, the following approach 
might be applied. The asymptotic behavior for g, and hence gy, will invariably be 
known from the physics of the problem. For example, if 


7) 
li = li t)= 14.1 
dim g(x) jim g (co 4) 0 ( 56) 


which is the behavior typically required to write the Hilbert transform relations in 
the first place, then 


Co 
ay = —2) an. (14.157) 
n=1 


If the coefficients a,, for n 4 0, can be evaluated from the data available for h,,, 
then the conjugate Fourier series together with the asymptotic constraint given in 
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Eq. (14.157) determines gy. Evaluating g(0) directly from the appropriate Hilbert 
transform relation for g yields 


ee) 


4 °° h(x)dx 
eo a ca 29° (-1)"an, (14.158) 
4 0 x HHA 
or the allied Fourier integral representation yields 
4 fo oo et 
ay = =f arf h(x) sin xt dx — 2° (-1)"ap. (14.159) 
JO 0 Et 


These formulas may be used as a check on the value of ap determined from 
Eq. (14.157). 

To implement the conjugate series algorithm for a set of experimental data, two 
approaches are possible. The first procedure is to fit the experimental data to a 
functional form suggested by the physics of the problem, one for which the series 
expansion can be determined analytically. For example, suppose the experimental 
data is fit to a function g given by 


g(x) (14.160) 


~ [4 x2° 


For the purposes of this simple example, the fact that h(x) can be readily determined 
by direct evaluation of the Hilbert transform is ignored. Now 


of 8 
2y(O) = sin a)? (14.161) 
and from Eq. (14.148) it follows that 


5 
a=1, a= So forn £ 0. (14.162) 


h,(@) = —, (14.163) 


and from Eq. (14.146) the following result is obtained: 


x 


h(x) = rae 


(14.164) 


The second approach is to fit the data directly in terms of a trigonometric sine 
and/or cosine series expansion, by making use of the trigonometric transformation 
6 = 2cot~! x. The Hilbert transform is obtained immediately as the conjugate series. 
Since sin 70 can be expanded as sin 6 multiplied by a finite series in powers of cos 6, 
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and cos n@ can be expanded in terms of a finite series in powers of cos 0, then use of 
the transformations 


24 2 
He sin@ > ——— (14.165) 
x 


converts the data back to the real line representation. The success of this type of series 
approach depends in large part on how accurately the data can be fit by a compact 
trigonometric expansion. 


14.13 The Hilbert transform of oscillatory functions 


The general issues associated with the numerical evaluation of integrals with oscil- 
latory integrands were touched upon in Section 14.8. Similar issues emerge for the 
evaluation of the Hilbert transform of functions with oscillatory integrands. This 
section examines an approach which is fairly robust and which could be extended 
in several different ways to deal with a variety of functions. The key to the method 
employed is the application of convergence accelerator techniques (see Section 2.16) 
to handle the summations that arise. 

Hilbert transforms of functions with oscillatory behavior arise in a number of 
problems in the physical sciences, engineering, and applied mathematics. Some of 
the simplest examples are the sine, cosine, and other simple combinations of these 
trigonometric functions, which occur widely in applications. 

Recall two important results given previously: for a function f satisfying f € 
L?(R) for | < p < oo, the Hilbert transform of f satisfies Hf ¢ L?(R); and, for the 
case p = 1, Hf exists almost everywhere, but in general is not integrable. The focus 
of most of the published literature on the numerical evaluation of Hilbert transforms 
and other singular integrals covers the case of functions belonging to the class L? 
(for p > 1). In this section, some examples that fall outside the aforementioned class 
LP(R) are also considered. For example, the elementary choice f(x) = sin ax, with 
a denoting a real constant, yields i |sin ax|? dx = oo for p > 0. 

The method presented is based on an approach taken by King et al. (2002). The 
integration domain is split as follows: 


1, [°° £@ a f() atte [ TOE. as 


4 —~oco X09 — X Tso X90 —-%X 8 o-t *0-%X 


+o f° ACOs (14.166) 


IU xo+t x0 — xX 


and it is assumed that the function f is oscillatory in nature. A standard numerical 
quadrature approach can be employed to evaluate the Cauchy principal value integral 
on the right-hand side of the preceding equation. In the examples to be presented 
shortly, the widely available software package Mathematica was employed. The 
CauchyPrincipalValue object in Mathematica can be used to evaluate the second 
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integral on the right-hand side of Eq. (14.166) over a small interval (xo — T,x0 + T), 
where t was selected to be 107? on the basis of some trial calculations. This particular 
choice yields high accuracy for a number of test functions that were examined. The 
integrals over (—0o, x9 — T) and (xp + T, co) are separately partitioned into two sets 
of integrals. The range for each integral in the set is determined from the oscillatory 
characteristics of the function, which requires the determination of the roots of the 
function. Each integral in a set is treated as a term of a slowly converging infinite 
series. Convergence acceleration techniques (recall Section 2.16) are then applied to 
obtain the desired accuracy. The Levin-u transformation is fairly robust and appears 
to work well in applications. This convergence accelerator takes the following form: 


Ye 
ae (-1)/ ( ‘ ) G+ 1)*-? (Sj4.1 aja) 


, (14.167) 


Uk = 


Ee civ( j ) Gi +1)? (1/aj41) 


where ( : ) is a binomial coefficient, a; denotes the jth term in the series to be summed, 
and S$; designates the jth partial sum, that is 


§ = oan. (14.168) 


An additional factor of (k + 1)‘~? can be inserted into the denominator of both sums in 
Eq. (14.167) to improve the stability of the calculation. 

To illustrate the technique, some test functions are examined that satisfy the 
following basic requirements: 


(a) Hf (x) does not diverge for all x, and 
(b) Hf (x) can be evaluated in analytic form. 


The latter condition has been selected for the obvious reason that it allows an important 
check to be made on the quality of the results from the numerical evaluations. 
When Hilbert transforms of the form H{f(x)g(x)} are encountered, where f 
exhibits oscillatory behavior and g is a continuous function with a suitable asymptotic 
behavior as x — +00, then a viable computational approach is to try the technique 
just outlined on Hf. This assumes that Hf does not diverge, and further assumes 
that it is possible to evaluate Hf analytically, so the quality of the numerical result 
can be evaluated. Then, depending on the smoothness properties of g, a reasonable 
assumption is that, if Hf can be successfully evaluated numerically, the same would 
probably be true for H{f(x)g(x)}. Note that when f exhibits oscillatory behavior, 
there are a very large number of examples that can be worked out in analytic form; 
however, the inclusion of the function g, even for some fairly simple choices, can 
very quickly make the solution of H{ f(x)g(x)} in terms of standard special functions 
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a very difficult, if not impossible, assignment. Series techniques may be a feasible 
evaluation strategy in such cases. Some test results are presented in Table 14.4. 

In the entries in Table 14.4 the evaluation point x9 employed in Eq. (14.166) 
has been simplified to x. The working precision was set at four times the requested 
precision required for the final answer. This particular scaling of the working precision 
could be decreased for most of the examples examined, as the accuracy obtained for 
the numerical results exceeded what has been reported in Table 14.4. The following 
notation has been employed: the imaginary part is denoted by Im; recall from Section 
5.2 that the error function is defined by 


2 Zz 
erf(z) = wall e ds; (14.169) 


sgn denotes the signum function (sign function); and recall from Section 4.15 that 
the sinc function is given by 
sin wx 


sincx = ——, (14.170) 
TUX 


and that the Fresnel cosine and sine integrals are defined, respectively, by 


Z 2 
C() = / cos( Ja (14.171) 
hi 2 
and 


Zz 2 
S@ = / sin( ar, (14.172) 
; 2 


For the Hilbert transform of oscillatory functions whose integrands resemble those 
of Figures 14.2 and 14.3, the approach outlined is expected to work fairly well, which 
is supported by the results presented in Table 14.4. In the preceding two cases the 
oscillations die off fairly uniformly after some distance on both sides of the singularity 
atx = 2. 

The choice (sin bx)~! sin 2abx, for a and b constants, represents a more difficult 
case. A plot of {2 (2 — x) sin bx}~! sin 2abx is shown in Figure 14.4. In this example 
there are major oscillations centered about the singular point, but as Figure 14.4 clearly 
illustrates, there is a non-monotonic decay of the oscillatory behavior away from 
the singular point. The approach described handles this situation, but the accuracy 
obtained is not as high as that determined for some of the other examples reported 
in Table 14.4. Further refinements in the partitioning technique employed, coupled 
with a different selection of convergence accelerator techniques, would likely lead to 
improved accuracy. 

Two considerably more difficult examples are now examined. The first is f(x) = 
cos(ax~!), where a is a constant, for which Hf (x) = —sgn a sin(ax~!). The function 
m~!(2 —x)~! cos(x7!) is displayed in the vicinity of the origin in Figure 14.5. 
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Figure 14.2. Plot of the integrand function 7~!(2 — x)~! sin 5x. 
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Figure 14.3. Plot of the integrand function 1~!x~?(2 — x)~! sin? Sx. 
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Figure 14.4. Plot of the integrand function {7 (2 — x) sin bx}—! sin 2abx for a=5 and b=3. 
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Figure 14.5. Plot of the integrand function m—!(2—x)7! cos(x7!). 
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Figure 14.6. Plot of the integrand function {7 (2 — x)}~! cos(a cot x) fora = 1. 


Inspection of Figure 14.5 immediately reveals the expected difficulties to be asso- 
ciated with this example. The extreme oscillation as x — 0 makes this case rather 
recalcitrant to solve with a general robust type algorithm. A modification of the 
previously described procedure can be applied to cases such as this example. For con- 
venience, assume the singularity is located in (1, 00), a choice that results in no loss of 
generality. The integration is split into (—oo, —1), (—1, 1), (1, xo—T), @o—T, x0 +T), 
and (x+T, co), and the first, third, fourth, and fifth intervals are treated as previously 
described. The same procedure is also applied to the second interval, but the origin 
is approached from both the points —1 and 1. As the center of the pocket of extreme 
oscillation is approached, the number of roots spirals so significantly that a cutoff 
in the number of determined roots must obviously be made. Using this modifica- 
tion a modest accuracy level is obtained, as evidenced by the values reported for the 
appropriate entry in Table 14.4. 

As a final example, consider f(x) = cos(@cotx), where @ is a constant 
and a > 0, for which Hf(x) = —sin(acotx). Figure 14.6 illustrates a plot 
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of {2(2 — x)}~! cos(a cotx). It should be clear that it will be more difficult to 
handle the multiple packets of extreme oscillations that occur periodically beyond 
the singular point. A modification of the procedure used to deal with the case cosx~! 
should work on functions that have periodically placed pockets of extreme oscillation, 
provided that the overall decay characteristics of the function are not too slow. Oscil- 
latory functions with non-periodically placed pockets of extreme oscillation would 
be significantly more difficult to deal with using a general robust type of algorithm. 

For all the examples presented in Table 14.4, an attempt was made to evaluate 
numerically the integrals directly using Mathematica. It is left as an exercise for 
the reader to find which of the examples presented in the table can be numerically 
evaluated directly employing the Mathematica software. 

For wildly oscillatory integrands, or for integrands whose asymptotic nature is not 
well approximated as a suitably convergent infinite series, the direct application of 
the approach described is likely to be unsatisfactory. Such cases need to be dealt with 
on a case-by-case basis. An examination of the asymptotic characteristics may be 
suggestive of two or more slowly convergent series. If this is the situation, the princi- 
pal series may be broken up into multiple infinite series and convergence accelerated 
individually. Here it may be possible to use the larger oscillations in a separate series 
from the smaller oscillations. 

The technique discussed can also be utilized with very little change to cover the 
case of non-oscillatory continuous functions with suitable decay characteristics. Dis- 
cussion of this possibility is not pursued, but is left for the interested reader to explore 
independently. 


14.14 An eigenfunction expansion 


An approach developed by Weideman (1995) to evaluate numerically the Hilbert 
transform in terms of an eigenfunction expansion is outlined in this section. Recall 
from Section 4.17 that the eigenfunctions of the Hilbert transform operator can be 
written as follows: 


on(x) = —. forne Z*, (14.173) 
with 

Hd, = —isgnnd,, for |n| > 1, (14.174) 
and 


Ho = —ido. (14.175) 
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In this section the last two equations are combined using the following notation: 


1, forn>0 


sign(n) = ie ee, (14.176) 


The preceding function is introduced since the signum function for n = 0 is typically 
not defined, but when it is the most common assignment is sgn0 = 0. The functions 
¢n form an orthogonal basis for L*(R). This is easily verified by using the change of 
variable 


x = tan(0/2), (14.177) 
so that 
1+i ; 
Soe (14.178) 
1l-—i 
and hence 


a b}, (x) bn(x) dx = sf. el(n—m)o dé 


= Wonm- (14.179) 
Weideman expands the function of interest: 
[o,@) 
fx) = D> andr), (14.180) 
n=—-@} 


where a, are expansion coefficients. From this result it follows that 


ee) 


Hf (x) = Y > dnHon(x) =i Yo an sign(n) by (x). (14.181) 


n=—C} n=—-@© 


Weidman examined several examples, and determined the form of the coefficients 
an. The simplest example to consider is as follows: 
1 1/2 1/2 


= = ; 14.182 
OA ret Tae Lae ( ) 


which allows the expansion coefficients to be evaluated by inspection: 


a-1=1/2, ay=1/2, a,=0, forn 40,1. (14.183) 
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Hence, from Eq. (14.181), 


Hf (x) =—i D> ay sign(n) bn(x) 


n=—-@W 
- i i 
~ 20 +ix) 21 - ix) 
x 
= ——_,, 14.184 
14 x2 ( ) 
A more complicated case is the following example: 
= ; 14.185 
f= (14.185) 
The expansion coefficients are obtained from 
Lf 
a, = — ob, (x) f (x) dx. (14.186) 
T J—oo 
First, note that the coefficients a, satisfy 
a—n = An-1, (14.187) 
a2 = —ar,-1, forn>1, (14.188) 
and 
1 n 2n 
aon = xD (/(2) — 1)”. (14.189) 


From Eggs. (14.187) and (14.188), Hf is determined as follows: 


Hf (x) =i DY) ansign(n)dn(x) 


n=—-@} 


Be} > an{bn(x) — b—n—-10)} 


n=0 


=i) ) aanlbon(x) — G2n-1(x) + b-2n (x) — G-2n-10)} 


n=0 


— 1ay{b—-1(x) — bo@)}, (14.190) 
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Table 14.5. Evaluation of the Hilbert 
transform of a Gaussian function using 
an eigenfunction expansion 


Number of terms 


in expansion Af (1/2) 
10 0.478 763 067 
20 0.478 927 901 
30 0.478 925 108 
40 0.478 925 172 
50 0.478 925 173 
which simplifies to 
x a (1 +ix)2" 9 (1 — ix)" 
A = 
ga Page Bere areas 
2 1 22 2 1-6 2 4 
fe oe ee, Sian) 
l4+x2 0 14x? (1+ a7)?(1 +. x4) 
where a = ,/(2) — | and the following expansion has been employed: 
[o,@) 
(tz)! =S° Cp", for |z| < 1. (14.192) 
n=0 
Hence, 
Hee +2) (14.193) 
x) = —————_.. ‘ 
J (2) (1 + x4) 


The two examples just considered demonstrate how the approach is implemented. 
However, in a practical application, analytic formulas are not generally available 
for the expansion coefficients a,; it is then necessary to obtain reasonable estimates 
for these coefficients by numerical integration procedures. Weideman considered 
several examples, including eR eo” and (1 + x*)~! sinx, and the focus of the 
method revolves around the construction of suitable estimates for the coefficients ay. 
Asymptotic-type formulas for the coefficients a, for several examples were given by 
Weideman, and the convergence properties of the coefficients for each example were 
investigated. Weideman (1995) may be consulted for further details. 

Consider the example f(x) = e* ; then, for x = 1/2, Hf (1/2) ~ 0.478 
925 1729... Table 14.5 shows the results for the numerical evaluation of Hf (1/2) 
using the expansion formula Eq. (14.181) truncated at N terms. The coefficients 
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used to determine the table entries were worked out by numerical quadrature. The 
convergence is observed to be reasonably quick for this example. 


14.15 The finite Hilbert transform 


This chapter concludes with some comments on the numerical evaluation of the finite 
Hilbert transform. Since the limits on the integration are now finite, the reader should 
expect that the approach taken to carry out the numerical evaluation would be easier 
than for the Hilbert transform on the real line. And indeed, this is the case. Several 
of the approaches that were discussed earlier in the chapter can be applied directly to 
the finite Hilbert transform. One technique is considered, and the interested reader is 
referred to the references given in the chapter end-notes for other approaches. 

The finite Hilbert transform on the interval [—1,1] can be expressed, for x € 
(—1, 1), as follows: 


1 
ro =—p f 2S 
4 -1| x —S 
1. { fe [ees 
= — lim 
IU e>0 € Ss € Ss 


1 
=--/ loot fbn) =F GS Old 
Tu JO 


mes [ — -—)-N fl@/Qd-)+]1) 


x(¢+1)+2 x(t+1)-—2 


jar, (14.194) 
1 


where the prime denotes derivative with respect to ¢. The standard change of variable 


(b—a) b+a 
= 14.195 
a ( ) 
has been employed to convert 
b 1 
[ fous [ eoar, (14.196) 
a -1 
with 
g(t) = eres a eel. (14.197) 


To carry out the integration by parts, the function f is assumed to be Hdélder 
continuous on the interval (—1, 1) with an exponent m, so that 


lf @=£) —f & +e) = Ce”, (14.198) 
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with C a constant and m > 0. This condition allows the following limit to be 
employed: 


lim [f ( — €) — fe + @)] loge = 0, (14.199) 


which is required to obtain Eq. (14.194). In the form given in Eq. (14.194), the 
first integral can be evaluated using a Gaussian quadrature with the weight func- 
tion W(t) = log t~!, and the second integral can be treated using a standard 
Gauss—Legendre quadrature. Since x € (—1, 1), the second of the two integrals in 
Eq. (14.194) is not a Cauchy principal value integral. If the evaluation point x in the 
second integral takes a value very close to one of the endpoints, the Gauss-Legendre 
quadrature may be rather susceptible to errors in the vicinity of f ~ +1, depending 
on the behavior of f(t) ast > + 
Table 14.6 shows the results obtained from Eq. (14.194) for some simple test cases. 
The special functions appearing in the table are the cosine integral, the sine integral, 
recall Eqs. (8.78) and (8.79), respectively, the exponential integral, defined by 


= 


- OO 9 zy dy - ; 
E,(Z) = , forn=0,1,2,..., with Rez > 0, (14.200) 
1 y" 


and the hyperbolic sine integral function, 


z sinh tdt 
shit) = f “. (14.201) 
0 


The specialized Gaussian quadrature with the log weight was carried out using VN = 60 
and the Gauss—Legendre quadrature was carried using N = 384. The number of 
points employed for the latter quadrature should be more than sufficient to achieve 
a reasonable level of accuracy for the second integral in Eq. (14.194), provided the 
function has an acceptable polynomial approximation on the interval (—1, 1). For the 
results presented in Table 14.6, the accuracy of the results obtained corresponds to 
the accuracy of the weights and abscissa values employed. 

A more difficult case is represented by the function f(x) = \/(1 — x’). For this 
multivalued function the change of integration variables that yields Eq. (14.194) 
now leads to the separate integrals being complex-valued. This is not a particular 
difficulty. However, the resulting integrand in the first integral in Eq. (14.194) is 
not well approximated by a polynomial function, even a high-order one, and as a 
consequence the accuracy obtained is significantly diminished. Table 14.7 shows 
some representative values as a function of the number of quadrature points used 
for the specialized Gaussian quadrature. No interval dissection has been employed. 
The imaginary component should of course be zero. The errors resulting from the 
second integral in Eq. (14.194) are significantly smaller than those arising from the 
specialized quadrature of the first integral. These results could be readily improved 
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Table 14.7. Numerical quadrature of the finite Hilbert transform for the function 
fe) = J — 2) 

The evaluation point x = 0.1 has been employed and the exact result is (7f)(x) = x, 
and hence the exact numerical result is 0.1 


Number of Numerical quadrature Percentage error, Imaginary 
quadrature points for ip f ie Lids real part component 
10 0.137 536 660 598 4 37.5 0.085 6 
20 0.092 158 493 445 2 —7.84 —0.029 0 
30 0.094 029 198 118 1 —5.97 —0.009 9 
40 0.095 143 703 429 0 —4.86 —0.005 0 
50 0.095 922 078 892 8 —4.08 —0.002 7 
60 0.096 518 134 571 6 —3.48 —0.001 4 
70 0.097 003 524 4419 —3.00 —0.000 55 
80 0.097 417 061 264 4 —2.58 0.000 038 
90 0.097 782 196 885 0 —2.22 0.000 47 
100 0.098 114 445 667 3 —1.89 0.000 79 


by carrying out appropriate subdivisions of the integration interval, and refining the 
results until some pre-selected cutoff tolerance has been achieved. 

To summarize, when the function and its derivatives are likely to be well approx- 
imated by a modest sized polynomial expansion, then the quadrature approach just 
outlined will be reasonably effective. For functions that cannot be so represented, the 
accuracy of the approach is likely to be modest at best. In this case, a rather large 
number of specialized quadrature points are required to achieve a reasonably accurate 
result, or it will be necessary to resort to interval dissection techniques. 


Notes 


§14.1 A particularly good source of information on the fundamentals of numeri- 
cal integration can be found in Davis and Rabinowitz (1975). Press et al. (1992, 
2002) are valuable and widely employed references for advice on the practical imple- 
mentation of a large number of numerical methods, including those pertinent to the 
topics covered in this chapter. The latter also gives source code for the algorithms 
they discuss. Some general references on the numerical evaluation of Cauchy prin- 
cipal value integrals are Delves (1967), Piessens (1970), Paget and Elliott (1972), 
Hunter (1972, 1973), Elliott and Paget (1979), Lubinsky and Rabinowitz (1984), 
and Kolm and Rokhlin (2001). For the particular case of the Hilbert transform on 
the circle, see Schneider (1998). The numerical treatment of singular integrals of 
different types has attracted a great deal of attention. Some references for the inter- 
ested reader to pursue for further study are: Bareiss and Neuman (1965), Morawitz 
(1970), Atkinson (1972), Elliott and Paget (1975, 1976), Rabinowitz (1978, 1983, 
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1986), Chawla and Kumar (1979), Kumar (1980), Criscuolo and Mastroianni (1987, 
1989), Rabinowitz and Lubinsky (1989), Amari (1994), Diethelm (1994a—d, 1995a—c, 
1996a-c, 1997, 1999), Hasegawa and Torii (1994), Criscuolo et al. (1995), Mas- 
troianni and Occorsio (1995), Criscuolo and Scuderi (1998), Bialecki and Keast 
(1999), Diethelm and KGhler (2000), Capobianco, Criscuolo, and Giova (2001), 
Damelin and Diethelm (2001), De Bonis and Mastroianni (2003), Damelin (2003), 
and Yamamoto (2006). For an interesting application of Hilbert transform theory to 
the treatment of non-singular integrals, see Smith and Lyness (1969). 

§14.2 Subtracted dispersion relations are treated in many sources; see, for example, 
Nussenzveig (1972). Sloan (1968) gives a concise commentary on numerical evalua- 
tion of a subtracted finite Hilbert transform. Longman (1958) discusses examples of 
splitting Cauchy principal value integrals over the even and odd components of the 
function. 

§14.3 The trapezoidal approach to the numerical evaluation of the Kramers—Kronig 
transforms is discussed by Collocott and Troup (1979). A comparison of the Maclau- 
rin, trapezoidal, and Simpson’s rule approaches with the Fourier technique of 
Section 14.11 is carried out in Ohta and Ishida (1988). 

§14.4 Forsome further reading, see Stroud and Secrest (1966) and Gautschi (1981). 
§14.5 For further discussion on using a polynomial basis to determine the weights 
and abscissas for a Gaussian quadrature, see Sack and Donovan (1972) and Gautschi 
(1970, 1990). Blue (1979) discusses the integral for the shifted Legendre polynomial 
P,,(2x — 1) multiplied by the function log x~!. This integral arises in the construction 
of the weights and abscissas for a Gaussian quadrature employing the weight function 
logx7! using the Sack—-Donovan approach. A generalization of this integral is given 
by Gautschi (1979). 

§14.6 Quadrature points {w;,x;} for the related functions s“ log s~! have been 
discussed by Danloy (1973). The numerical evaluation of the one-sided Hilbert trans- 
form using a Gauss—Jacobi quadrature formula is discussed by Della Vecchia (1994). 
For another study of the one-sided Hilbert transform, see Gautschi and Waldvogel 
(2001). The results based on a specialized Gaussian quadrature are discussed in King 
(2002). 

§14.8 Discussion on the asymptotic behavior of the Fourier transform and other 
oscillatory integrals can be found in Wong (1989). 

§14.10 This approach to the numerical transform is mentioned concisely in Henrici 
(1986, p. 203) and is discussed by Henery (1984). For additional reading, see Liu 
and Kosloff (1981) and Gazonas (1986). For an application to immittance data, see 
VanderNoot (1992). 

§14.11 Peterson and Knight (1973) pointed out that Eqs. (14.138) and (14.139) 
could serve as a very effective starting point for the numerical inversion of the Hilbert 
transform pair. Gross (1941) derived this form for the dielectric loss function, but 
then converted the relations to the usual Hilbert transform, which he considered 
more suitable for numerical applications. This was the pre-FFT era. Other references 
where this form has been employed can be found in King (1978a). For some practical 
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applications, see Bertie and Eysel (1985), Harbecke (1986), and Bertie and Zhang 
(1992). 

$14.12 For further reading, see Johnson (1975) and King (1977, 1978a). A numer- 
ical implementation has been discussed by Collocott (1977), and for an application 
to color centers in KCl, Br ,_,, see Ketolainen, Peiponen, and Karttuner (1991). 
§14.14 For a particular series decomposition of the Hilbert transform of a suitable 
function, see Kress and Martensen (1970), and for an alternative approach see Gregor 
(1961). Afshar, Mueller, and Shaffer (1973) have considered a numerical approach 
where the Hilbert transform kernel is expanded as an infinite sum of Hermite func- 
tions. Sidky and Pan (2005) have developed an expansion approach for the inversion 
of the finite Hilbert transform on the interval (—1, 1). 

§14.15 For some further discussion on the numerical treatment of finite Hilbert 
transforms, see Pykhteev (1959), Stewart (1960), Lebedev and Baburin (1965), 
Piessens (1970), Hunter (1972), Elliott and Paget (1979), Taurian (1980), Monegato 
(1982), Gautschi and Wimp (1987), Mastroianni and Occorsio (1990), Criscuolo and 
Mastroianni (1991), Hasegawa and Torii (1991), Gori and Santi (1995), Natarajan 
and Mohankumar (1995), Gopinath and Nayak (1996), Criscuolo and Giova (1999), 
Dragomir, Dragomir, and Farrell (2002), Dragomir (2002a, 2002b), Nadir (2003), 
and Hasegawa (2004). Some of the references indicated at the start of these end-notes 
for the treatment of Cauchy principal value integral cover explicitly the case of the 
finite Hilbert transform. For a numerical treatment of the truncated Kramers—Kronig 
transforms, see King (2007). 


Exercises 
m/2 t 
e' dt 
P / = 
0 sint — cost 
into a form more suitable for numerical evaluation, and then evaluate the 


integral numerically. 
14.2 Simplify the integral 


& 
is 


Manipulate 


m/2 dt 
P / isis GE 
_nj2 JC +sint) — 1 
to avoid the Cauchy principal value, then evaluate the integral numerically. 
Evaluate the Hilbert transform Hf (x) for f(x) = cos ax with a a constant, by 


making an appropriate subtraction. 
14.4 By making an appropriate subtraction, rearrange the Hilbert transform 


OPS sin y dy 
~oo (x —y)(1 + y?) 


14. 


Ww 


14.5 


14.9 


14.10 


14.11 


14.12 


14.13 


14.14 


14.15 
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into a form avoiding the Cauchy principal value integral, and then evaluate 
the resulting integral numerically for x = 2. Evaluate the integral analytically 
and compare the results. 

Evaluate the integral 


és ie eo /10P dy 
=o. Sy 

using Simpson’s rule and compare the result obtained with a direct evaluation 
of the hypergeometric function expansion given in Eqs. (5.29) and (5.30). 
Evaluate the integral of Exercise 14.5 using the trapezoidal rule. 
What error results for the numerical integration of (i) f(x) = ax? + bx? + 
cx + d and (ii) f(x) = ax* + bx? + cx* + dx + e, where a, b, c, 
d, and e are constants, using the two-point Gaussian quadrature formula 
Joy fade © f(-1//3) + f0//3)? 
Evaluate the integral f lof (t)dt forf(t) = et analytically in terms of spe- 
cial functions. Determine the numerical value of the integral oe elf (t)dt 
using Eq. (14.128) for m = 1,10, and 100, and for n = 1,5, and 10. Com- 
pare the resulting values with those obtained from a direct evaluation of the 
analytic formula. 
Suggest a reason why a polynomial basis might do better in terms of numerical 
stability than a simple power basis to determine the weights and abscissas for 
a Gaussian quadrature. 
Carry out a numerical evaluation of the Hilbert transform of the function 
we BO—X0)” for the values a = 2,6 = 3, and xp = 1, using the specialized 
Gaussian quadrature of Section 14.6 for N = 10 and N = 20. Compare the 
numerical results with the value obtained from the analytic formula for 
the Hilbert transform of a Gaussian function. For readers with Internet access, 
the required quadrature points can be downloaded from the author’s home 
page at the URL given in the Preface. 
Evaluate numerically the Hilbert transform of the function f(x) = sin x e~ 
at x = 3 using the specialized Gaussian quadrature approach of Section 14.6 
for N = 10. Give an estimate of the error involved. 
Determine to an accuracy of six digits the Hilbert transform of the function 
f(x) = (1 +x?)~! cosxe7"! at the point x = 4. 
Evaluate numerically the integrals (H.f)(x) and (Hog)(x) at the point x = 4, 
where f(x) = (1 +.x*)~! and g(x) = xe~"", to an accuracy of five digits. 


x2 


Evaluate numerically by the FFT technique, the integral aor elle? dt for 
@ = 2. Compare your answer with the value obtained from the analytic 
solution of this integral. 

Explore the numerical stability of Eq. (14.133) for the evaluation of the inte- 
gral (ee el] + t+ 22)dt using the values w = 1,5, 10, and 20. Compare 
the results obtained with the exact result for the integral. 
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14.16 


14.17 


14.18 


14.19 


14.20 


14.21 


14.22 
14.23 


14.24 
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Evaluate numerically the Hilbert transform of g(x) = e forx = 2 using the 
allied Fourier integral formula, Eq. (14.139), and compare the value obtained 
with the exact result. 
Fit the following data, given as {x, f(x)}: (—100, 9.998 000 x 107>), (—50, 
3.996 803 x 10-4), (—40, 6.242197 x 10~*), (—20, 2.487562 x 1073), 
(—10, 9.803 922 x 1074), (—5, 3.703 704 x 1077), (—2, 1.666 667 x 1071), 
(—1, 3.333333 x 107!), (0, 5.000000 x 107!), (1, 3.333333 x 1071), 
(2, 1.666667 x 107!), (5, 3.703704 x 1077), (10, 9.803922 x 1073), 
(20, 2.487562 x 1077), (40, 6.242197 x 107*), (50, 3.996 803 x 1074), 
and (100, 9.998 000 x 10~>), to any suitable functional form. Determine the 
Hilbert transform of the data set and evaluate this at the pointsx = | andx = 5. 
Use any reasonable extrapolation of the data that you feel is appropriate. 
For the same data set as given in Exercise 14.7, fit the data to a sine or cosine 
series as appropriate, then determine the Hilbert transform of the data set and 
evaluate this at the points x = 1 andx = S. 
For the following data set: (—5, 4.579 470 x 107!!), (—4, 3.045 996 x 1078), 
(—3, 7.453 306 x 10~°), (—2, 6.709 253 x 1074), (—1, 2.221799 x 1077), 
(0, 2.706 706 x 107'), (1, 1.213061), (2, 2), (3, 1.213 061), (4, 2.706 706 x 
107!), (5, 2.221799 x 1077), (6, 6.709253 x 1074), and (7, 7.453 306 x 
10~°), determine the Hilbert transform at the points x = 1,x = 5, andx = 10. 
Use any reasonable extrapolation of the data that you feel is appropriate. 
Using a suitable quadrature approach, verify the given values for (Hf) (x) : 
(i) f@) = (sin?” ax)/x?, for p = 5,n =3, a= 11/10, andx = 7/10, 
then Hf (x) ~ —0.136 767 043 017 876...; 
(ii) f(x) = sgn xsin(a|x|!/2), fora = 14/5 and x = 6/5, then Hf (x) ~ 
0.950 688 424 322 45...; 
(iil) f@) = (sin? ax)/x?, fora = —7/5 and x = 11/5, then Hf(x) * 
—0.762 362 280 393 94... 
Determine numerically the Hilbert transform of the following functions at 
the points x = 0,x = mw, andx = 10: f(x) = sinx, f(x) = sin l2xe™”, 
and f(x) = sin(x~!). 
Prove Eqs. (14.187)—(14.189). 
Evaluate numerically the finite Hilbert transform 2 ~!P f 5 e dy/(x — y) to 
an accuracy of six digits at the point x = 1/2. 
Evaluate numerically the finite Hilbert transform 2~!P f a dy/ 
[a~—y)/d -— y*)] at the point x = 3/4 and estimate the error. Compare 
the numerical value determined with the exact value of the integral. 
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Table 14.1.1. Abscissas and weights for a Gaussian quadrature with a weight 


function of log x~ 


1 


Abscissas (x;) for N = 10 


Weights (w;) 


0.9042630962 1996506369 4662745251 E-02 0.1209551319 5457051498 8582388553 
0.5397126622 2500629504 2012263704 E-01 0.1863635425 6407187032 7415761808 
0.1353118246 3925077487 0232111120 0.1956608732 7775998271 0442500258 
0.2470524162 8715982422 2545443293 0.1735771421 8290692084 0382679110 
0.3802125396 0933233397 2341265091 0.1356956729 9548420166 9911621386 
0.5237923179 7184320116 1163824640 0.9364675853 8110525987 2906483510 E-01 
0.6657752055 1642459722 2381296904 0.5578772735 1415874075 9075889448 E-0O1 
0.7941904160 1196621735 8509331891 0.2715981089 9233331145 9339153986 E-0O1 
0.8981610912 1900353816 6953162341 0.9515182602 8485149992 5482488176 E-02 
0.9688479887 1863353939 1504526904 0.1638157633 5982632548 7807130901 E-02 
Abscissas (x;) for N = 20 Weights (w;) 

0.2588327955 9219554283 3273585516 E-02 0.4314275213 3208078578 9708432187 E-01 
0.1520966234 9560231720 6559633041 E-01 0.7538370990 8589359550 4548598668 E-O1 
0.3853655037 2165327959 8479658091 E-01 0.9305326745 1663051372 6903186899 E-02 
0.7218161381 5873906434 9676492723 E-01 0.1014567118 4982975443 6918308132 
0.1154605264 8763315055 8894044220 0.1032017620 5607206905 7820954502 
0.1674428562 7532968571 8283894558 0.1000225498 0527316653 2795906096 
0.2269837872 6020250336 1295077813 0.9325979930 0297678083 6606811451 E-0O1 
0.2927549609 4154583299 1980256477 0.8402895287 1941056497 0846278107 E-01 
0.3632774298 5785890453 7983651857 0.7328558913 0030740962 8311569280 E-0O1 
0.4369571400 9076831848 6637247297 0.6185033691 3730289957 2280804070 E-0O1 
0.5121225946 7896733619 5665907884 0.5041660443 8374677637 0507997375 E-0O1 
0.5870640449 1440991513 2493034911 0.3955137000 5298385332 9369671524 E-0O1 
0.6600734133 1490941391 2098073061 0.2969407789 5812844804 6071929235 E-0O1 
0.7294840839 2968749887 1046415640 0.2115631535 5427097673 0226771161 E-0O1 
0.7937096719 8708581774 3689513314 0.1412373293 8964020436 5980864816 E-O1 
0.8512808927 8912572722 2167469702 0.8660974504 3354986282 3251287219 E-02 
0.9008796808 5441759422 3438757398 0.4719940146 2036049543 6708198937 E-02 
0.9413697491 2909167630 2651369673 0.2151397403 9652061146 7792004210 E-02 
0.9718227410 7526319373 8477379400 0.7197282146 5320264635 8261281031 E-03 
0.9915380814 3871197265 2461357188 0.1204276763 3021674169 2763608185 E-03 
Abscissas (x;) for N = 30 Weights (w;) 

0.1214771793 0219078619 7210056168 E-02 0.2264278801 5571797236 4752743610 E-0O 
0.7069884839 8636750737 5339397224 E-02 0.4134095517 9739982010 1542980129 E-0O 
0.1790653342 0994657096 6305841135 E-01 0.5355528621 2183818418 1036240807 E-0O 
0.3366258077 2383811116 5915284571 E-01 0.6164047019 7788675155 7191408424 E-0 
0.5420249083 9775346046 3388697518 E-01 0.6667164696 4571022403 3528534635 E-0 
0.7933221307 8120485064 3511402413 E-01 0.6929923022 7482324676 0522914652 E-0 
0.1088050595 2687031563 1452767611 0.6998386731 5380167508 9576038787 E-0 
0.1423259410 5937096499 2248091535 0.6908576924 2359783727 9540197332 E-0 
0.1795553150 1845001459 1789878312 0.6690513778 7833853626 0187225547 E-0 
0.2201132403 1520041071 5741652967 0.6370238277 2500878085 9398917898 E-0 
0.2635836721 0583161584 8456897097 0.5970879743 7219206660 9431041174 E-0 
0.3095190319 2138466537 4436440497 0.5513230699 6722809028 9562999748 E-0 
0.3574450468 6630507371 8433787175 0.5016052032 8708261853 7455725842 E-0 
0.4068658301 3376562043 4811358249 0.4496225847 2567535011 0335564008 E-0 
0.4572691630 3373918556 8295196594 0.3968822159 2717629191 6741415521 E-0 
0.5081319313 8782666446 0702814366 0.3447118897 6248186284 6590558527 E-0O 
0.5589256644 9383561042 4974263003 0.2942599834 0654702965 3365543738 E-0 
0.6091221219 4825689613 0920428274 0.2464946367 5952071110 5755975547 E-0O 
0.6581988719 5442728078 0548775491 0.2022033702 2865462674 0508914264 E-0 
0.7056448040 7965709045 0124431741 0.1619938460 4765072041 3967623125 E-0 
0.7509655196 0639493231 2823995045 0.1262962385 2900291747 9516805106 E-0O 
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0.7936885435 5423584191 2021375456 0.9536750777 4674102056 8365426104 E-02 
0.8333683040 5688779798 7909328730 0.6929774356 9083090191 8227766558 E-02 
0.8695908269 8330304387 1404713436 0.4801864677 6125538937 2836644511 E-02 
0.9019780963 6940038873 7230019025 0.3131413572 4879546569 4996339492 E-02 
0.9301920340 5884910781 9921790096 0.1883299940 5013986144 2018245662 E-02 
0.9539380538 0031780657 4895575291 0.1010346449 5323391500 6968871788 E-02 
0.9729681404 4405869493 6301126629 0.4549497337 6116500824 7575717690 E-03 
0.9870833569 5450125802 7836227390 0.1508624177 2490582783 8193255488 E-03 
0.9961351660 1930615674 5803584885 0.2510285727 0432204829 1612436750 E-04 
Abscissas (x;) for N = 40 Weights (w;) 

0.7046660728 9806776877 0465135290 E-03 0.1413104711 2154336885 7126192303 E-0O 
0.4075166664 2903088343 2682825966 E-02 0.2642081370 8677438220 4921530474 E-0 
0.1030931590 3585798771 7782621191 E-0O1 0.3506262466 4940104524 8422798869 E-0O 
0.1939437075 3851413949 3078502042 E-01 0.4139440342 8997035863 1966641388 E-0O 
0.3128971098 8574044869 8363051969 E-O1 0.4601366464 5454154379 7897298147 E-0O 
0.4593391289 3468428012 4733641187 E-0O1 0.4926865952 4000027419 4240875633 E-0O 
0.6324702157 0223317125 7642181378 E-01 0.5139483861 8449263799 4888996990 E-0 
0.8313184048 8351332412 1186536850 E-01 0.5256759781 6075194897 2855332145 E-0 
0.1054749307 6737254686 1734330126 0.5292681216 6054503431 6901860044 E-0O 
0.1301475307 4306188695 5440521203 0.5258964795 3543630901 8875634611 E-0O 
0.1570064761 6822216852 0791908966 0.5165778811 4682875557 1804079674 E-0O 
0.1858951551 8124845866 3369209377 0.5022172357 4294366528 7970966730 E-0O 
0.2166445126 6714569024 1988390590 0.4836338900 2787326287 3095731868 E-0 
0.2490741092 8832117803 9734505261 0.4615781250 7400207884 7271855677 E-0O 
0.2829932355 0578902022 0415970592 0.4367415376 9433977838 2847366996 E-0 
0.3182020780 4852502979 6090120800 0.4097635176 5601425377 9907941645 E-0O 
0.3544929345 1002272164 7938014556 0.3812351872 1755054635 6871712864 E-0O 
0.3916514705 7704607702 0424975350 0.3517016808 6147301043 6037620882 E-0O 
0.4294580135 8364636821 9258279784 0.3216633484 6554071431 5099561188 E-0O 
0.4676888755 0460728338 6076361776 0.2915762808 3415987365 0644549517 E-0O 
0.5061176980 8483887605 9776578429 0.2618524372 9978201590 0453124488 E-0O 
0.5445168125 0343845338 3664780070 0.2328595755 9188973706 9060584277 E-0O 
0.5826586057 6844019126 5646632628 0.2049211295 6586892238 7539141072 E-0O 
0.6203168859 1540276775 8243216253 0.1783161418 0784787499 8683450927 E-0O 
0.6572682380 3013127181 4920472436 0.1532793301 1189067712 6205932953 E-0O 
0.6932933631 2640704036 7502132539 0.1300013459 0892194572 4960386827 E-0O 
0.7281783919 7890140601 2631813122 0.1086292666 8708043190 5530070223 E-0O 
0.7617161661 3583834715 8838018391 0.8926735182 0890672244 0031249082 E-02 
0.7937074785 1233752063 1817087173 0.7197808104 8832170849 4739239833 E-02 
0.8239622661 9070991415 4080252975 0.5678348644 8660541724 4681354151 E-02 
0.8523007483 2491471238 0362257534 0.4366678170 8792243840 0720870359 E-02 
0.8785545023 5829601678 7747160082 0.3257428647 3540031528 0477304453 E-02 
0.9025674721 0859487301 4613553450 0.2341763833 6252753544 1974327813 E-02 
0.9241969016 3440653639 2323852601 0.1607628051 9029849744 4108276251 E-02 
0.9433141891 2450529406 2638404727 0.1040020930 7644968532 7319205459 E-02 
0.9598056551 8753125059 8316996883 0.6212961834 9170739633 5588773931 E-03 
0.9735732192 3910325870 7592863317 0.3314821779 5167145464 1358486315 E-03 
0.9845349730 9399938849 5806513167 0.1486217957 4663384854 6274932875 E-03 
0.9926256113 9280558642 4350983364 0.4912887652 6090375650 9811346671 E-04 
0.9977963821 8088712167 7954556255 0.8158592173 1289388771 5455715330 E-05 
Abscissas (x;) for N = 50 Weights (w;) 

0.4602237980 7543176252 3689948144 E-03 0.9737186532 1791647216 2872355565 E-02 
0.2649407617 8752296664 3639190164 E-02 0.1848851141 5214896193 0934623146 E-0O1 
0.6694874036 2647640902 6048386743 E-02 0.2490389727 1803905141 6146390818 E-O1 
0.1259491189 3333483102 4055772142 E-01 0.2984738144 3860458563 3409534430 E-0O1 
0.2033432241 8643314136 1180789958 E-01 0.3370186990 3663231141 3798956249 E-O1 
0.2988852264 9297635201 0236983267 E-O1 0.3668706965 5490437128 4913930403 E-0O1 
0.4122474684 0972248615 2239547250 E-0O1 0.3894824561 9164614061 6745080878 E-O1 
0.5430264104 1815387853 3367567735 E-0O1 0.4059071985 9423565569 9214473177 E-O1 
0.6907465940 2075175246 0660493824 E-0O1 0.4169605777 8593021521 0553106398 E-0O1 
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0.8548638641 8784446428 7707378394 E-0O1 0.4233063196 8705093443 3885251726 E-0 
0.1034768334 1710700566 4968643208 0.4255054436 9165843562 5165349910 E-0O 
0.1229787309 0639284060 0350243017 0.4240462894 4241259500 4773321915 E-0 
0.1439188273 3800588270 4055448435 0.4193636524 4970701232 5753148444 E-0 
0.1662181995 6640041722 9988975614 0.4118513761 2294696338 2901670929 E-0O 
0.1897925776 1684356424 8668205135 0.4018708297 3015679926 9286051463 E-0O 
0.2145526848 5918808442 2200029721 0.3897567039 0367890445 0658964677 E-O 
0.2404045937 9168601931 3222070668 0.3758210054 1607069869 7100336365 E-0O 
0.2672500970 7379447319 2277955879 0.3603558150 6616625011 3267842020 E-0O 
0.2949870930 7135499167 8641554658 0.3436351811 3262175733 1936512559 E-0O 
0.3235099849 1619244987 7495920426 0.3259164015 2348922765 5775353953 E-0O 
0.3527100918 9308440355 0554841817 0.3074408710 3305657644 6076203111 E-0O 
0.3824760718 2585602367 3771836129 0.2884346194 3559338025 8026734350 E-0O 
0.4126943530 2648390749 5709460267 0.2691086318 3402776153 2833172857 E-0O 
0.4432495742 8756689285 7930850733 0.2496590189 2668769654 8902215294 E-0O 
0.4740250313 3367416445 7474797878 0.2302670880 6366263358 7912151935 E-0O 
0.5049031280 9724807289 0947696460 0.2110993538 5988432192 7601472004 E-0O 
0.5357658311 4750398601 5435488839 0.1923075182 4091027715 0592082255 E-0O 
0.5664951255 7450184942 1903537970 0.1740284431 4636554857 0310393540 E-0O 
0.5969734706 1413810847 8269852211 0.1563841340 5078778329 4566015676 E-0O 
0.6270842532 9242292736 0412061421 0.1394817485 3525100763 5846275150 E-0O 
0.6567122383 6847904805 8983514006 0.1234136410 4577666048 6969627513 E-0O 
0.6857440128 6477513054 7771723297 0.1082574524 8855880588 1475644706 E-0O 
0.7140684234 8982498352 5466989365 0.9407625128 2772520105 4869902591 E-02 
0.7415770052 8263434035 6072707024 0.8091873080 8115770188 6017681971 E-02 
0.7681643998 3927636621 7821370154 0.6881946676 5722545276 1129416725 E-02 
0.7937287615 1985220594 8518013978 0.5779923675 8818027713 1092398729 E-02 
0.8181721500 7846037654 4142531908 0.4786540335 0146044349 2299637708 E-02 
0.8414009082 0934290714 9859379541 0.3901236093 4721346294 9681231210 E-02 
0.8633260225 5870945011 9874983862 0.3122204595 5006123285 5783450477 E-02 
0.8838634668 1332303257 8726185127 0.2446450926 3402821075 2977530393 E-02 
0.9029345255 4288018057 1342501086 0.1869854879 0711259991 4343552879 E-02 
0.9204660975 4182573797 3955252538 0.1387240009 8992275608 9887185274 E-02 
0.9363909774 8364198399 5662012175 0.9924481875 7107016126 3909168265 E-03 
0.9506481147 5679820138 2783838404 0.6784192957 6098202180 0046597237 E-03 
0.9631828483 6676365582 5145012700 0.4372757053 5069486193 8942794294 E-03 
0.9739471166 6220633851 6314115963 0.2604110962 4506262360 3353278154 E-03 
0.9828996399 7399616372 5181401321 0.1385831756 8490619308 3799565972 E-03 
0.9900060710 5000763187 2905800214 0.6200981264 4545172136 4195698085 E-04 
0.9952390888 9723649172 5735768725 0.2046809227 9884450967 6460342070 E-04 
0.9985782202 5654899164 0715853532 0.3395871576 4839229631 5077173895 E-05 
Abscissas (x;) for N = 60 Weights (w;) 
0.3242993314 4248107289 1208675318 E-03 0.7155181881 1300426417 6256977727 E-02 
0.1860416905 5784504158 1595088031 E-02 0.1373694600 1689768187 3911967870 E-0O 
0.4696573639 0991652078 3942114106 E-02 0.1869537888 1776323261 4062949421 E-0O 
0.8833904836 9572925024 0525480692 E-02 0.2263474845 1526893488 0317606364 E-0O 
0.1426594295 0014852993 5907548326 E-01 0.2582207148 4993127288 0978814286 E-0 
0.2098127619 9176948993 7591897557 E-O1 0.2840945573 6376243830 2374085373 E-0O 
0.2896429015 1974968507 7779661262 E-0O1 0.3049634644 8417452363 6463561347 E-0O 
0.3819550862 7577167845 7652451676 E-01 0.3215378277 2867450134 8312868467 E-0O 
0.4865179933 4554167127 1789258721 E-01 0.3343582004 8381905227 2392755345 E-0 
0.6030652447 3874537777 9958103054 E-0O1 0.3438560534 1658051990 3925727055 E-0O 
0.7312966757 2377715272 1956094888 E-01 0.3503889570 1292293530 7218884009 E-0O 
0.8708795071 6818465500 4786847836 E-0O1 0.3542622661 8137415111 6083454265 E-0O 
0.1021449492 7718703334 3753434520 0.3557431317 9722807461 6893994436 E-0O 
0.1182612079 0207493527 6736535984 0.3550698901 9998310718 1910918798 E-0O 
0.1353943598 7942803410 6215052743 0.3524585360 1232078426 2583289705 E-0 
0.1534992510 2791649982 4410393161 0.3481072831 2964683853 7711628370 E-0O 
0.1725280687 4247676881 0751615165 0.3421998324 7375104565 3352025842 E-0 
0.1924304764 8440543587 9406047262 0.3349077416 9485313548 9920695492 E-0O 
0.2131537537 9162642166 4979147456 0.3263921574 4805421225 3160877862 E-0 
0.2346429417 4030179976 8882039685 0.3168050869 5948533893 6334090503 E-0O 
0.2568409936 8793538512 0164097312 0.3062903316 6486108988 6453688808 E-0O 
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0.2796889310 5491968614 5535122197 0.2949841701 0523366161 8396303268 E-0O 
0.3031260038 4673172558 9059742126 0.2830158532 0746897358 5418980118 E-0O 
0.3270898555 7690101950 7161861217 0.2705079584 7117274794 6108097139 E-0O 
0.3515166922 1778264157 3738970549 0.2575766378 9968035821 5190658984 E-0 
0.3763414547 7968952572 1739776737 0.2443317861 4624767855 6738996878 E-0 
0.4014979950 9749646457 9556250996 0.2308771492 5795409049 5938964335 E-0 
0.4269192543 8636326868 5393651628 0.2173103899 0143052525 7821613466 E-0O 
0.4525374441 1401036027 9319612067 0.2037231215 8329769188 9902889367 E-0O 
0.4782842287 2551210517 5277620657 0.1902009218 1711193980 2560973046 E-0O 
0.5040909097 4749546810 8991182831 0.1768233322 1730712784 2423172572 E-0 
0.5298886107 9168916656 7162116955 0.1636638519 6378294852 7375439102 E-0 
0.5556084629 7277580090 6100560207 0.1507899298 6756158028 5921614000 E-0O 
0.5811817902 5231879837 8984973374 0.1382629592 9824698944 6072243759 E-0O 
0.6065402942 1906302504 3114930066 0.1261382794 4941953790 7613510518 E-0O 
0.6316162378 1606124476 9252256358 0.1144651857 7548128854 4695718259 E-0O 
0.6563426275 2679276478 3050538426 0.1032869519 0076314604 9380496786 E-0O 
0.6806533935 3566088849 8606347738 0.9264086485 4849783331 6520249540 E-0 
0.7044835673 8293455484 5820704397 0.8255827510 8878508270 6956810267 E-0O 
0.7277694566 4029349689 0444115937 0.7306466256 2173184923 0168673692 
0.7504488161 4060444129 2657229655 0.6417971934 6374123518 2638024787 
0.7724610153 0435804028 9376716565 0.5591745006 7047158592 3892455562 
0.7937472011 1529142145 3534593237 0.4828628988 4274780594 3947262176 
0.8142504563 0906633852 2258726872 0.4128924063 9033490732 2780640830 
0.8339159523 5142074989 4567260213 0.3492402505 7411225839 4440584756 
0.8526910967 9590805452 6992204307 0.2918325890 6919565532 4125813196 
0.8705256746 2611647352 9997905774 0.2405464083 5959599528 5230001148 
0.8873719832 0303087598 5577376353 0.1952115949 7066545695 7389780512 
0.9031849604 5482295781 0309457342 0.1556131743 5442202694 3526361422 
0.9179223059 6359360185 3333605043 0.1214937111 5354054258 4498065752 
0.9315445946 2097135151 5016487895 0.9255586357 3497100062 2201153601 
0.9440153825 4095212996 7863965113 0.6846508368 2151985039 6682993332 
0.9553013049 3140747807 6299728999 0.4885245462 6620370345 9548064624 
0.9653721656 2844728181 5869017569 0.3331765500 4587598419 8963697843 
0.9742010179 6975726056 1635095850 0.2143203994 8545842187 3659404527 
0.9817642365 5412274904 0506665789 0.1274182787 6086249031 9137668869 
0.9880415789 2436265047 7686198034 0.6771381333 3216217294 8175479532 
0.9930162339 2887477895 2832112688 0.3026569953 0513963209 4285127954 
0.9966748400 1858749516 0243928475 0.9982035828 0485052441 3948530437 
0.9990073230 8937402711 3229359469 0.1655280633 5491778653 4893629025 
Abscissas (x;) for N = 70 Weights (w;) 

0.2409287033 0539821298 2960344914 0.5500885988 4653895211 2478378755 E-0 
0.1378298837 5262804797 2208442584 0.1065044896 4034216351 8009170044 E-0O 
0.3476599342 5284480581 2663139571 0.1460645691 1317445924 5995291435 E-0O 
0.6537630260 4274966431 2530522341 0.1781528007 3220929107 8120510153 E-0O 
0.1055843700 6840515156 7081950715 E-0O 0.2047396562 3506836371 3500880484 E-0O 
0.1553316117 1125593148 9846186664 E-0O 0.2269435972 4911042077 5365220623 E-0O 
0.2145354169 9410085070 5079925268 E-0O 0.2454914605 0202411263 9310857245 E-0O 
0.2830913593 4705571293 0893250893 E-0O 0.2608981114 1688504808 2347329166 E-0O 
0.3608744494 9094046568 2857717559 E-0O 0.2735512002 8677712577 3982138388 E-0 
0.4477399858 1598905970 7739449727 E-0O 0.2837563622 0854101477 0246850691 E-0O 
0.5435242173 8087888873 1159275140 E-0O 0.2917634857 8853299249 4882341402 E-0O 
0.6480449174 5886409170 1264663492 E-0O 0.2977829820 1010432285 7064512447 E-0O 
0.7611019170 1350903298 9565382129 E-0O 0.3019963633 6127836612 8831017714 E-0O 
0.8824776249 1136588305 4543131697 E-0O 0.3045633916 7949488291 4297166370 E-0O 
0.1011937550 1972451227 5015615488 0.3056270575 3112220649 5309488193 E-0O 
0.1149230835 4905432437 1838918603 0.3053171354 2524644887 8809454747 E-0 
0.1294090806 9356840152 0528120370 0.3037527731 3595416880 3898991634 E-0O 
0.1446235543 9364632792 0197583929 0.3010444078 9699524563 5183909562 E-0O 
0.1605368470 5060635315 2444592607 0.2972952025 0213287913 4117478641 E-0 
0.1771178969 1424521130 0680006534 0.2926021321 2617400952 3599944004 E-0 
0.1943343017 5088756245 5366371935 0.2870568126 7730416687 6549215835 E-0O 
0.2121523847 7544014800 0623008832 0.2807461350 8019022304 1185368587 E-0O 
0.2305372627 9857741422 5422141017 0.2737527520 3927736430 3507911734 E-0O 


Appendix 739 
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-2494529165 1595518200 3532466480 -2661554515 1290503324 6974901219 E-0 
- 2688622628 4773609115 2961609761 -2580294424 6601741364 3353904788 E-0 
- 2887272292 2207686023 5598942353 -2494465722 7274667015 0936356583 E-0 
- 3090088296 8448619104 8771836371 -2404754906 3846648307 6827876641 E-0 
-3296672427 0537916806 4278304804 -2311817715 9353005390 1128236462 E-0 
-3506618905 5022487954 6096449372 -2216280026 3380461781 8067927424 E-0 
-3719515200 7005703828 4753418700 -2118738482 1058975749 3240022122 E-0 
-3934942847 6454404902 8880190203 -2019760933 4058627748 4810346628 E-0 
-4152478279 6511738844 0372405383 919886719 9958412935 8017260722 E-0 
-4371693669 8170656735 1460045533 819626840 9878715429 5975941483 E-0O 
-4592157780 5333108457 0952467910 719464041 6039317691 7180340152 E-0 
-4813436819 4008491734 7728627281 619852842 6546961023 9530032923 E-0 
-5035095299 9186504497 2311406254 521219534 0999482809 4830709708 E-0O 
-5256696905 2750275443 6619021852 423962150 5006898173 2601605932 E-0 
-5477805353 5672470059 6818325730 328450443 2659118982 6120907890 E-0 
- 5697985262 7657623712 8331186590 235025862 1938301190 8548524774 E-0 
-5916803013 7356360650 9321298070 144001556 8027880115 4483592135 E-0 
- 6133827609 6279890806 9633063096 055662406 2598833694 6508339192 E-0 
- 6348631529 9584961813 6958549064 -9702650852 8273593277 6736097173 E-0O 
-6560791577 6979187786 9866101158 -8880381721 6259094212 6806210045 E-0O 


- 6769889717 7113409692 6683388631 
- 6975513904 8980576990 0467839277 
. 7177258900 4028739008 1987168388 
- 7374727074 2918283925 9893618632 
- 7567529193 1109754289 7166669215 
- 7755285190 7757578760 9508115275 
- 7937624921 2706039338 8619000326 
- 8114188891 6735844577 6709359812 
- 8284628974 0591837055 0632749618 
-8448609094 8733561050 5101770413 
-8605805900 4189430789 1561443034 
-8755909397 1360589798 9020600493 
- 8898623565 4110306380 7600029795 
- 9033666945 6986140902 2929041330 
-9160773195 7950739140 3317545747 
-9279691618 1535153116 1125842473 
-9390187656 1860878170 8851486058 
- 9492043358 5471093709 2658210330 
-9585057810 4293833833 9384450120 
- 9669047530 9145488665 7914719066 
-9743846835 3470345381 9490943945 
- 9809308161 3989096507 1894081383 
- 9865302356 4436114599 6184088205 
-9911718919 9939591636 1195306011 
-9948466178 0270196936 6613408965 
-9975471266 3698326460 7801104511 
-9992678814 6516393640 0211528180 


- 8091823039 9659893625 1257129774 E-02 
- 7338703832 9321695742 9989803629 E-02 
- 6622478393 0312765300 9023388730 E-02 
-5944329467 0966759686 3006973286 E-02 
-5305172036 7214025783 3450165696 E-02 
-4705657706 4024191222 5012034481 E-02 
-4146179708 3823349226 8216953386 E-02 
3626878528 4544433838 7352138237 E-02 
-3147648152 6872152265 6447567973 E-02 
-2708142931 0729571774 2421505809 E-02 
-2307785050 4696642919 5955154036 E-02 
-1945772605 8506135108 6269637408 E-02 
-1621088255 7749162918 0039433479 E-02 
-1332508445 1213007314 1614189112 E-02 
-1078613175 4683654600 1756487098 E-02 
-8577963010 4249284427 2116467057 E-03 
- 6682763258 7746212641 6662492240 E-03 
-5081076757 2786902651 6965659116 E-03 
-3751924163 4402143571 6063295915 E-03 
- 2672923879 4306315892 8649705546 E-03 
1820417240 9550395938 9469568733 E-03 
-1169597217 8677054517 0437385707 E-03 
-6946402811 6415039061 3469668286 E-04 
-3688410800 3257232261 8996081665 E-04 
-1647495660 3373261607 6024733105 E-04 
-5431021655 1462165577 9980095959 E-05 
-9003261417 4235389746 6507662703 E-06 


SCOCDCOOOOO OOOO OOOO OOOO OOOO OOO OOOO OOO OOOO OOOO OOOO SD 
eo ooo ooo ooo ooo oo ooo ooo ooo ooo ono on ooo oooh ono oho ononononone) 


NN 


Abscissas (x;) for N = 80 Weights (w;) 

0.1861004756 9983688361 6320864487 E-03 0.4373242147 9209686238 5014685789 E-0O 
0.1062200079 3081544509 2446686979 E-02 0.8524353363 4096843641 1477039997 E-0O 
0.2677378618 3154933018 8105553608 E-02 0.1176097144 5048977338 5941124247 E-0O 
0.5033457063 9681333654 4555068132 E-02 0.1442630086 9942707912 8689120670 E-0O 
0.8129053354 2066593565 5015396429 E-02 0.1667181642 3239953039 9327633561 E-0 
0.1196093822 0862407326 6401458821 E-0O 0.1858333552 4505677213 5324005010 E-0O 
0.1652439488 0218351103 0082747549 E-0O 0.2021643762 7622382625 6858414074 E-0O 
0.2181337374 6945562834 3264777027 E-0O 0.2161029760 8932765393 3301041250 E-0O 
0.2782057685 2256188364 5955903645 E-0O 0.2279421903 8392647616 9689912998 E-0O 
0.3453751219 5715240517 0618032758 E-0O 0.2379112342 4072942005 0303725542 E-0 
0.4195453363 9191376670 7377755829 E-0 0.2461958202 7067082921 0574489184 E-0O 
0.5006087343 1150945462 6420477798 E-0 0.2529507747 1926219015 2514178522 E-0 
0.5884467094 3723237467 6207567544 E-0O 0.2583082688 2165994333 7230741672 E-0O 
0.6829299957 8819491265 8850606096 E-O 0.2623834041 4782150491 4120509661 E-0O 
0.7839189297 4792832799 6985883441 E-0 0.2652781244 4520774939 0976453234 E-0O 
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Numerical evaluation of Hilbert transforms 


Table 14.1.1. (Cont.) 
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-914678165 
-925225164 
- 935129600 
- 944376474 
- 952951788 
- 9608425546 
- 9680368262 
- 9745237086 
- 9802933787 
- 9853370987 
- 9896472297 
- 9932172416 
-9960417202 
- 9981163598 
- 9994378578 


-8912637119 
- 1004804673 
-1124372547 
1249788753 
- 1380865682 
.1517407004 
1659207974 
-1806055757 
-1957729759 
- 2114001970 
- 2274637317 
- 2439394026 
- 2608023996 
- 2780273177 
-2955881963 
3134585585 
3316114521 
-3500194902 
- 3686548936 
- 3874895327 
-4064949706 
-4256425064 
-4449032189 
-4642480107 
-4836476525 
- 5030728273 
-5224941756 
- 5418823393 
- 5612080070 
- 5804419582 
-5995551081 
- 6185185513 
- 6373036060 
-6558818579 
- 6742252029 
- 6923058901 
7100965637 
- 7275703052 
- 7447006735 
- 7614617456 
- 7778281558 
- 7937751344 
-8092785451 
- 8243149219 
- 8388615047 
- 8528962736 
- 8663979829 
- 8793461929 
-8917213010 
- 9035045720 

q 

7 

0 

9 

0 


6419004142 
3254632910 
6962832554 
1105557678 
4803277244 
4446454192 
6823463240 
7977122785 
7303053380 
5218664859 
1820817080 
3234730205 
1783509372 
5640195808 
3237051051 
7381742652 
3754251119 
8222235743 
7209366276 
5175623643 
3116963627 
1861132030 
3824619249 
6801060121 
3272516621 
8671007958 
1967571391 
1929406332 
2361755036 
9639678522 
5835438212 
0759485679 
6256825508 
6135507484 
50000390 
518988914 
524512614 
817129259 
39731020 
280564275 
73689200 
82342374 
727201511 
557148570 
04519025 
519716891 
8141133690 
3325139304 
9737015982 
2386407940 
2879157174 
9549669707 
7331346139 
3411675056 
4892234453 
4807919779 
2897956951 
7322636858 
2699603392 
7231951309 
3356141270 
6387700183 
5337293855 
4692317127 
7955450130 
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5620341520 E-01 


5381515737 
9942628086 
6935145646 
4793848325 
7085005874 
3213633412 
3071146286 
4711649769 
3348523126 
4884742419 
6003470491 
2572888752 
4237774530 
0741942280 
1987929838 
5383001207 
5289420893 
9483943901 
7060678640 
5676439486 
7231776134 
6995606961 
7205941595 
2145482248 
0766309323 


93080 


4314 


0082586837 


36008 


7660 


4111675012 
1898188164 


13670 
29296 


2707 
3326 


6643134195 
7401222837 
2544377431 


75222 


6977 


6777702314 
1695499713 
3273174581 


27728 


9629 


6649503847 
3035809527 
5953821411 
5421341840 
2457062078 
1785165012 
0976388537 
0606793287 
5504611619 
9914679675 
8054106268 
9629277998 
0917883920 
9099403347 
5104622413 
8745471431 
4108028771 
0148658162 
8380837535 
8252625946 
6258009104 
5939649011 
9463642148 
4510178454 
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- 2670840273 
- 2678844289 
- 2677559074 
- 2667694730 
- 2649914678 
- 2624842621 
- 2593067997 
- 2555150265 
-2511622291 
- 2462993030 
- 2409749659 
- 2352359258 
°2291270151 
2226912958 
- 2159701417 
- 2090033028 
- 2018289541 
1944837329 
1870027665 
1794196915 
1717666678 
- 1640743872 
1563720791 
1486875125 
-1410469972 
-1334753832 
1259960596 
. 1186309536 
1114005297 
1043237894 
-9741827277 
- 9070006019 
- 8418377656 
. 7788259676 
. 7180825315 
- 6597104516 
- 6037985101 
-5504214164 
- 4996399709 
-4515012510 
- 4060388232 
- 3632729779 
- 3232109906 
- 2858474059 
- 2511643473 
- 2191318502 
- 1897082196 
- 1628404106 
1384644313 
-1165057691 
- 9687983733 
- 7949244290 
- 6424027419 
5101140732 
- 3968583063 
- 3013598605 
+ 2222732630 
-1581888675 
1076387094 
- 6910248313 
-4101363095 
- 2176553035 
- 9717766362 
- 3202478165 
- 5307830899 


3754250250 
9599460412 
1482976100 
8064124850 
6828993996 
5193428608 
4888045931 
4232285479 
2253826098 
9987848588 
6015116837 
5888156045 
9180029592 
6930608527 
8069957928 
3307295781 
0051061967 
5781470262 
5307508052 
6121811907 
3116961925 
7377213527 
2202864839 
1890714665 


426414 


4164 


5888065267 
8826052204 
9315126945 


154544 


359804 


2668 
8985 


3234205299 
3839790504 
7128274250 
1593231856 
0196470090 
4217910449 
0959848103 
8697015374 
2450376753 
6157443638 
0369744705 
9525683631 
8955715435 
8936424397 
1204078905 
2269461404 
7563312874 
0818163186 
4101461980 
5510000126 
6777065921 
9056994341 
8681749832 
4582013394 
3955427999 
7094687480 
1213566250 
6763188909 
7065844092 
6064954766 
5293797637 
2480126379 
4788237937 
1389842977 
5638523798 


2038031249 
2987310250 
7048649731 
5950615247 
4568356621 
0112415781 
9540133227 
7814219953 
2446268128 
4009615503 
7271596120 
7057410147 
6716089370 
2528572310 
1659066416 
2685022249 
8107480224 
8579100740 
6405651778 
3671077828 
7913836961 
1277527151 
7895592116 
8823280489 
2030482196 
6644491881 
5299980889 
1423989240 
5061924851 
3805597640 
8100607690 
6759606118 
9234673305 
9435285486 
9538615536 
6250476215 
3280349923 
4636861294 
1033943736 
8586764034 
2813017784 
9588475384 
3265588275 
1165133173 
8252192499 
1988030854 
4807472089 
8390504761 
1456750519 
9327706090 
5359158715 
4572801839 
7289723585 
3334025872 
0094442530 
3365012211 
5944353200 
9432156611 
1214325772 
8268765513 
4553647102 
0855234373 
7299220009 
5644846988 
5397932173 
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Appendix 741 
Table 14.1.1. (Cont.) 
Abscissas (x;) for N = 90 Weights (w;) 
0.1481118966 3536867925 5117178022 0.3567892283 0944520382 3758554194 E-02 
0.8437398752 3358220078 6356479084 0.6993175209 5432582045 7376659248 E-02 
0.2125425037 8691138826 5659501502 0.9695391395 5459156750 5934472103 E-02 
0.3994823496 8125793999 8984518260 0.1194662914 8149207698 2706309935 E-0 
0.6451310560 4103886498 7885689900 0.1386699423 4685463045 0323282175 E-0O 
0.9493012709 5147844803 2645926098 E-02 0.1552446375 8731868125 2227884152 E-0 
0.1311707714 1325271183 8866846014 E-0O 0.1696297507 9782616642 4582723351 E-0O 
0.1731978583 2335752336 1926214880 E-0O 0.1821340258 2114354538 9868548055 E-0O 
0.2209661626 4488157114 0029107537 E-0O 0.1929874532 5097616230 5517545734 E-0O 
0.2744227916 1925651541 3419068376 E-0O 0.2023690011 0848422543 3805837032 E-0 
0.3335074498 0238996220 2848678504 E-0 0.2104227817 0189529452 9234582773 E-0O 
0.3981526447 4076837654 7889586949 E-0 0.2172681054 3448730326 0960813381 E-0 
0.4682838603 5476522301 0567343852 E-0 0.2230060531 9212102938 8192004435 E-0O 
0.5438197127 6143378396 0047614539 E-0 0.2277239469 5336829207 3531719243 E-0 
0.6246720970 9714808030 4917026430 E-0 0.2314984904 5611127903 0181399667 E-0O 
0.7107463305 4966827654 5797414675 E-0O 0.2343980350 7623373917 0703041101 E-0O 
0.8019412948 8410831034 0259418261 E-0 0.2364842513 0302637001 9819285604 E-0O 
0.8981495805 8789548673 8057861494 E-0 0.2378133850 0995930908 1401640957 E-0O 
0.9992576340 3293729994 1240721094 E-0 0.2384372167 1381694786 3380261214 E-0O 
0.1105145908 5812693335 4225938778 0.2384038039 3331222337 8252744630 E-0O 
0.1215689020 2443730695 8445781344 0.2377580622 5798963185 8410929956 E-0 
0.1330755908 2886320250 0383820304 0.2365422245 5321413089 5667593374 E-0 
0.1450210001 0255201796 1943848226 0.2347962067 8212059413 7821807624 E-0O 
0.1573909386 9137333207 9770735137 0.2325579013 6817075049 4336901191 E-0O 
0.1701706991 0180162625 3464805794 0.2298634137 0541853186 5258025948 E-0O 
0.1833450756 8070839698 0161237101 0.2267472536 1975435382 5384897673 E-0 
0.1968983833 2249214419 7200242042 0.2232424908 2090701116 3903155532 E-0O 
0.2108144766 9319075365 9495619386 0.2193808813 4908818986 5777855884 E-0 
0.2250767699 5819083184 0011868448 0.2151929705 0100326927 7450579653 E-0O 
0.2396682569 9768134596 8369302876 0.2107081765 7295621778 5913167455 E-0O 
0.2545715320 9195873233 9097655586 0.2059548588 8330568887 7535298348 E-0 
0.2697688110 5697986580 1972037703 0.2009603728 6153012011 1180365034 E-0O 
0.2852419528 0910691867 5887753133 0.1957511144 6581018382 8415118234 E-0 
0.3009724813 3674194047 4334975268 0.1903525557 7854660393 7362134208 E-0 
0.3169416080 5547014783 8112853730 0.1847892733 0266694576 6897389779 E-0 
0.3331302545 2239032152 6190859863 0.1790849702 2101313057 8038861688 E-0O 
0.3495190754 8448635174 9005858813 0.1732624936 7166005228 5583010660 E-0O 
0.3660884822 3516907444 3737017433 0.1673438479 2247673255 4735296066 E-0O 
0.3828186662 5247921307 5818261757 0.1613502041 9007634123 6065317137 E-0O 
0.3996896230 9188051809 4300090679 0.1553019077 3497402216 0145169017 E-0O 
0.4166811765 0607932145 7498986647 0.1492184827 7123477173 3785706287 E-0O 
0.4337730027 6387661764 7059644748 0.1431186356 5122264201 2091362582 E-0O 
0.4509446551 3968665038 4280240098 0.1370202567 2118437849 7726683636 E-0O 
0.4681755885 4503801795 9186520266 0.1309404211 8889417976 9161791964 E-0O 
0.4854451842 7310646347 7348874190 0.1248953892 9853262319 0649031793 E-0O 
0.5027327748 2711033276 8317143141 0.1189006060 6884233383 1098249684 E-0 
0.5200176688 0322816268 3017743842 0.1129707008 1716988780 3579622251 E-0O 
0.5372791757 9857136120 9306209919 0.1071194866 6328041919 8101687627 E-O 
0.5544966313 1466208829 8951350842 0.1013599601 8201938240 9480958954 E-0O 
0.5716494216 2682608494 1376872500 0.9570430135 2345269167 0876345041 E-02 
0.5887170085 8991133342 0264953295 0.9016387393 1437358253 7835739417 E-02 
0.6056789543 5078519365 8660664187 0.8474922636 6058923130 1158642678 E-02 
0.6225149459 3814427218 3338264504 0.7947009333 8770858962 7540140088 E-02 
0.6392048197 0029203316 9959223815 0.7433539803 3647826023 1542629056 E-02 
0.6557285855 6169839566 6383766827 0.6935325519 4603768794 8227647983 E-02 
0.6720664510 6935265063 1359961802 0.6453097503 9082389183 3320902085 E-02 
0.6881988452 0015536897 4586875141 0.5987506808 0540991378 5449855084 E-02 
0.7041064419 0086595987 7695776443 0.5539125090 4711058643 5057219505 E-02 
0.7197701833 3242958071 3179233340 0.5108445293 6936909719 3877163591 E-02 
0.7351713027 9084959304 0313759428 0.4695882423 0874765975 4916595002 E-02 
0.7502913472 7714908844 6974728340 0.4301774430 2394284359 6653829353 E-02 
0.7651121996 8937654108 0059460770 0.3926383202 6591981511 8208560195 E-02 
0.7796161006 1005572615 2499827428 0.3569895661 0340897799 8958885594 E-02 
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0.7937856696 6295799438 5891649210 0.3232424964 7712453974 3471663769 
0.8076039264 1358509824 8914326301 0.2914011826 0871614290 9874861485 
0.8210543107 8829227583 3545131506 0.2614625932 4628593794 9921222488 
0.8341207029 8755341433 7844298615 0.2334167476 8698352858 9669855048 
0.8467874428 6947197984 1791134965 0.2072468794 7846593878 6460078817 
0.8590393487 8027207598 7484560583 0.1829296106 6465454774 6539700265 
0.8708617358 0916243093 2507959177 0.1604351364 0704484388 2459543119 
0.8822404334 4565109004 5318872632 0.1397274197 8066548769 1775261381 
0.8931618026 1809862508 5698000571 0.1207643965 1350254489 5542546678 
0.9036127520 9303083222 6292136557 0.1034981894 0968564265 4279546652 
0.9135807542 1548549516 1326398195 0.8787533216 9875755803 3357691800 
0.9230538599 7143779048 9437571281 0.7383700229 7015064608 2755322657 
0.9320207133 5412874095 1300639077 0.6131926275 1826539560 5092985160 
0.9404705650 1689934252 3489338063 0.5025331200 0124418069 7219706420 
0.9483932851 9588841568 8797265973 0.4056574207 3065901230 7648942349 
0.9557793758 8664327636 6604957095 0.3217880424 1896819003 9514240279 
0.9626199822 5923269482 4709510097 0.2501068189 0484547364 2539613998 
0.9689069032 9665163103 8422722967 0.1897577015 1961707453 9660010178 
0.9746326016 4072303989 6041110733 0.1398496186 0102962432 1145900204 
0.9797902126 2721857677 5860916003 0.9945939351 6139038859 6029173387 
0.9843735524 8449340762 4685707461 0.6763471642 3378972092 0255989404 
0.9883771256 4837694948 5750475858 0.4339716488 5657400524 9675917933 
0.9917961310 7901635721 4852345550 0.2574526834 5096826370 2478810780 
0.9946264672 2722305230 8018560279 0.1365761140 1369357693 4242681824 
0.9968647342 6504963190 5893807976 0.6095970885 2454367247 1758089250 
0.9985082261 3367816854 2677038740 0.2008482528 9805716498 7167469719 
0.9995548450 3341230388 9452654205 0.3328425529 0978548456 7607223249 
Abscissas (x;) for N = 100 Weights (w;) 

0.1207018461 8758285520 7384059708 0.2971391875 9864430305 3407586352 
0.6864521098 4388761653 7125665129 0.5851257177 7897799996 2706578655 
0.1728282056 7831611377 1382364750 0.8145060832 0728044709 5021643288 E-02 
0.3247644817 5204325910 6021802245 0.1007379404 2083922077 1196296744 E-0O 
0.5244298638 2303223450 9465256262 0.1173503758 8772146682 3316142063 E-0O 
0.7717116169 6052449845 9952020780 0.1318399040 2209401547 9028600392 E-0O 
0.1066429320 0028611360 2560148714 E-0O 0.1445628756 4362842266 7104100370 E-0O 
0.1408343598 4245447506 3434414943 E-0 0.1557692101 8208393685 7792528726 E-0 
0.1797160698 1293881272 3033394152 E-0O 0.1656445743 9840148179 4132414993 E-0O 
0.2232535259 8666968711 5043730176 E-0O 0.1743329423 6502620882 6332157741 E-0O 
0.2714072204 8404951125 8043228955 E-0 0.1819497578 6736368316 4805593817 E-0O 
0.3241328143 9222722314 7129626750 E-0O 0.1885901277 7930470185 9129827611 E-0O 
0.3813812518 8409450574 7031267962 E-0O 0.1943341848 1095150891 9098385830 E-0O 
0.4430988589 4260215406 3240122188 E-0O 0.1992507408 6442563628 6869068429 E-0O 
0.5092274333 3107639432 0470221288 E-0 0.2033998583 7383790505 6447289100 E-0O 
0.5797043298 6596158038 5283197292 E-0 0.2068347096 6510825228 9714405286 E-0O 
0.6544625435 6608541890 4629370397 E-0O 0.2096029523 2842686050 1856768895 E-0 
0.7334307923 6152466255 4852212508 E-0O 0.2117477663 4577980898 3971082550 E-0O 
0.8165336004 8787527071 5112229543 E-0O 0.2133086491 1824910413 8374220737 E-0O 
0.9036913833 3102645362 5897184344 E-0 0.2143220335 7145228406 0829017194 E-0O 
0.9948205342 4691566059 1368321381 E-0O 0.2148217745 9109980715 2927933475 E-0O 
0.1089833513 7158404110 5099377805 0.2148395358 7446134194 8654193619 E-0O 
0.1188638941 0750992900 3818598978 0.2144051003 7813818488 8022675749 E-0O 
0.1291141688 9905633397 3780335712 0.2135466213 9220776211 9456973403 E-0O 
0.1397242980 7667837495 3685741344 0.2122908269 4306272784 1724197472 E-0O 
0.1506840490 5496221481 6797357568 0.2106631871 3022448272 3922458034 E-0O 
0.1619828446 4406289083 3568266505 0.2086880517 5193805190 2947379375 E-0O 
0.1736097736 5154341230 6872852525 0.2063887639 1609666537 8172617474 E-0O 
0.1855536017 7171480043 9940688251 0.2037877540 9547251949 3453097337 E-0O 
0.1978027827 5787173624 7795279546 0.2009066181 5172780649 1952058669 E-0O 
0.2103454698 7143050768 1029669750 0.1977661821 3935308520 9508449611 E-0O 
0.2231695276 0082963268 4962667296 0.1943865561 5069876343 8140555174 E-0O 
0.2362625436 4209398018 5356987071 0.1907871790 3525862690 7186531491 E-0O 
0.2496118411 3214997922 6675261317 0.1869868554 9037615561 6038685921 E-0O 
0.2632044911 2528250621 9534291061 0.1830037867 5464029305 2281432919 E-0O 


Table 14.1.1. (Cont.) 
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- 2770273253 
- 2910669489 
- 3053097538 
-3197419321 
- 3343494893 
- 3491182583 
- 3640339129 
- 3790819824 
- 3942478652 
-4095168434 
- 4248740968 
-4403047181 
-4557937267 
- 4713260838 
- 4868867068 
- 5024604843 
- 5180322907 
-5335870011 
-5491095057 
-5645847249 
-5799976242 
- 5953332281 
- 6105766356 
- 6257130343 
- 6407277146 
- 6556060847 
- 6703336844 
- 6848961992 
- 6992794744 
. 7134695288 
- 7274525686 
- 7412150005 
- 7547434451 
- 7680247502 
- 7810460030 
- 7937945435 
- 8062579761 
- 8184241824 
- 8302813322 
- 8418178959 
- 8530226551 
- 8638847138 
- 8743935090 
- 8845388212 
- 8943107838 
- 9036998933 
- 9126970185 
- 9212934089 
- 9294807040 
- 9372509407 
- 9445965616 
-9515104222 
-9579857977 
- 9640163898 
- 9695963328 
- 9747201992 
- 9793830050 
- 9835802145 
- 9873077450 
- 9905619703 
- 9933397240 
- 9956383024 
-9974554642 
- 9987894237 
- 9996387800 


0252066499 
0321279121 
6758753098 
7868768642 
9169887536 
3836982353 
9393050931 
9365463473 
8598100213 
0890193847 
7614400782 
5950533652 
5357368771 
0892893635 
1983196983 
5231857543 
9855099246 
4323101361 
2784639906 
9850655751 
2312363485 
6371105210 
8960289514 
1744414518 
6386333009 
9681556341 
7167491507 
3826042642 
0509964160 
4736707653 
4508238296 
3831387807 
8630738731 
1764776721 
5876080745 
2827621892 
8499784870 
1746486433 
6333714446 
4709921271 
2484944639 
2522464710 
7580400528 
0464060290 
0688237751 
6676729243 
2560849542 
8672333113 
4860342785 
5796884424 
7469253892 
4091338169 
4695982602 
8694893610 
9703717075 
6912675332 
3201494711 
8960885115 
9944609024 
5691081809 
9576536605 
2200932959 
5965149142 
6807690208 
6340674918 


8506333138 
1747104175 
0168040090 
3288212811 
4458176055 
4697802797 
0100776871 
1692275904 
6233620838 
7770942102 
6290046134 
6074403127 
6613725449 
6238716001 
3900408489 
0400414663 
0056070142 
6921039127 
7996405487 
2751029533 
2434006738 
3667954118 
9673095582 
3972933559 
4277998420 
6442436907 
2659150204 
8766930368 
6975405427 
7806871953 


663912659 
7883093589 
6274747579 
3955739978 
770257107 
6158358048 
6577309739 
3002355893 
168198575 
5957782849 
7604942635 
7431128577 
456890991 


2502761852 
2888812199 
3388916397 
4925408999 
3987128171 
2014845777 
9215462663 


7 


56999251 


1918759421 
3021221645 
4426277880 


1 


92053193 


8033450433 
2289051912 


3 


93356490 


2461759164 
2403337804 


4 


38932847 


6570947394 
9812176981 
4838050003 
6513497975 
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1788555959 
1745593487 
1701315705 
- 1655882600 
- 1609449003 
-1562164677 
1514174384 


465617939 


1416630250 
1367341343 


317876386 


.1268355699 
1218894761 
1169604216 
-1120589869 
1071952688 
1023788801 
- 9761894926 
9292412017 
- 8830255236 
- 8376192095 
- 7930941712 
- 7495174878 
. 7069514154 
- 6654534016 
- 6250761020 
- 5858674029 
-5478704465 
5111236624 
-4756608025 
-4415109816 
- 4086987222 
- 3772440058 
- 3471623273 
3184647567 
- 2911580044 
- 2652444925 
- 2407224312 
- 2175859003 
-1958249359 
1754256220 
-1563701874 
-1386371073 
-1222012100 
- 1070337879 
- 9310271363 
- 8037256002 
- 6880472536 
-5835756191 
-4898650901 
- 4064422993 
- 3328075240 
- 2684361279 
- 2127800349 
1652692364 
- 1253133263 
- 9230306527 
- 6561196965 
- 4459792413 
- 2860481565 
1696418637 
- 8996903554 
-4014844167 
-1322592599 
- 2191562063 


2318781778 
3380851263 
3501391672 
3512750051 
3965326216 
0856360238 
0251264986 
3481907561 
0239521105 
3205866324 
4759775754 
3656996815 
7328448140 
3510124444 
3253629106 
5926112596 
5556484345 
7916688330 
7680057695 
3583985596 
5086206337 
7121892448 
0805808413 
9343409524 
3624419139 
7649659368 
0018213162 
4126220447 
6457202591 
9339596602 
1778378964 
9407043954 
2230415004 
6617741861 
5942005990 
2330451930 
0180263335 
0390947773 
2661833682 
1690866462 
1682489969 
2221654620 
7292580420 
8010223813 
8485480158 
1585719565 
9058723039 
2510489452 
0896986994 
4656964880 
1156986924 
7242432012 
1045107681 
8380715708 
2700286579 
1632644393 
6663446209 
4708090999 
7626043498 
5435364154 
2045700096 
3373696500 
3672693525 
4789845850 
9622993468 


3117910820 
0533503864 
2847570813 
4779337585 
5801289127 
0604139078 
9721217094 
0965030943 
9934550664 
9581095331 
8470118169 
5311915554 
4475256211 
4817632746 
7934507217 
6389722273 
9282986156 
1184015823 
8243046421 
2782758554 
3759713813 
6376596220 
1152650419 
6583945877 
4078312786 
4890499443 
8182299863 
2144898476 
5813987613 
6831231088 
9105169714 
8986320394 
8923331693 
9343601612 
1952751768 
0033946211 
7318022001 
1585869654 
9569994663 
9936243506 
8244820159 
9064231018 
4373457984 
6702597548 
6565995499 
3906978330 
9202491139 
1693428319 
5904688598 
1183077262 


54 


05434763 


6180473901 
7769284446 


24 


89899106 


3816311244 
9989844280 
8936630081 


94 


70956116 


9986904567 


04 


13206364 


1279867673 
7097312495 
3293519505 
3202269879 
1058342349 
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Table 14.2.1. Error factors (2N)!eon for a Gaussian quadrature 


with a weight function of log, x~! 


N value (2N)!eon 

10 6.1386357946 7781378635 3294949353 E-13 
20 5.5139828026 3439376076 7687891851 E-25 
30 4.9935598396 1872831173 4145770058 E-37 
40 4.5318450772 0545774955 2193878157 E-49 
50 4.1163488127 8278187103 7664612366 E-61 
60 3.7405584259 3670104809 2372275674 E-73 
70 3.3999142500 5861254837 1184600935 E-85 
80 3.0907695014 1845459994 8847141048 E-97 
90 2.8100242420 6252456908 3615096858 E-109 


100 2.5549645887 9190613773 5185708344 E-121 
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elastic scattering amplitude, (2)426 
energy loss function, (2)270 


harmonic generation susceptibility, (2)361, 


(2)372-6 
magnetic susceptibility, (2)273-4 
natural optical activity, (2)340—2 
nonlinear susceptibility, (2)372—6 
optical rotatory dispersion, (2)340—2 
phase, (2)260-1 
reflectivity, (2)255, (2)258, (2)260 
refractive index, (2)204, (2)207 
Nx and N_, (2)316 
Rosenfeld formula, (2)340 
surface impedance, (2)278 
asymptotic expansions, 419 
of one-sided Hilbert transform, 
422-34 
of Stieltjes transform, 420-2 
atlas of Hilbert transforms, (2)534—46 
atomic units, a.u., (2)423, (2)432 
attenuation coefficient, (2)444 


840 


Subject index 841 


dispersion relation, (2)446 
auto-convolution function, (2)123 
auto-correlation function, (2)123 

normalized, (2)126 
automorphism, 45 
Alzer’s inequality, 665 


band-limited function, 345, 674, (2)135 
band-pass filter, (2)120 
band-stop filter, (2)120 
Basset’s function, (2)456 
Bedrosian’s theorem, 184-7, 455, (2)131 
discrete Hilbert transform, 674 
Benjamin—Ono equation, 624-30 
conservation laws, 627-30 
linearized form, 633 
Bernstein’s inequality, 343 
Bessel functions (modified) 465, (2)455—6 
Bessel functions (spherical), 462 
Hilbert transform, 462-4 
Bessel functions of the first kind, 187, 453-9, 
(2)455 
for non-integer index, 459-60 
Hilbert transforms, 460 
Fourier transform of Jo (ax), 453 
Hilbert transform of Jo (ax), 453-54 
Hilbert transform of sin ax J; (bx) and 
cos ax Jn (bx), 456-9 
Bessel functions of the second kind, 453, (2)457 
for non-integer index, 459-60 
Hilbert transforms, 460 
Bessel functions of the third kind, 453 
Bessel’s differential equation, 453 
Bessel’s inequality, 19 
beta function, 271, (2)454 
bijective, 44 
bilateral Laplace transform, 267 
bilinear Hilbert transform, (2)58—9 
bilinear transformation, 38 
binomial coefficient, 74 
Blaschke product, (2)255, (2)412 
Bloch equations, (2)273-4 
Boas transform, (2)49-57 
Fourier transform, (2)53 
generalization, (2)56 
inversion of, (2)55 
iteration formula, (2)52 
Parseval-type formula, (2)51 
relation to Hilbert transform, (2)49 
Riesz-type bound, (2)52 
Boas’ theorem, (2)54 
Boas-Heinig transform, (2)57 
Bochner’s theorem, (2)83 
Bode relations, 6 
Boltzmann distribution, (2)362 
Borel field, 55 
Borel measure, 55 
Borel set, 55 
Born approximation, (2)425, (2)429 
exchange term, (2)429 
analytic structure, (2)432 


bounded doubling “time,” (2)63 
bounded operator, 157 

bounded set, 39 

bounded variation, 232 

bra, 41 

branch cut, 27 

branch line, 27 

branch point, 26 


Cn, Symmetry operation, (2)310 
(C,1) summable series, 301 
Calder6n—Zygmund inequality, (2)21-4 
Calder6n—Zygmund operators, (2)2 
truncated, (2)2—3 
Calder6n—Zygmund singular operator, (2)2 
camber line, 577 
cancellation behavior for the Hilbert transform, 
135-40 
Carleman’s approach, finite Hilbert transform, 
550-2, 606-8 
carrier frequency, (2)136 
cas function, 262 
Catalan’s constant, 338, (2)457 
Cauchy kernel, 107 
Cauchy integral, 85, 107-13 
Cauchy integral formula, 30 
Cauchy integral theorem, 29 
Cauchy principal value, 2, 13-4, 58 
Cauchy principal value integrals, 13-4, 58 
elementary transformations, 684—8 
Cauchy pulse, 4 
Cauchy residue theorem, 33-4 
Cauchy sequence, 42-3 
Cauchy transform, 85 
Cauchy—Goursat theorem, 29 
Cauchy—Riemann equations, 25, (2)39 
Cauchy—Schwarz—Buniakowski inequality, 58 
causal condition, 649, (2)77, (2)80-1, (2)105 
Schiitzer and Tiomno, (2)108 
Van Kampen, (2)109 
causal distributions, 480 
causal function, 215, 265 
causal sequence, 652 
Fourier transform, 656 
causal system, (2)81 
causal transform, 216, (2)104—5 
causality, (2)80-1, (2)102—5, (2)190, (2)192, 
(2)194, (2)197, (2)207-8, (2)250, (2)336, 
(2)343, (2)353 
Einstein, (2)208 
extensions, (2)102 
principle of relativistic, (2)207 
Cayley transformation, 38 
central slice theorem, 281 
Cesaro summable series, 301 
characteristic function, 42, 51, 379 
characteristic value, 42 
charge density, (2)280 
Chebyshev polynomial, 439, 452 
finite Hilbert transform, 567—70 
Chebyshev polynomial of the first kind, (2)457 
Chebyshev polynomial of the second kind, (2)457 
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Chebyshev’s inequality, 365 
chemical exchange processes, (2)436 
circular birefringence, (2)306 
circular dichroism, (2)307, 
(2)335, (2)340-2, (2)344-6 
circular Hilbert transform, 293 
circular polarization, (2)307—9 
left-circularly polarized, (2)309 
right-circularly polarized, (2)309 
circulation density, 578 
Clausen function, (2)455, (2)507 
Clausius—Mossotti equation, (2)339 
closed contour, 27 
closed interval, 13 
closed set, 39 
closure theorem, (2)340 
cofinite Hilbert transform, 582-4 
Cole—Cole plot, (2)436 
commutator of two operators, 42, 156 
of singular integral operators, (2)59 
compact operator, 45 
compact set, 45 
compact support, 68 
complement of sets, 39 
complementary error function, 276 
complete, 18 
complex conjugation property, 145 
complex dielectric constant, (2)182, (2)231 
complex optical rotation function, (2)321, (2)335, 
(2)339, (2)343-4 
complex reflectivity, (2)252 
complex refractive index, (2)201-8, (2)236 
N+ and N_, (2)309-16 
complex wave number, (2)444 
condensation, (2)444 
conditionally convergent, 46 
conductance, (2)267 
asymptotic behavior, (2)267 
circuit, (2)440 
dispersion relations, (2)268-9 
conducting materials, (2)216—9 
Kramers—Kronig relations, (2)218 
singularity at the zero frequency, (2)218 
conformal mapping, 37-9, (2)208, (2)290-1 
conjugate Fourier series, 129, 288, 296, 299, 
301-2, 323, 684, 713-7, (2)290 
dielectric constant, (2)291—3 
reflectance, (2)294—8 
conjugate function, 115 
conjugate Poisson formulas, 88 
conjugate Poisson kernel, 88, 339, (2)48 
conjugate Poisson operator, upper half plane, 
374-5 
conjugate series, 129, 288, 296, 302, 309-10, 326 
conjugation (complex) property, 145 
conjugation operator, 130 
continuous functions, 
Holder, 12, 45 
piecewise, 15 
sectionally, 110 
continuous operator, 204 


conservation laws, 627-30 
constant of motion, 627 
contour, 27-9 
semicircular, 31, 86 
convergence, 
accelerator, 70, 717-8, 723 
pointwise, 54 
uniform, 46 
convergent series and integrals 
absolutely, 46 
conditionally, 46 
convolution property, 167—9, 307-8, 645 
for distributions, 482, 491-5, (2)33, (2)35 
convolution theorem, 21 
correlation identity, (2)124 
cosine integral function, Ci(x), 187, 470, 522, 
(2)454 
Hilbert transform, 470 
cosine-exponential integral, (2)454 
cotangent form, 527-9 
Cotlar’s inequality, 374 
Cotton effect, (2)335 
Cotton—Mouton effect, (2)306 
countable set, 49 
covering lemma, 241, 382 
cross-correlation function, (2)124 
cross-section, (2)89, (2)105 
differential elastic scattering, (2)247 
total scattering, (2)245, (2)429 
crossing condition, S-function, (2)103 
crossing symmetry relation, (2)85, (2)187, 
(2)189, (2)193, (2)201, (2)206, (2)210, 
(2)244, (2)306, (2)313, (2)356, (2)381, 
(2)383 
admittance, (2)439 
electric susceptibility, (2)187, (2)189 
dielectric constant, (2)193 
dielectric tensor, (2)279, (2)281 
forward scattering amplitude, (2)244 
frequency domain compressibility, (2)444 
generalized electric susceptibility, (2)356, 
(2)383 
harmonic generation susceptibility, (2)383 
inverse dielectric function, (2)283 
magnetoreflectivity, (2)327 
modulus of elasticity, (2)448 
nonlinear electric susceptibility, (2)356 
nonlinear refractive index, (2)400 
optical rotation, (2)344 
permeability, (2)272 
reflectivity, (2)255, (2)257 
circular polarized, (2)327 
refractive index, (2)206 
Nz and N_, (2)313, (2)344 
surface impedance, (2)277 
current density, (2)280 
current operator, (2)337 
current—current response tensor, (2)280, (2)337 
Cusmariu’s definition of the fractional Hilbert 
transform, (2)160-3 
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Cusmariu’s definitions of the fractional analytic 
signal, (2)169-70 
cyclotron frequency, (2)314 


damped harmonic oscillator, (2)75-8, (2)87 
Dawson’s integral, 257 
delta distribution, 63—5, 68 
delta function, 63 
demodulation, (2)136 
density, 107, 228 
density fluctuation operator, (2)281 
density function, 107 
density matrix, (2)362 
density operator, (2)362 
matrix elements, (2)363 
density—density response function, (2)281 
derivative of Hilbert transform, 164 
derivative property (distributions), 518 
DFT, see discrete Fourier transform 
dielectric constant, (2)183 
asymptotic behavior, (2)185 
conjugate Fourier series, (2)290—4 
Kramers—Kronig relations, (2)184—201 
sum rules, (2)188, (2)222-7, (2)23 1-6, 
(2)239, (2)284—5, (2)287-—90, (2)299 
table, (2)240-1 
dielectric tensor, (2)278 
analytic behavior, (2)279 
asymptotic behavior, (2)280, (2)316 
crossing symmetry, (2)279, (2)281 
dispersion relations, (2)279-—80, (2)282-3, 
(2)287-9 
sum rules, (2)287—90 
symmetry properties, (2)279, (2)289 
difference frequency generation, (2)358 
difference of sets, 39 
difference operator, 74 
differential elastic scattering cross-section, 
(2)247 
digamma (psi) function, 178, (2)457 
digital signals, (2)119 
dilation operator, 156, (2)15 
dilogarithm function, (2)456, (2)507 
dipole moment, (2)182, (2)363, (2)367 
Dirac bra-ket notation, 41 
Dirac comb distribution, 512, 682 
Dirac delta distribution, 63—5, 68-9, 474-7, 483, 
485, 491, 514 
Fourier transform, 488 
Hilbert transform, 491 
support, 485 
direct product of distributions, 492 
directional Hilbert transform, (2)60-1 
directional maximal Hilbert transform, (2)61 
Dirichlet conditions, 17 
Dirichlet kernel, 296, 298 
discrete Ap condition, 679-80 
discrete analytic functions, 675-6 
discrete Fourier transform, DFT, 637-44 
centered, 640 
evaluation, 641-3 


inverse, IDFT, 640, 642 
one-sided, 640 
Parseval’s relation, 641 
properties, 640-1 
two-sided, 640 
discrete fractional Fourier transform (DFRFT), 
(2)163-8 
discrete fractional Hilbert transform (DFHT), 
(2)168-9 
discrete Hermite—Gaussian functions, (2)163—5 
discrete Hilbert transform, 637, 656, 660-75, 
(2)169 
Bedrosian’s theorem, 674 
inversion formula, 669, 672-3 
isometric property, 671-2 
Parseval-type identity, 671, 674 
weighted inequalities, 679-80 
DISPA analysis, (2)435—7 
dispersion, (2)182 
anomalous, (2)186—7 
normal, (2)186 
dispersion formula, (2)182, (2)244, (2)248 
Lorentz, (2)239, (2)244 
dispersion relations, 7, (2)102, (2)105 
admittance, (2)439 
asymptotic behavior, (2)219—22 
attenuation coefficient, (2)446 
conductance, (2)268—69 
dielectric constant, (2)189 
dielectric tensor, (2)279-80, (2)287-9 
elastic scattering amplitude, (2)428 
electric susceptibility, (2)189 
electron—H atom scattering, (2)429 
ellipticity function, (2)323, (2)345—6 
energy loss function, (2)283 
forward scattering amplitude, (2)245-6 
harmonic generation susceptibility, (2)377—-84 
impedance, (2)441—2 
magnetic optical activity, (2)319—23 
magnetic susceptibility, (2)273, (2)433 
magnetoreflection, (2)325—30 
magneto-rotatory, (2)320-1, (2)323 
modulus of elasticity, (2)448 
nonlinear electric susceptibility, (2)377, 
(2)386-7 
cases where they do not apply, (2)388 
experimental verification, (2)384 
n-dimensional form, (2)387 
two-variable form, (2)386 
nonlinear refractive index, (2)400, (2)402 
normal incident reflectance, (2)257—63 
optical activity, (2)330-48 
permeability, (2)271-4 
phase, (2)257—63, (2)385 
potential scattering, (2)425-8 
refractive index, (2)206 
single subtracted, (2)211 
subtracted, (2)211, (2)384 
surface impedance, (2)277—-8 
distributions, 63 
analytic representation, 498-502 
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distributions (cont.) 
bounded from the left, 495 
bounded from the right, 495 
causal, 480 
convolution operation, 482, 491-5 
5+,5~, 475-6, 486 
inverse Fourier transform, (2)115 
derivative, 478-80, 482, 504—5, 517 
Dirac comb, 512, 682 
Dirac delta, 63-5, 68-9, 474-8, 480-1, 483-6, 
488-93, 502, 507, 512-4 
direct product, 492 
Fourier transform, 482, 487-90 
generalized Cauchy integral representation, 
499 
Heaviside distribution, 485 
Heisenberg delta distributions, 475—6, 486 
Hilbert transform, 490, 495-8, 501 
n-dimensional, (2)5, (2)35, 
(2)37 
periodic distributions, 508-15 
Hilbert transform, 515-6 
p.v. (x—!), 69, 476-8, 483-6, 488-93, 495-8, 
502-4, 507-8 
Px-!), 475-6 
regular, 69 
Schwartz, 68 
Schwartz’s theorem, (2)111, (2)113 
singular, 69 
singular integral equations involving, 630-1 
slow growth, 481 
Taylor’s theorem, (2)112 
temperate, 481 
tempered, 481 
tensor product, 491-5, (2)32, (2)35 
Titchmarsh’s theorem extension, (2)110—5 
distribution functions, 232-3, 338, 364 
distributive law, 40 
dot product (distributions), 510 
double factorial function, 162, 440 
double Hilbert transform, (2)8—10, (2)21 
double sideband modulation, (2)136 
doubling property, (2)63 
Drude model, (2)223 
duality argument, 209, 334, 368 
duplication formula (gamma function), 283 
dynamic form factor, (2)285 
dynamic stress, (2)447 


eigenfunctions, 42 
of the finite Hilbert transform, 563 
of the Fourier transform, (2)155 
of the Hilbert transform operator, 195-9, 311-2 
of the n-dimensional Hilbert transform, (2)17—8 
of the one-sided Hilbert transform, 612, 615 
eigenvalue problem, 42 
eigenvalues 
of the finite Hilbert transform, 563 
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of the Fourier transform, (2)155 
of the Hilbert transform operator, 195-9, 311-2 
of the n-dimensional Hilbert transform, (2)17-8 
of the one-sided Hilbert transform, 612, 617 
Einstein causality, (2)208 
Einstein convention (in tensor analysis), (2)279 
elastic scattering amplitude, (2)425 
dispersion relation, (2)428 
forward, (2)425 
electrical circuit analysis, (2)437 
electric displacement, (2)183, (2)190, (2)192, 
(2)206, (2)278, (2)312 
spatial-dependent, (2)281 
electric field, (2)183 
electric permittivity tensor, (2)279 
electric polarization, (2) 182-3, (2)185-6, (2)315, 
(2)352-6, (2)360-1, (2)367, (2)398 
units, (2)183 
electric susceptibility, (2)183, (2)187, 
(2)190, (2)193-—5, (2)351-2, (2)354—6, 
(2)360-1, (2)367—-99 
analytic behavior, (2)187 
crossing symmetry, (2)187, (2)189, (2)193 
Hilbert transform relations, (2)188 
Kramers—Kronig relations, (2)189 
electron density, (2)417—-8 
electron—atom scattering, (2)422 
dispersion relations, (2)429 
electron-H atom scattering, (2)428-32 
exchange term, (2)429 
analytic structure, (2)429-32 
ellipticity function, (2)320, (2)334 
dispersion relations, (2)321, (2)323, (2)345—6 
per unit length, (2)334 
empirical mode decomposition (EMD), (2)170-8 
algorithm, (2)171—2 
sifting, (2)173 
empty set, 39 
energy, (2)87, (2)103, (2)106, (2)120, (2)125, 
(2)162, (2)423, (2)425-9 
energy loss function, (2)269-71 
asymptotic behavior, (2)270 
sum rules, (2)270-1 
entire function, 34, (2)417 
order, 36 
type, 36 
envelope function, (2)132 
ergodic Hilbert transform, (2)63-6 
ergodic hypothesis, (2)63 
ergodic maximal Hilbert transform, (2)65 
ergodic theory, (2)63 
error estimates (Gaussian quadrature), 706-7 
error function, 257, 719, (2)455 
essential singularity, 25 
essential supremum, 54 
essentially bounded functions, 54 
Euclidean space, 49 
Euler’s constant, 522, (2)457 
Euler’s integral of the first kind, (2)454 
even Hilbert transform operator, 147, 258 
on the disc, 303-4 
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expectation value, (2)363, (2)367 Fourier integral formula, 23 
exponential integral, FE (x), 268 Fourier series, 14 
En (x), 728, (2)455 Fourier series approach (conjugate functions), 
exponential integral function, Ei(x), 269, 451, 129-31 
(2)455 partial sums, 296, 299, 301, 323-5, 327 
period, 15 
f sum tule, (2)225, (2)228, (2)230, (2)246, periodic property, 14-5 
(2)250, (2)268, (2)270, (2)299, Fourier sine integral formula, 23 
(2)301 Fourier sine transform, 1, 256, 259, 276 
Faraday effect, (2)306-7, (2)309, (2)319-24 Fourier spectroscopy, (2)409 
fast Fourier transform, 711 Fourier spectrum, (2)131, (2)135 
Hilbert transform, 712 Fourier transform, 1, 19, 252 
Fatou’s theorem, 94, 320, 326 alternative definitions, 20 
Fejér kernel, 296, 299 analytic signal, (2)128 
figure of merit, (2)422 of Bessel function Jo (ax), 453 
filter, (2)120 Boas transform, (2)50-6 
band-pass, (2)120 of a causal sequence, 656-60 
band-stop, (2)120 comnection with Hilbert transform, 158, 
high-pass, (2)120 252-8 
Hilbert, 650, (2)121-3 convolution theorem, 21 
Hilbert transformer, (2)121 of Dirac delta distribution, 488 
low-pass, (2)120 discrete, 637-44 
90° phase shifter, (2)121 discrete fractional (DFRFT), (2)163-8 
quadrature, (2)121 distributions, 487-90 
finite Hilbert transform, 443, 452, 521-82, 601-9, eigenvalues, (2)155 
685, 727-30 eigenfunctions, (2)155 
airfoil problem, 577—82 fast, 711 
generalized, 582 of finite Hilbert transform, 557-8 
of the Chebyshev polynomials, 567—70 fractional, (2)149-59 
contour integration approach, 570-7 properties, (2)158-9 
cosine form, 523—7 of Gaussian, 256, (2)26-7 
cotangent form, 527-9 n-dimensional, (2)27 
inversion by Fourier series approach, 541-3 of Heaviside distribution, 490 
inversion formula, 529-43, 550-2 of Hilbert transform, 252-8 
of Legendre polynomials, 563—7 distributions, 505-8 
moment formula, 530-1, 554-5 inversion of one-sided Hilbert transform, 612—4 
numerical evaluation, 685, 727-30 n-dimensional, (2)12—3 
properties, 552 n-dimensional Hilbert transform, (2)12—4 
convolution, 556-7 of p.v.(1/x), 489 
derivative, 555-6 notation, 20 
eigenfunctions, 563 numerical integration, 709-11 
eigenvalues, 563 Parseval formula, 21 
even—odd character, 552 Plancherel formula, 21 
Fourier transform, 557-8 of Riesz transform, (2)28-9 
inversion, 552-3 same symbol convention, (2)190 
orthogonality, 562 of sgn distribution, 489-90 
Parseval-type identities, 559-61 singular integral equation, 599-601 
of product x”f (x), 554-5 tempered distribution, 481 
scale changes, 553-4 two-dimensional, 280-1 
first Born approximation, (2)425 of unit distribution, 489 
floor function, 444, (2)172-3, (2)457 of the unit step sequence, 657 
forward scattering amplitude, (2)239, (2)244—7 Fourier transform spectroscopy, (2)434 
crossing symmetry condition, (2)244 fractional analytical signal, (2)169—70 
dispersion relations, (2)244—6 Cusmariu’s definitions, (2) 169-70 
Fourier allied integral, 124, 275, (2)298-9 Zayed’s definition, (2)169 
Fourier conjugate series, 129, 296 fractional Fourier transform (FRFT), (2)149-59 
Fourier cosine integral formula, 23 index additivity property, (2)154 
Fourier cosine transform, 1, 256, 259 properties, (2)158—9 
Fourier integral, 22 fractional Hilbert filter, (2)148 
Fourier integral approach to the Hilbert fractional Hilbert transform, (2)147, (2)168 


transform, 122-8 Cusmariu’s definition, (2)160 
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fractional Hilbert transform (cont.) hypergeometric 7F', 203 
Lohmann—Mendlovic—Zalevsky incomplete gamma, 425 
definition, (2)147 integral, 34 
Zayed’s definition, (2)159 Kummer’s confluent hypergeometric, 257 
Fredholm equation of the first kind, 2, 589-91 maximal Hilbert transform, 373-86 
Fredholm equation of the second kind, 589, 592-4 meromorphic, 30 
homogeneous, 592 multiple-valued, 25 
Fredholm equation of the third kind, 589, 594-9 notation, 2 
free induction decay, (2)434 orthogonal, 18 
free-electron model, (2)184, (2)186, (2)190 orthonormal, 18 
free-electron-like system behavior, (2)224 piecewise continuous, 15 
frequency rectangular step, 442-3, (2)143 
carrier, (2)136 Riemann zeta, 662 
cyclotron, (2)314 S, (2)105-6, (2)108-9 
instantaneous, (2)132 signum (sgn), 6, (2)142 
Larmor, (2)273 simple, 52 
negative, (2)128, (2)187 sinc, 185, 719, (2)145, (2)419 
notation, (2)76, (2)83—4 sine integral, 431, 470, 522 
plasma, (2)185 spherical Bessel, 462-4 
frequency domain, (2)8 1-3, (2)138 Struve’s, 454, 460 
frequency modulation (FM), (2)135 support, 68 
Fresnel cosine integral, 719, (2)454 test, 68 
Fresnel sine integral, 719, (2)456 of rapid decay, 480 
front velocity, (2)207 triangular, 186, (2)145 
Fubini’s theorem, 55—7 unit impulse, 63 
functional, 68, 70 unitary, 509 
functional analysis, 39 Weber’s, 453, 471 
functions, types of, gamma function, 162, 257, 271, 283, 425, (2)25, 
Anger, 470 (2)27-8 


band-limited, 345 

Bessel, of the first kind, 187, 453-9 
Bessel, of the second kind, 453, 460 
Bessel, of the third kind, 453, 464 


duplication formula, 283 

incomplete, 425 

reflection formula, 469 
gap Hilbert transform, 251 


beta, 271 Gauss’ hypergeometric function, (2)455 
cas, 262 Gauss—Legendre quadrature, 694, 697, 728 
causal, 215—6, 265 Gaussian, 166, 256, 446 
characteristic, 42, 51, 379 Fourier transform, (2)26-7 
complementary error, 276 Gaussian quadrature, 691—4 
conjugate, 115 log quadrature, 694-701 
cosine integral, 187, 431, 470, 522 application to Hilbert transform, 701—6 
density, 107 application to Kramers—Kronig relations, 
distribution, 232 708-9 
entire, 34 error factors, 706—7, 744 
envelope, (2)132 weights and abscissas, 735—43 
error, 257, 719 specialized, 684, 695, 701 
essentially bounded, 54 Gegenbauer polynomial, 439, 452, 472, 
floor, 444, (2)173, (2)457 (2)455 
gamma, 162, 257, 271, 283, 425, (2)25, generalized function, 63, 65, 68, 475 
(2)27-8 generalized function P(x—"), 475 
generalized, 63, 65, 68, 475 generalized Hilbert transform, (2)2 
generalized step, 52 generalized refractive index, (2)182 
generating, 439-40 generalized step function, 52 
Green, (2)424—5 generating function, 
Hankel, 453, 464-5 Legendre polynomials, 439 
Hardy—Littlewood maximal, 368-73, 379-82, good A inequality, 381 
389 Gram-—Schmidt orthogonalization, 696 
Heaviside step, 450, (2)139 Green function, (2)424—5 
Herglotz, (2)208-16 Green’s theorem, 331, 333 
Hermite—Gaussian, (2)154 group, 40 
discrete, (2)163 Abelian, 40 


hyperbolic sine integral, 728 group velocity, (2)228 
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half-Hilbert transform, 609 
Hankel functions, 453, 464—5 
Hamiltonian, (2)362 
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Hardy’s result (finite Hilbert transform), 527 
Hardy—Poincaré—Bertrand formula, 57-61, 107, 
112, 119, 148, 192, 223-5, 313-5, 529, 533, 
553 
Hardy—Littlewood maximal function, 368-73, 
379, 382 
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harmonic correspondence condition, (2)134 
harmonic function, 87 
harmonic generation susceptibility, (2)352, 
(2)357-8 
crossing symmetry, (2)381, (2)383 
dispersion relations, (2)377, (2)385—7 
harmonic oscillator, damped, (2)75-8, (2)87 
Hartley cas function, 262, (2)454 
Hartley transform, 262 
Hartley cas function, 262 
of Hilbert transform, 262—5 
Heaviside step function, 450, (2)139 
Heaviside distribution, 483, 485 
Fourier transform, 490 
Heisenberg delta functions (distributions), 475-6, 
486, (2)431 
inverse Fourier transform, (2)115 
helical Hilbert transform, (2)66—7 
Helmholtz equation, (2)201 
Helmholtz wave equations, (2)276 
Helson—Szeg6 theorem, 386-8 
Herglotz functions, (2)208—16 
Hermite polynomial, 439, (2)455 
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orthogonality condition, 448 
recurrence relation, 447 
Hermite’s differential equation, 446 
Hermite—Gaussian functions, (2)154 
discrete, (2)163—5 
Hermitian operator, 42, (2)340 
high-pass filter, (2)120 
Hilbert amplitude spectrum, (2)178 
Hilbert filter, 650, (2)121 
Hilbert problem, 544 
Hilbert space, 42 
Hilbert spectroscopy, (2)406 
Hilbert spectrum, (2)178 
Hilbert transfer function, (2)121 
Hilbert transform, 1—2, 83-5 
allied Fourier integral evaluation, 712-3 
along curves, (2)62-3 
alternative definition, 3 
analytic signal, 181 
Anger function, 470-1 
atlas, (2)534-46 
Bessel function Jo (ax), 453-4 
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Bessel functions (modified) 465-9 
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circular, 292, 295 
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complex conjugation property, 145 
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of a constant, 102 
continuous operator, 204 
convolution property, 167—9, 307-8 
cosine integral function, Ci(x), 470, (2)454 
derivative, 164—7 
distributions, 504—5 
Dirac delta distribution, 490-1 
directional Hilbert transform, (2)60-1 
of the Dirichlet kernel, 296, 298-9 
discrete, 637, 649-52, 660-80 
discrete fractional (DFHT), (2)168—9 
discrete time signal, 649-52 
distribution, 474-8, 490-1, 495-8 
inversion formula, 502-4 
periodic, 515-6 
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eigenfunctions of the Hilbert transform 
operator, 195-9, 311-2 
eigenvalues of the Hilbert transform 
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electric susceptibility, (2)188 
ergodic, (2)63-6 
even functions, 146-7 
even Hilbert transform operator, 147, 258 
on the disc, 303-4 
extensions, (2)44—9, (2)58-68 
fast Fourier transform evaluation, 712 
of the Fejér kernel, 299-301 
finite, 443, 452, 521-82 
cosine form, 523-7 
inversion formula, 529-43, 550-2 
Fourier integral approach, 122-8 
of a Fourier transform, 261 
Fourier transform connection, 252-8 
distributions, 505—7 
fractional, (2)147 
Cusmariu’s definition, (2)160 
Lohmann—Mendlovic—Zalevsky definition, 
(2)147 
Zayed’s definition, (2)159 
functions of the class L! , 211-4 
functions of the class L©, 214-5 
gap, 251 
Gaussian, 166, 256-7, 448 
Gaussian quadrature, 701-6 
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half-, 609 
Hankel functions, 464 
Hartley transform of, 262—5 
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iteration property, 148 
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449-52 
Legendre polynomials, 438-46 
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Lorentzian profile, 704—5 
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Mellin transform of, 269-75 
mixed, 661 
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Fourier transform, (2)12—4 
product of one-dimensional operators, (2)8 
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odd functions, 146-7 
odd Hilbert transform operator, 147, 258 
on the disc, 303-4 
one-sided, 420, 422, 609-11 
inversion formula, 611—2 
operator definition, 4 
orthogonality property, 174-5, 310-1 
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Parseval-type formulas, 170-1 
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semi-discrete, 661 
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spherical Bessel functions, 462-4 
of a square wave, 289-91 
step functions, (2)146 
in terms of Stieltjes transform, 265—7 
Struve function, 460-2 
subtracted, 685, (2)114 
superhilbert, (2)70 
table, (2)453-533 
tempered distributions, 517 
Titchmarsh (Parseval-type) formulas, 170-1 
truncated, 83, 97, 226, 253, 521, 526 
cotangent form, 527-9 
ultradistributions, 516-18 
of the unit triangular pulse, (2)147 
unitary property, 174 
vectorial Hilbert transform, (2)60 
weak-type (1, 1), 338, 364-8 
Weber’s functions, 471 
weighted norm inequalities, 354-63, 395—408 
Young’s form, 84, 98 
Hilbert transform spectroscopy, (2)406 
absorption enhancement, (2)410-1 
Josephson junction, (2)406—10 
Hilbert transformer, (2)121 
Hilbert’s formula, 305 
Hilbert’s inequality, 661-6 
Hilbert’s integral, 335 
Hilbert’s integral formula, 96, 117 
Hilbert—Huang transform, (2)170-8 
Hilbert—Stieltjes transform, 231-41, 364-5 
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Holder condition, 13, 98 
Holder continuous function, 45, 59-61, 98, 107, 
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Holder index, 13 
Holder order, 13 
Hélder result (for product of functions in the 
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Hdlder’s inequality, 57, 81-2, 96 
holomorphic, 25, (2)39 
homeomorphic, 44 
homeomorphism, 44, (2)37 
homogeneity condition, (2)134 
homogeneous condition, 355, (2)2 
homogeneous Riemann-Hilbert problem, 544 
index, 545 
homothetic operator, 156 
Hunt—Muckenhoupt—Wheeden theorem, 395-9, 
679-80, 683 
hyperbolic sine integral function, 728, (2)457 
hypergeometric function 7 Ff, 203 
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IDFT, see inverse discrete Fourier 
transform 
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imaginary unit i, 23-4 
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impedance, (2)438, (2)440-3 
dispersion relations, (2)44 1-3 
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incomplete gamma function, 425, (2)457 
index of a function, 546-50 
index of Hélder condition, 13 
index additivity property (FRFT), (2)154 
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Bernstein, 343-9 
Bessel, 19 
Calder6n—Zygmund, (2)21—4 
Cauchy—Schwarz—Buniakowski, 58 
Chebyshev, 365 
Cotlar, 374 
good A, 381 
Hilbert, 661-6 
Hélder, 57, 81-2, 96 
Kolmogorov, 335-40, 364, 367, 408 
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relative distributional, 381 
reverse Hélder, 389-90 
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(2)62, (2)234, (2)236 
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Zygmund, 340-3, 363, (2)21 
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instantaneous energy, (2)178 
instantaneous frequency, (2)132, (2)177 
instantaneous phase, (2)132, (2)177 
integrable function, 19, 51-3 
Lebesgue, 51-5 
locally, 69 
Riemann, 45-8, 50-1 
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Cauchy, 85, 107-14 
Hilbert, 335 
Poisson, for the half plane, 85—9 
Poisson, for the disc, 89-94 
integral equation, 2, 588 
integral function, 34 
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(2)300-2 
integration 
Lebesgue, 52 
Riemann, 45—6 
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interpolation theorem, 365, 372-3, 404 
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open, 13 
intrinsic mode function (IMF), (2)171 
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inverse discrete Fourier transform (IDFT), 639-40 
inverse Hilbert transform operator, 149 
inverse Mellin transform, 270 
inverse point, 89 
inversion formula, 148—9, 301-3, 590, (2)10-1, 
(2)17, (2)36, (2)38, (2)41, (2)213-4, 
(2)234 
Boas transform, (2)55—6 
cofinite Hilbert transform, 583 
discrete Fourier transform, 637—44 
discrete Hilbert transform, 672-3 
distributions, 478, 502-4, 515, 518, (2)36-7 
finite Hilbert transform, 529-43, 550-2, 601-9 
one-sided Hilbert transform, 609-11 
n-dimensional Hilbert transform, (2)10-1, 
(2)36, (2)38 
inversion property on the circle, 294, 301-3, 
313-6 
invertible function, 44 
isogonal transformation, 37 
isolated point, 25 
isometric operator, 43, 157, 672 
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isomorphism, 45, (2)38 
iteration property, 148, (2)10-1 
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Jacobi polynomial, 439, 452, 472, (2)456 
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kernel function, 2 
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Kober’s theorem, 212 
Kolmogorov’s inequality, 335—40, 364, 367, 408 
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Kolmogorov’s theorem, 338, 364 
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Kotel’nikov’s theorem, see 
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(2)184-201 
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Fourier transform approach, (2)197 
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(2)374-84 
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Lebesgue integration, 45 
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Liouville-von Neumann equation, (2)364 
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Mathematica, 444, 704, 717, 723, (2)176, 
(2)181 
mask, (2)168 
maximal function, 368-73 
maximal Hilbert transform function, 
373-86 
directional, (2)61 
ergodic, (2)65 
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Borel, 55 
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asymptotic behavior, (2)338, (2)340—2 
Neumann’s formula, 563—4 
Neumann’s function, (2)457 
90° phase shift filter, 6, (2)121 
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nonlinear electric susceptibility, (2)351 
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Fourier transform, (2)435 
causality issues, (2)434 
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Hilbert transform operator, see also under 
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parity property, 146 
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Peierls—Nabarro equation, 619-20 
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periodic distributions, 508-15 
Hilbert transform, 515-6 
periodic function, 14-5, 91, 105 
Hilbert transform, 114—8, 132-4 
n-dimensional Hilbert transform, (2)18—21 
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permeability, (2)184, (2)202-3, (2)239 
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Kramers—Kronig relations, (2)273 
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asymptotic behavior, (2)260-1 
dispersion relations, (2)257—63, (2)380-3 
instantaneous, (2)132, (2)177 
sum rules, (2)263-6 
table, (2)267 
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phase problem, crystallography, (2)418 
phase retrieval problem, (2)411—7 
phase velocity, (2)202, (2)444, (2)446 
Phragmén-Lindel6f theorem, 100, (2)194, 
(2)197, (2)204, (2)244, (2)278 
piecewise continuous function, 15 
planar wing approximation, 579 
Plancherel formula, 21 
plasma dispersion function, 167 
plasma frequency, (2)185 
Plemelj formulas, 111—2, 545, 606 
Plemelj—Sokhotsky relations, 111, (2)41 
Pochhammer symbol, 257, (2)454 
Poincaré—Bertrand formula, 59, see also 
Hardy—Poincaré—Bertrand formula 
pointwise convergence, 54 
Poisson kernel, 88, 142, 375, 379-80 
for the disc, 91-4, 296, 339 
Poisson integral 
for the disc, 89-91 
for the half plane, 85-9 
Poisson integral formula, 87 
Poisson operator, upper half plane, 375 
polarizability, (2)184, (2)202, (2)338-9 
polarization vectors, (2)184, (2)308 
pole of order m, 25 
simple, 25 
polygamma function, (2)457 
polylogarithm function, (2)457 
polynomial, types of 
Chebyshev, of the first kind, 439, 452, 456, 
(2)457 
Chebyshev, of the second kind, 439, 452, (2)457 
Gegenbauer, 439, 452, 472, 570, (2)455 
Hermite, 439, 446-9, (2)155-—7, (2)163, (2)455 
Jacobi, 439, 452, 472, (2)456 
Laguerre, 439, 449-52, (2)456 
Legendre, 438-46, 563-7, 693-4, 697, 700, 
731, (2)456 
positron—atom scattering, (2)429 
potential scattering, (2)425—8 
dispersion relations, (2)426-8 
pre-envelope, (2)126 
principal axis system, (2)279, (2)309 
principal part, 32 
principal value, see Cauchy principal value 
principle of relativistic causality, (2)207 
principle of superposition, (2)74 
principle of the argument, 548 
Privalov, problem of, 544 
Privalov’s theorem, 316-18 
probability current density, (2)106 
probability density, (2)106 
projection operators, 199, 312-3 
proper subset, 39 
pseudofunction, 476 
pseudoscalar, (2)331 
psi (digamma) function, 178, (2)457 
p.v.(1/x), 69, 476, 484 
Fourier transform, 489 
Hilbert transform, 491 
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quadrature, 684 

quadrature filter, 6, (2)121 
quadrature function, (2)126 
quantum Liouville equation, (2)364 
quantum scattering, (2)105—10 


radial limit, 92, 94 
radiative reaction force, (2)93, (2)190 
Radon transform, 252, 277-85 
Raman spectroscopy, (2)449 
Rayleigh formulas, 462 
reactance, (2)438, (2)440-2 
reactance integral theorem, (2)442 
reciprocal relations, 148, 303 
rectangular step function, 442-3, (2)143 
Hilbert transform, (2)146 
Redheffer extension, (2)44—7 
reduced Hilbert transform, 609 
reflectance, (2)252 
dispersion relations (2)257—63 
sum rules, (2)263-6 
table, (2)267 
reflection formula (gamma function), 469 
reflection operator, 156, 304—5 
reflectivity, (2)253, (2)257—-67 
amplitude, (2)253 
asymptotic behavior, (2)255, (2)260 
circularly polarized modes, (2)326 
crossing symmetry, (2)327 
complex, (2)252-63 
crossing symmetry relation, (2)255, 
(2)257 
refractive index, (2)183, (2)201-8 
analytic properties, (2)203—4 
asymptotic behavior, (2)204 
N4 and N_, (2)309-19 
complex, (2)202 
crossing symmetry relation, (2)206 
Kramers—Kronig relations, (2)206—7 
single subtracted dispersion relation, (2)211 
sum rules, (2)227-31, (2)236-9, (2)299 
table, (2)242-3 
regular distribution, 69 
regular function, 25 
relative distributional inequality, 381 
relative magnetic permeability, (2)272 
relative multiplier, (2)130 
relative permittivity, (2)183 
removable singularity, 25 
renormalized Hilbert transform, (2)47 
residue, 33 
resistance integral theorem, (2)442 
resistive-shunted junction model, (2)407 
resonance condition, (2)78 
response function, 638, (2)73, (2)80, (2)87, (2)90, 
(2)111, (2)191, (2)194, (2)206, (2)224, 
(2)254, (2)280-1, (2)336, (2)353, (2)355, 
(2)401 
complex, (2)87—9 
reverse Hélder inequality, 389-90 
Richardson extrapolation, 71-4 
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Riemann, problem of, 543 
Riemann integral, 45—6, 50-2 
Riemann integration, 45 
Riemann mapping theorem, 37 
Riemann surface, 26 
Riemann zeta function, 70, 662 
Riemann-Hilbert problem, 544-6 
Riemann—Lebesgue lemma, 61—3 
Riesz transform, (2)25—32 

bounded property, (2)29 

Fourier transform, (2)25 
Riesz’s inequality, 203-11, 331-4, (2)21, (2)38, 

(2)234, (2)236 

for discrete sequence, 661 

on the circle, 318—23 

truncated Hilbert transform, 254 
ring, (2)64 

o-ring, (2)64 
Rodrigues’ formula, 449, (2)156 
Rosenfeld formula, (2)339 

asymptotic behavior, (2)340—2 
rotated ergodic Hilbert transform, (2)23 
rotational strength, (2)339 
rotations, method of, (2)22-3 


Sn symmetry element, (2)330-1 
S-matrix, (2)106 
sampling theorem, see 
Whittaker-Shannon-Kotel’nikov theorem 
saturation, (2)392, (2)433 
scale changes, 150-5, 304-5 
scattering amplitude, light, (2)239, (2)244—7 
scattering factor, (2)417 
scattering theory, (2)102 
Born approximation, (2)424—5 
causality conditions, (2)104 
cross-section, (2)105 
elastic scattering amplitude, (2)425-8 
electron—atom, (2)422, (2)428-32 
potential scattering, (2)425—8 
quantum scattering, (2)105—10 
s-wave scattering, (2)103, (2)105, (2)118 
S-function, (2)103, (2)106, (2)108 
crossing condition, (2)109 
S-matrix, (2)106 
scattered wave, (2)103, (2)106 
spherically symmetric scatterer, (2)102 
Schrédinger equation, (2)363, (2)423 
time-dependent, (2)105, (2)364 
Schiitzer-Tiomno requirement, (2)108 
Schwartz distributions, 68 
Schwartz test functions, 69 
Schwartz’s theorem, (2)111, (2)113 
Schwartz—Sobolev distributions, 70 
Schwarz inequality, see 
Cauchy—Schwarz—Buniakowski inequality 
second-harmonic generation (SHG), (2)357, 
(2)393 
second-order nonlinear electric susceptibilities, 
(2)351-2, (2)355, (2)357-8, (2)369, (2)371, 
(2)386 


sectionally analytic function, 110 
sectionally continuous function, 110 
self-adjoint operator, 42 
Sellmeier’s dispersion formula, (2)248 
semi-discrete Hilbert transform, 661 
semi-infinite Hilbert transform, 609 
semicircular contour, 31, 86 
semigroup, 40, (2)60, (2)149, (2)161-2, (2)181 
sequential system, (2)79 
series expansion approach for the Hilbert 
transform, 177 
series summation, 70 
set, types and properties 
accumulation point, 39 
Borel, 55 
bounded, 39 
closed, 39 
compact, 45 
complement, 39 
difference, 39 
empty, 39 
intersection, 39 
limit point, 39 
subset, 39 
open, 39, 44, 49 
proper subset, 39 
union, 39 
Shannon sampling theorem, see 
Whittaker-Shannon-Kotel’nikov theorem 
shift-invariant system, 645, (2)80 
shifted Legendre polynomial, 700 
sifting property, 65 
sign function, see signum function 
signum function (sgn), 6, (2)142, (2)146, 
(2)456 
Fourier transform, 489-90 
signal processing, (2)119 
analog signals, (2)119 
analytic signal, 181, (2)126-35, (2)137-8, 
(2)162, (2)169, (2)176 
discrete signals, 637, 644, 649-52, 656-60, 
(2)119 
digital signals, (2)119 
energy, (2)120, (2)125, (2)162 
filter, (2)120 
band-pass, (2)120 
band-stop, (2)120 
high-pass, (2)120 
Hilbert, 650, (2)121 
Hilbert transformer, (2)121 
low-pass, (2)120 
90-degree phase shift, (2)121 
quadrature, (2)121 
Fourier transform, (2)120 
Hilbert transfer function, (2)121 
pre-envelope, (2)126 
simple function, 52 
simple pole, 25 
simply connected region, 28 
Simpson’s rule, 691 


Subject index 


sine function, 185, 719, (2)145, (2)419, (2)457 
Hilbert transform, (2)147 
sine integral function, si(x), 470, (2)457 
sine integral function, Si(x), 431, 470, 522, (2)457 
sine-exponential integral, (2)457 
sine-Gordon equation, 620 
sine-Hilbert equation, 620-4 
generalized, 624 
singular distribution, 69 
singular integral equation, 2, 59, 588 
Fourier transform approach, 599-601 
involving distributions, 630-1 
singular integro-differential equations, 593 
singular points, 25 
singularity, 
essential, 25 
removable, 25 
skew-symmetric character, 147 
slow growth distribution, 481 
Sobolev space, 482 
Sokhotsky—Plemelj formulas, 111, (2)41, (2)413 
solitary wave, 624-6 
soliton, 623, 625 
space, function or distribution 
ck, 69 
ck, 69 
c™, 69 
C§°, 69 
D(R), 69, 478 
DR"), 69 
Dyp, 479 
D',479 
Dia, 479, (2)33, (2)35-8 
‘, 480 
6, 481 
6, 481 
H , 516-7, (2)36 
KH’, 516-7, (2)36 
Ov, 482 
P, 482 
P’,, 482 
eS, 480-1, (2)35 
S', 481 
ef 1,518, (2)35 
Z, 481 
Z’, 481 
Z1, 518, (2)35 
Z}, 518 
Euclidean, 42, 49 
Hardy, 43 
Hilbert, 42 
measure, (2)64 
normed, 41 
periodic distributions, 482, 508 
Sobolev, 482 
test functions of rapid decay, 480 
topological, 44 
ultradistributions, 481, 516 
unitary functions, 508-9 
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spatial dispersion, (2)280—90 
spatial-dependent electric displacement, (2)281 
specialized Gaussian quadrature, 695, 701-6, 
708-9 
application to the Hilbert transform, 701-6 
spectrum, (2)131, (2)135 
spherical Bessel functions, 462, (2)455, (2)457 
differential equation, 462 
Hilbert transform, 462—4 
recurrence formula, 463 
spin-lattice relaxation time, (2)273, (2)434 
spin-spin relaxation time, (2)433 
square wave, 289-91 
stable system, 649, (2)80, (2)117 
stationary system, (2)79-80 
stationary time series, (2)170 
Stein—Weiss theorem, 241-6 
step function, 50-1, (2)139 
Heaviside, 450, (2)139, (2)141—2 
rectangular, 443, (2)143 
Stieltjes transform, 265-7, 335, 609 
asymptotic expansion, 420-2 
stiffness, (2)447 
strain, (2)447 
stress, (2)447 
strong-type estimates, 203, 364, 403 
Struve’s function, 460, (2)455 
Hilbert transform, 460-2 
modified, 465-6, (2)456 
sublinear operator, 372 
subset, 39 
subtracted dispersion relation, 685, (2)211, (2)384 
sum frequency generation, (2)358 
sum tule, (2)186, (2)198, (2)203, (2)219, (2)222, 
(2)227, (2)231, (2)236 
conductance, (2)268, (2)289-90 
dielectric constant, (2)198, (2)222-7, (2)402 
table, (2)240-1 
dielectric tensor, (2)284—S, (2)287—290 
energy loss function, (2)270-1 
Ff, (2)225, (2)228, (2)230, (2)246, (2)250, 
(2)268, (2)270, (2)299, (2)301 
oscillator strength, (2)186 
Kuhn, (2)340 
magneto-optical activity, (2)323-4 
magnetoreflection, (2)325, (2)329 
nonlinear dielectric permittivity, (2)402 
nonlinear refractive index, (2)402 
nonlinear susceptibilities, (2)392—5 
table, (2)396—-7 
optical activity, (2)346—8 
phase, (2)263-6 
table (2)267 
reactance, (2)442 
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sum rule (cont.) 
refractive index, (2)227-—31, (2)299, 
(2)402 
table, (2)242-3 
reflectance, (2)263-6 
table, (2)267 
resistance, (2)442 
Thomas-—Reiche—Kuhn, (2)225, (2)284, 
(2)324 
weight functions, (2)236-9 
summable, square, 46 
summable function, 66 
summation convention, 161, (2)457 
summation rearrangement, 440, 445, 
449, 451 
superconvergence relations, (2)249 
superconvergence theorem, (2)222 
superhilbert transform, (2)70 
support, 68 
supremum, 36 
surface acoustic impedance, (2)447 
surface impedance, (2)274—8 
asymptotic behavior, (2)278 
crossing symmetry relation, (2)277 
dispersion relations, (2)277-8 
surjective function, 44 
susceptance (circuit), (2)440 
system, (2)73 
active, (2)73 
causal, (2)81 
causal condition, 649 
homogeneity property, (2)74 
linear, 638, (2)73-4 
passive, (2)73 
scaling property, (2)74 
sequential systems, (2)79 
shift-invariant, 645, (2)80 
stable, 645, (2)80 
stationary systems, (2)79—80 
time-invariant, 645 
transfer function, (2)82 
symbol of H, 258 
symmetry operation, 
Ch, (2)310 
inversion element, (2)330 
plane of symmetry, (2)330 
Sn, (2)330 


table of Hilbert transforms, 
distributions, (2)517 
exponential functions, (2)465 
finite Hilbert transforms, 
interval [—1, 1], (2)519-22 
interval [0, 1], (2)523-4 
interval [a, b], (2)525 
general properties, (2)458 
hyperbolic functions, (2)466—70 
inverse trigonometric and inverse hyperbolic 
functions, (2)493 
logarithmic functions, (2)492 
miscellaneous cases 


cosine form, (2)525-6 
cotangent form, (2)528—32 
Hilbert transforms He and Ho, (2)533 
one-sided Hilbert transform, (2)526—7 
multiple Hilbert transforms, (2)518—9 
powers and algebraic functions, (2)459-64 
pulse and waveforms, (2)508—16 
special functions 
Anger functions, (2)507 
Bessel functions of the first kind of integer 
order, (2)499 
Bessel functions of the first kind of fractional 
order, (2)500—2 
Bessel functions of the second kind of 
fractional order, (2)502 
cosine integral function, (2)506 
Hermite polynomials, (2)497-8 
Laguerre polynomials, (2)498-9 
Legendre polynomials, (2)494—6 
miscellaneous, (2)507 
modified Bessel functions of the first kind, 
(2)504 
modified Bessel functions of the second kind, 
(2)504 
product of Bessel functions of the first kind 
of fractional order, (2)503 
sine integral function, (2)506 
spherical Bessel functions of the first kind, 
(2)505 
spherical Bessel functions of the second kind, 
(2)505 
Struve functions, (2)507 
trigonometric functions, (2)471-91 
Taylor’s theorem, (2)112 
Tchebichef polynomial, see Chebyshev 
polynomial 
temperate distribution, 481 
tempered distribution, 481 
Hilbert transform, 517 
Temple’s theory, 65 
tensor product of distributions, 491—S5, (2)32, (2)35 
test function, 68 
theorems, names of 
Akhiezer’s, 200-1 
Bedrosian’s, 184—7, 455-7, (2)131 
Boas’, (2)49, (2)54 
Bochner’s, (2)83 
Cauchy—Goursat, 29 
Cauchy integral, 29 
Cauchy residue, 33 
central slice, 281 
closure, (2)340 
Fatou’s, 94, 320, 326 
Fubini’s, 55 
Green’s, 331, 341 
Helson—Szegé, 386-8 
Hilbert transform product, 184—7 
Hunt—Muckenhoupt—Wheeden, 395-9, 679-80 
Kober’s, 170, 212 
Kolmogorov’s, 338, 364, 367 
Kolmogorov’s weak-type, 364 
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Lacey-Thiele, (2)59 

Lebesgue density, 229 

Lebesgue dominated convergence, 55, 
126, 353 

Liouville’s, 34 

Loomis’, 239-41 

Love’s, 192 

Lusin-Privalov, 326 

Marcinkiewicz interpolation, 365, 372-3, 404 

McLean-Elliott, 226-31 

mean ergodic, (2)65 

Morera’s, 30 

optical, (2)245 

Paley—Wiener log-integral, (2)95—102 

Phragmén-—Lindel6f, 100, (2)194, (2)197, 
(2)204, (2)244, (2)278 

Privalov’s, 316 

reactance integral, (2)442 

resistance integral, (2)442 

Riemann mapping, 37 

Schwartz’s, (2)111, (2)113 

Stein—Weiss, 241-6 

superconvergence, (2)222 

Taylor’s, (2)112 

Titchmarsh’s, 215—23 
distributions, (2)110 

Tonelli’s, 55-7 

Tricomi’s, 187—95, 313-5, 529-36, 602-3 

Viéte—Girard, 235, 248 

Vitali’s covering, 241 

Whittaker-Shannon-Kotel’nikov, 344, 

(2)419-20 

Young’s, 378, (2)53 

Zygmund’s L log L, 340-3 

thin airfoil problem, 577-82 

third-harmonic generation (THG), (2)357-8, 

(2)376, (2)385 

third-order nonlinear electric susceptibilities, 

(2)351, (2)356-8, (2)389, (2)398-401 

Thomas—Reiche—Kuhn sum rule, (2)225, (2)284 

time-dependent Schrédinger equation, (2)105, 

(2)364 

time-invariance, (2)80, (2)111 

time-invariant system, 649 

time series, (2)170 

stationary, (2)170 


Titchmarsh formulas of the Parseval-type, 170-1 
Titchmarsh’s theorem, 215, 215—23, (2)77, (2)86, 


(2)90-3, (2)102, (2)104, (2)110—5, (2)205, 
(2)336, (2)343, (2)401 
distributions, (2)110 


Tonelli’s theorem, 57 


topological space, 44 
topology, 44 
total scattering cross-section, (2)245 


total variation, 232 


trace, (2)363 

transfer function, Hilbert, (2)121, (2)148-9, 
(2)168 

transform, types of 

bilateral Laplace, 267 


bilinear Hilbert, (2)58—-9 
Boas, (2)49-57 
Boas-Heinig, (2)57 
Cauchy, 85 
causal, 215, (2)104 
discrete Fourier, 637-44, 651, 673, (2)168-9 
discrete fractional Fourier, (2)163-8 
discrete fractional Hilbert, (2)168—9 
discrete Hilbert, 637, 660—75, 678-80, (2)168 
finite Hilbert, 443, 452, 521-82, 601-9, 685, 
727-30 
Fourier, 1, 19-21, 158, 252-8, 276 
fractional Fourier, (2)149-59 
fractional Hilbert, (2)159-63, (2)169 
Hartley, 262 
Hilbert, see under Hilbert transform 
Hilbert—Huang, (2)170-8 
Hilbert—Stieltjes, 231-41, 364-65 
inverse Mellin, 270 
Laplace, 267 
Mellin, 269 
one-sided Hilbert, 420, 422-34, 609-14 
Radon, 277-85 
Riesz, (2)25—32 
Stieltjes, 265—7, 335 
Tricomi, 522 
two-sided Laplace, 267 
unilateral Laplace, 267 
Wiener-Lee, 6, 106 
Z, 644-8 
transformation 
bilinear, 38 
linear, 38 
translation operator, 155, (2)14 
translation-invariant operator, 156 
transverse relaxation time, (2)273, (2)433 
trapezoidal rule, 690 
triangle inequality, 41 
triangular function, 186, (2)145 
Hilbert transform, (2)147 
Tricomi transform, 522 
Tricomi’s identity, 529, 543, 560, 563, 602-3, 609, 
615, (2)234 
Tricomi’s theorem, 187 
truncated Calderén—Zygmund operator, (2)3 
truncated Hilbert transform, 83, 226, 253, 373, 
375, 378, 521, (2)2-3, (2)24 
cotangent form, 373, 527-9 
two-dimensional Fourier transform, 280-1 
two-sided Laplace transform, 267 
two-sided Z transform, 644 


type (p,q), 364 


ultradistributions, 481, 483 
Hilbert transform, 516 
ultraspherical function of the second kind, 570 
ultraspherical polynomial (Gegenbauer 
polynomial), 439, 452, 472, 570, (2)455 
uniform convergence, 47 
unilateral Laplace transform, 267 
union of sets, 39 
unit impulse function, 63 
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unit rectangular step function, 442-3 
unit sample sequence, 653 
unit step sequence, 652 
Fourier transform, 657 
unit triangular function, 186, (2)145 
Hilbert transform, (2)147 
unitary function, 509-16 
unitary operator, 43 
unitary property of Hilbert transform operator, 
174, (2)234 


Vakman conditions, (2)132, (2)134 
Van Kampen causality condition, (2)109 
Vandermonde determinant, 72—3 
vector space (linear), 40 
vectorial Hilbert transform, (2)60 
velocity 

front, (2)207 

group, (2)228 

phase, (2)202, (2)444 
Verdet constant, (2)310 
Viéte—Girard theorem, 235, 248 
viscoelastic behavior, (2)447—-8 
Vitali’s covering theorem, 241 
Volterra integral equations, 589 


wave number, (2)202 
complex, (2)444 
waveform analysis, 439, 446 
weak derivatives, 482 
weak-type inequalities, 364 
(1,1), 338, 364 
(1,1) norm, 338 
(p,q), 364 
Weber’s functions, 453, 471, (2)455 
Hilbert transform, 471 
Weierstrass factorization formula, 36 


Weierstrass M-test, 47 
weighted Hilbert transforms, 354-3, 395-8 
weighted inequalities 
discrete Hilbert transform, 679-80 
for He and Ho, 399-402 
for He and Ho, 401 
with two weights, 403-8 
with vanishing moments, 402-3 
weighted norm inequalities, 354 
weighted sum rules, (2)236-9 
Whittaker’s cardinal series, see 
Whittaker-Shannon-Kotel’nikov theorem 
Whittaker-Shannon-Kotel’nikov theorem, 344, 
(2)419-20 
Wiener-Lee transform, 6, 106 


X-ray crystallography, (2)417—22 


Young’s form, 84, 98, 127, 130, 135 
Young’s inequality, 378, (2)53 
Young’s theorem, 378 


Z transform, 644 
of a causal sequence, 652 
one-sided, 644 
of a product, 647 
two-sided, 644 
Zayed’s definition fractional analytical signal, 
(2)169 
Zayed’s definition fractional Hilbert transform, 
(2)169 
Zygmund L log L class, 341 
Zygmund-type inequalities (on the circle), 411 
Zygmund’s inequality, 340, (2)21 
weighted version, 363 
Zygmund’s L log L theorem, 340-3 


